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PREFACE 

The rapid development of computing machines and the broad
ening application of modern mathematical techniques to enginee
ring investigations have greatly enhanced demands concerning the 
mathematical training of engineers and scientific workers who deal 
with applied problems. 

The mathematical education of the investigating engineer can no 
longer be confined to the traditional departments of the so-called 
"classical analysis" which was established in its basic outlines at 
the beginning of this century. Research engineers have to know 
many areas of modern mathematics and, primarily, require a firm 
grasp of the methods and techniques of computational mathematics 
insofar as the solution of almost every engineering problem must 
be carried to a numerical result. 

Present-day computing devices have greatly extended the realm 
of computational work, making it possible, in many instances, to 
reject approximate interpretations of applied problems and pass on 
to the solution of precisely stated problems. This involves the 
utilization of deeper specialized divisions of mathematics (nonlinear 
differential equations, functional analysis, probabilistic methods, 
etc.). 

Proper utilization of modern computers is jmpossible without 
the skilled use of methods of approximate and numerical analysis. 
All this explains the universal enhanced interest in the methods 
of computational mathematics. 

The basic aim of this book is to give as far as possible a syste
matic and modern presentation of the most important methods and 
techniques of computational mathematics on the basis of the general 
course of higher mathematics taught in higher technical schools. 
The. book has been arranged so. that the basic portion constitutes 
a manual for the first .cycle of ·studies in approximate computations 
for higher technical colleges. The text contains supplementary ma
tetial Which goes beyond the scope of the ordinary college course, 
but the reader can select those sections which interest him and 
omit any extra material without loss of continuity. The chapters 
and sections which may be dropped out in a first reading are 
marked with an asterisk. 
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This text makes wide use of matrix calcu]us. The concepts of 
a vector, matrix, inverse matrix, eigenvalue and eigenvector of 
a matrix, etc. are workaday tools. The use of matrices offers a num
ber of advantages in presenting the subject matter since they greatly 
facilitate an understanding of the development of many computa
tions. In this sense a particular gain is achieved in the proofs of 
the convergence theorems of various numerical processes. Also, 
modern high-speed computers are nicely adapted to the performance 
of the basic matrix operations. 

For a full comprehension of the contents of this. book, the rea
der should have a background of linear algebra and the theory of 
linear vector spaces. With the aim of making the text as self-con
tained as possible, the authors have included all the necessary 
starting material in these subjects. The appropriate chapter~ are 
completely independent of the basic text and can be omitted by 
readers who have already studied these sections. 

A few words about the contents of the book. In the main it is 
devoted to the following problems: operations involving approximate 
numbers, computation of functions by means of series and iterative 
processes, approximate and numerical solution of algebraic ·and 
transcendental equations, computational methods of linear algebra, 
interpolation of functions, numerical differentiation and integration 
of functions, and the Monte Carlo method. 

A great deal of attention is devoted to methods of error esti
mation. Nearly all processes are provided with proofs of conver
gence theorems, and the presentation is such that the proofs may 
be omitted if one wishes to confine himself to the technical aspects 
of the matter. In. certain case?, in order to pictorialize and lighten 
the presentation, the computational techniques are given as simple 
recipes. 

The basic methods are carried to numerical applications that 
include computational schemes and numerical examples with de
tailed step.s of solution. To facilitate understanding the essence of 
th~ matter at hand, most of the problems are stated in simple 
form and are of an illustrative nature. References are given at 
the. end of each chapter and the complete list (in alphabetical 
order) is given at the end of the book. 

The present text offers selected methods in computational mathe
matics and does not include material that involves empirical for
mulas, quadratic approximation of functions, approximate solutions 
of differential equations, etc. Likewise, the book does not include 
material on programming and the technical aspects of solving 
mathematical problems on computers. The interested reader must 
consult the special literature on these su~jects. 

B. P. Demidovich, 
/. A. Maron 
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INTRODUCTION 

GENERAL RULES OF COMPUTATIONAL WORK 

When performing computations on a large scale it is important 
to adhere to some simple rules that have evolved over the years 
and are designed to save the time and labour of the computor and 
make for more efficient use of computational machines and auxi~ 
liary devices. . 

The· first step for the computor is to work out a computational 
scheme providing a detailed list of the order of operations and making 
it possible to achieve the desired result in the fastest and simplest 
manner. This is particularly necessary in computational operations of a 
repetitive type where a thoroughly devised scheme makes for speedy, 
reliable and automatic computations and fully compensates the time 
spent in elaborating the coiJ;lputational scheme. Also, a sufficiently 
detailed computational scheme can be competently handled by relati· 
vely inexperienced computors. 

To illustrate the compilation of a computational scheme, suppose 
it is required to compute the values of the analytically specified 
function 

y= f(x) 

for certain values of th£;> argument: x = x1 , X2 , ••• , xn. If the num· 
ber of these values is great,. it 'is not advisable to compute them 
separately, first f (x1) , then f (x2), and so on, each time performing 
the whole sequence of operations indicated by the symbol f. It is 
much better to separate f into elementary operations 

f (x) = f m ( • • • (f 2 (f 1 (x))) · · ·) 

and carry out the computations as repeated operations: 

Ui= { 1 (xJ (i= 1, 2, ... , n), 
v, = f 2 (ui) (i = I, 2, ... , n), 
.. . " . . . ... . . .. . . . . . 

(i= 1, 2, ... , n) 
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performing one and the same operation f f (i = l, 2, ... , m) for_ all 
values of the argument under consideration. Then one can make 
wide use of tables of functions and specialized computing devices. 
The results of computations should be recorded on specially designed 
computing forms (computation sheets) having appropriate divisions ' 
and headings (as applied to the chosen computational scheme). These 
sheets are filled in with intermediate results as they are obtained, 
and with the final results. · 

Computation sheets are usually designed so that the results of 
each series of repeated operations are recorded in a single column 
or row, and the general arrangement of intermediate results is conM 
venient for subsequent computations. 

For example, in order to compile a table of the values of the 
function 

ex+cos x t-V· 1 + . 2 Y= l+xz . Sill X (1) 

a computation sheet of the type shown in Table 1 might be re
commended. 

TABLE 1 

COMPUTATION SHEET FOR FUNCT.ION (1) 

I>( 
lo<,.- l~lg ::; lo<.- "' .. --7)11") C>l 0 I>( r-- .. 0> ::. 

I>( I>( 
o--

~+ 
u+,_.. I>( c:,_.. 

u + +- .. N N ·~ + + 
·~ 

., +.-.. += ~ t:: -- += !j (.) ~tu e ~ ·- ~ ';:..';:,.. ;::,e I>( ~>(,_.. "' u - ,_.. .,,_.. - ,_.. 

1 I 2 I 3 I 4 I 5 I 6 I 7 I 8 I 9 I 10 I 11 I 12 

; 

The computations are performed by column. The character of the 
repeated operations carried out is clear from the computation sheet. 

First, all values of the argument x are recorded in column (1), 
then all the numbers of column ( 1) . are squared and recorded in 
column (2). Then, using tables, the values of ex, sin x, cos x are 
determined in succession for each number of column (1) and are 
entered in columns (3), (4) and (5). 

The subsequent columns give the results of intermediate operaM 
tions. Say, column (6) contains the s·ums of eX+ cos x [schemati
cally, (3) + (5)], etc. The values of the desired function y are 
entered in the last column, (12). With a properly constructed com
putation sheet, the computor does not use the given formula in 
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his calculations since his attention is centered entirely on the se
quence of filling. in the indicated columns. 

Note that the computational scheme and the form of the com
putation sheet ·are largely dependent on the technical facilities and 
auxiliary tables at hand. For example, in certain cases the sepa
rate intermediate results are stored in the memory of a machine 
and are not entered in the sheet. At other times, standard sets of 
operations may be conveniently regarded as a separate operation. 
For instance, in a slide-rule computation, the numerical value of 
an expression of the form 

ab -
c 

may be computed at once without recording any intermediate re
sult and so there is no need to split it up into the elementary 
operations of multiplication and division. Similarly, when using 
an e·lectric desk calculator the process of finding the sum of paired 
products 

is a single operation. In many cases it is convenient to transform 
the given expressions to a special artificial form (say, replace divi
sion by multiplication by the reciprocal, or bring an expression 
to a form convenient for taking logarithms, and so forth). 

Secondly, an important step is that of checking the computations. 
A computation cannot be considered complete without a check. 
This stage is divided into intermediate checks and the . final check. 
In intermediate checking, we perfor,m certain supplementary ope
rations that serve to convince us that the work up to a certain 
point has, to a certain degree of assurance, been performed cor
rectly, otherwise the computations of that stage are repeated. The 
final" check has to do only with the final result. For example, if 
the root of an equation has been computed, the value found may 
be substituted into the equation and we can see whether the solu
tion is correct or not. Common sense tells us that if a computa
tion is extensive, it is not wise to confine oneself to a final check, 
thus risking an enormous amount of computational effort. In such 
cases, it is advisable to check in stages. In responsible cases, the 
computations are checked by having the entire job performed by 
two separate compuiors, or the problem is done by one compU,tor 
in. two different ways. 

A third important point to bring up here is the problem· of 
estimating accuracy. In most cases, computations are carried out 
with approximate numbers and in approximate fashion. Therefore, 

') 9616 
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even if the method of solution is exact, there will be errors of 
operation and rounding errors at every step in the computations.· 
lf the metho,d is approximate, there will be added an error of 
method. Given unfavourable circumstances, the overall error may 
be so large that the result obtained wi II be purely illusory. Ap
propriate chapters of the book give methods for estimating· errors 
in basic computations. 

· In the computation sheets, it is usefu I to provide columns for 
tabular differences (see Sec. 14.2) which may be used as a check. 
It is done this way. If the correctness of the difference table is 
violated in some section, the corresponding table entries should be 
recalculated (or the cause should be sought out). 

One final word on the importance of IT!akin_g neat and legible 
entries in the computation sheets. Experience shows that illegible 
writing leads to blunders that can nullify a well organized com
putation. Particularly dangerous are mistakes made when writing 
down numbers with many zeros. Such numbers should be written 
in powers-of-ten notation (scientific notation, as it is sometimes 
called). For instance 

0.00000345 = 3.45·10- 6 

and so on. . 
The rest of this book is devoted mainly to methods of compu

tation. The numerical examples are in many cases simplified and 
intermediate operations are frequently omitted. 



Chapter 1 

APPROXIMATE NUMBERS 

1.1 .ABSOLUTE AND RELATIVE ERRORS 

An approximate number a is a number that differs but slightly 
from an exact number· A and is used· in place of the latter in 
calculations. If it is known that a< A, then a is called a minor 
(too small) approximation of A; if a> A, then a is a major (too 
large) approximation of A. For example, for V2 the number 1.41 
is a minor approximation while 1.42 is a major approximation, 
since 1.41 < V2 < 1.42. If f1 is an approximate value of the 
number .4, .we write a~A. · 

By the error 6.a of an approximate number a we ordinarily 
mean, the difference between the exact number A and the given 
approximate number, that is, 

· 6.a=A-a 

(sometimes the difference a-A is called the error). If A> a, then 
the error is positive: 6.a > 0; however, if A<a, then the error is 
negative: /!,.a< 0. To obtain the exact number A, add the error 
!!,.a to the approximate number a: 

A=a+6.a 

Thus, an exact number may be regarded· as an approximate num
ber with error zero. 

In many cases the sign of the error is not known. It is then 
advisable to use the absolute error of the approximate number: 

8=18a) 

Definition 1. The absolute error 8 of an approximate number a 
is the absolute value of the difference between the corresponding 
exact number A and the number a: 

6.=IA-aJ ( 1) 

Here two cases are to be distinguished: 
(1) the number A is known, and then the absolute error Ll is 

readily determined from formula ( 1); 
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(2) the number A is not known, which is most often the case, 
and hence the absolute error Ll cannot be found from formula (1). 

It is then useful, in place of the unknown theoretical absolute 
error ~' to introduce its upper estimate, the so-called limiting 
absolute error. 

Definition 2. The limiting absolute error of an approximate num
ber is any number not less than the absolute error of that number. 

Thus, if ~a is the limiting absolute error of an approximate 
number a which takes the place of the exact number A, then 

~ = I A- a I ~ ~a (2) 

From this it follows that the exact number A lies within the 
range 

a-~a ~A~ a+ ~a (3) 

Hence a--~a is a minor approx-imation to A, and a+ D..a is a major 
approximation to A. 

For brevity, we can then write 

A=a +~a 

Example 1. Determine the limiting absolute error of the number 
a= 3.14 which is used instead of the number :n. 

Solution. Since we have the inequality 3.14 < n < 3.15 it follows 
that Ja-n] < 0.0 l and, hence, we can take ~a= 0.0 1. 

Taking note of the fact that 
· 3.14 < n < 3.142 

we have a better estimate: ~a= 0.002. 
Note that the concept of a limiting absolute error as formulated 

above is very broad, -namely, the limiting absolute error of an 
approximate number a is to be understood as any one of an .infinity 
of nonnegative numbers Lla that satisfy inequality (2). It follows 
logically therefrom that any number exceeding the limiting abso
lute error of a given approximate number can also be called the 
limiting absolute error of this number. For practical purposes it 
is convenient to take for ~a the smallest number (under the given 
circumstances) that satisfies inequality (2). 

When writing an approximate number obtained from a measure
ment, it is common to give its limiting absolute error. For exam
ple, U the length of a line segment l = 214 em to within 0.5 em, 
then we write l = 214 em± 0.5 em. Here the limiting absolute er~ 
ror Lll = 0.5 em, ·and the exact magnitude of the length l of the 
segment falls within the range 213.5 em~ l ~ 214.5 em. 

The absolute error (or the limiting absolute error) 9oes not suf
fice to describe the accuracy of a measurement or a computation. 
Suppose that in measuring the lengths· of two rods we get 
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l1 = I 00.8 em + 0.1 em and l 2 = 5.2 em+ 0. I em. Despite the fact 
that the limiting absolute errors coincide, the first measurement 
is better than the second one. An essential point in the accuracy 
of measurements is the absolute error related to unit length. It is 
called the relative error. · 

Definition 3. The relative error 6 of an approximate number a 
is the ratio of the absolute error ~ of the number to the modu
lus (absolute value) of the corresponding exact number A (A+ 0). 
Thus 

(4) 

Whence 8 = l A 16. 
As 1n the case of absolute errors, we introduce the notion of a 

limiting relative error. 

Definition 4. The limiting relative error 6a of a given approxi
mate number a is any number not less than the relative error of 
that number. By definition we have 

(5) 

That is, W ~ f>0 , whence ~ ~I A I 00 • 

Thus, for the limiting absolute error of a number a we can take 

~a= I .4 I Oa (6) 

Since, in practical situations, A ~a, in place of formula (6) 
one frequently uses 

(6') 

From. this formul'a, knowing the limiting relative error 60 , we 
obtain the limits for the exact number. The fact that the exact 
number lies between a (1-60 ) and a (1 + Ba) is symbolized as · ·.-, 

A =a (1+ oa) 

Let a be an approximate number taking the place of an exact 
number A, and let ~a be the limiting absolute error of a. For 
definiteness put A > 0, a > 0 and ~a < a. Then 

. 0= ~~~ 
A ~a-tla 

We can thus take the number 

0 =~ 
a a-;-tla 

for the I i miting rei ative error of the number a. 
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Similarly we get 8 = A6 ~(a+ 6.) ~a' whence 

/!,. -~ 
a- 1-ba 

If, as commonly occurs, ~a~a and «Sa~ 1 (the symbol~means 
"very much less than"), then we can take it approximately 
that 

and 

Example 2. The weight of I dm 3 of water at 0°C is given as 
p = 999.847 gf ± 0.001 gf (gf =gram (force)). Determine the limi~ 
ting r-elative error of the resu It of weighing the water. 

Solution; We obviously }}ave ~P = 0.001 gf and p ~ 999.846 gf. 
Hence 

6 - ~"" 10-4% 
p- 999.846 ~ 0 

Example 3. A result of R = 29.25 was obtained in determining 
the gas constant for air. Knowing that the relative error of this 
value is 1°/00 (parts per thousand), find the limits within which 
R lies. 

Solution. We have OR= 0.001, and so ~R= RoR ~ 0.03. 
Hence 29.22 ~ R ~ 29.28. 

1.2 BASIC SOUR-CES OF ERRORS 

The errors one encounters in mathematical problems may, in the 
main, be broken down into five groups. 

1. Errors mvolved in the statement of the problem. Mathema~ 
tical statements rarely give an exact picture of actual phenomena. 
For the most part they are only idealized models. In studying the 
phenomena of nature we are forced, as a rule, to accept certain 
conditions that simplify the problem at hand. This is a source of 
errors (errors of the problem). 

It sometimes happens that it is either difficult or even impos~ 
sible to solve a given problem when formulated precisely. If that 
is the case, it is replaced by an approximate problem yielding 
almost the same results. This is the ·source of an error termed the 
error of method. · 

2. Errors stemming from the presence of infinite processes in 
mathematical analysis. The functions involved in mathematical 
formulas are frequently specified in the form of infinite sequences 
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or series (for ex.am pie, sin x = x- ~; + ~~ - ... ) . What is 

· more, many mathematical equations can be solved only by desc
ribing infinite processes whose limits are the desired solutions. 
Since, generally, speaking, an inf1nite process cannot be completed 
in a finite number of· steps, we are forced to stop at some term of 
the sequence and consider· it to be an approximation to the re
quired solution. Naturally, such a termination of the process gives 
rise to ·an error. This error is called the residual error. 

3. Errors due to numerical parameters (in formulas) whose va
lues can only be determined approximately. Such, for instance, 
are all physical constants. Let us agree to call this error the 
initial error. 

4. Errors associated with the system of numeration. When depicting 
even rational numbers in the decimal system or some other positional 
system, there may be an infinity of digits to the right of the decimal 
point (generally, radix point). For instance, we may have a nonter
minating repeating decimal. It is obvious that we can only use a finite 
number of digits in our computations. This is the source of the so-called 
rounding errors. For example, assuming {- = 0.333, we get an error 
of ~ ~ 3 ·10- 4 • One also has to round off finite multidigit numbers. 

5. Errors due to operations involving approximate numbers (errors 
of operation). When performing computations with approximate num
bers, we naturally carry (to some extent) the errors of the original 
data into the final result. In this respeCt, errors of operation are 
inherent. 

Quite naturally, in a specific problem some errors are absent and 
others exert a negligible effect. But, generally, a complete analysis 
must include all-types of errors. In what follows we will confine 
ourselves largely to computing errors of operation and errors of 
method. 

1.3 SCIENTIFIC NOTATION. SIGNIFICANT DIGITS. 
THE NUMBER OF CORRECT DIGITS 

Any positive number a, it will be recalled, can be represented 
as a terminating or nonterminating decimal: 

a=am10m+am_11om-l+am-zl0m-z+ ... +am-n+11om-n+l+ ... 
. ( 1) 

where ai are the digits of the number a (a 1 = 0, 1, 2, ... , 9), 
the lt>ading digit am =I= 0 and m is an integer (the highest power 
of ten in the number a). For example, 

3141.59 ... = .3 . l 03 + 1 . 1 02 + 4 . 1 01 + 1 . 1 0° + 
+. 5 . 1 0 -l + 9 . 1 0- 2 + ... 
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Each unit oc_cupies a specific position in the number a written 
as the decimal fraction ( 1) and has a definite value. The unit stan
ding in the first position is equal to 10m, that in the second position, 
Iom-t, in the ntn position, Iom-n+1, etc. 

Actual cases usually involve approximate numbers in the form 
of terminating decimals: 

b=~mlOm+~m-llOm-1+ ... +~m-n+l•lQm-n+l (~m+O) (2) 

All retained decimal digits ~i (i = m, m-1, ... , m-n + 1) are 
called significant digits of the approximate number b; note that 
some of them may. be equal to zero (with the exception of ~m)· 
In the decimal positional system of representing the number b, one 
often has to introduce zeros at the beginning or the end of the 
number. To illustrate, 

b = 7. to-a+ 0. I0- 4 +I· I0- 6 + Q. Io-s =.~:_g~_7010 

or 
b = 2 ·1 09 + 0 · 108 + 0 · 107 + 3 · 106 + 0 · }Q:> = 2,003,000,000 

The underlined zeros are not significant digits. 
Definition 1. A significant digit of an approximate number is any 

nonzero digit, in its decimal representation, or any zero lying bet
ween significant digits or used as a placeholder, to indicate a re
tained place. All othe: zeros of the approximate number that serve 
only to fix the position of the decimal point are not to be consi
dered significant digits. 

For example, in the number. 0.002080 the first three zeros are 
not significant digits since they serve only to fix the position of 
the decimal point and indicate the place values of the other digits. 
The other two zeros are significant digits since the first lies between 
the digits 2 and 8 and the seco'nd (as indic·ated by the notation) 
shows that we retain the decimal place I0- 6 in the approximate 
number. If the last digit of 0.002080 is not significant, then the 
number must be written as 0.00208. From this point of view, the 
numbers 0.002080 and 0.00208 are not the same, because the for
mer has four significant digits and the latter only three. 

When writing large numbers, the zeros on the right can serve 
both to indicate the significant digits and to fix the place values 
of the other digits. This can lead to misunderstanding when the 
numbers are written in the ordinary way. Consider, for instance, 
the number 689,000. It is not clear how many significant digits 
there are, although we .can say we have at least three. Thi~ ambi
guity can be avoided by using powers-of-ten notation (scientific no
tation) and writing the number as 6.89 · 10" if it has three significant 
digits, or as 6.8900 · 105 if the": number has five significant digits, 
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etc. Generally speaking, this notation is convenient for numl)ers 
containing a large number of nonsignificant zeros, such as 
0.000000120=1 .20-I0-7, and the like. 

Let us introduce the notion of correct digits of an approximate 
number. 

Definition 2. We say that the first n significant digits of an 
approximate number are correct if the absolute error of the num
ber does not exceed one half unit in the nth place, counting from 
left to right. 

Thus, if for an approximate number a (1), which takes the 
place of an exact number A, it is known that 

~=I A -a I:::;;;_;; ~ -Iom-n+t 

then by definition the first n digits am, am_ 1, ••. , am-n+I of 
this number are correct. 

For example, with respect to the exact number A= 35.97, the 
number a= 36.00 is an approximation correct to three digits, since 

1 I A-a I =0.03 < 2 ·0.1. 

Note that ih mathematical tables all indicated significant digits 
are correct. For instance, in a five-place table of logarithms the 

absolute error of a mantissa definitely does not exceed }·IO-",etc. 

The term "n correct digits" is not to be taken literally; that . 
. is, it is not necessarily true that in a given approximate number 
a having n true digits, the first n significant digits of it coincide 
with the corresponding digits of the exact number A. For example, 
the approximate number a= 9.995, which stands for the exact 
number A= 1 Os is correct to three digits, yet all the digits of 
these numbers differ. However, in many cases we dq find that the 
correct digits of the approximate number are the same as the 
corresponding digits of the exact num·ber. 

Note. In some cases it is convenient to say that the number a 
is an approximation to an exact number A to n correct digits in 
the broad sense, meaning by this that the absolute error ~=I A -a I 
does not exceed one unit in the nth significant digit of the ap
proximate number. 

For example, with respect to the exact number A= 412.3567, 
the number a= 412.356 is an approximation correct to six digits 
in the broad sense, since ~ = 0.0007 < l'·I0- 3 • 

In the sequel we will regard the correct digits of an approxi
mate number in the sense of Definition 2 (that is· to say, in the 
narrow sense), unless otherwise stated. 
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1.4 ROUNDING OF NUMBERS 

Consider an approximate or exact number a written in the deci
mal number system. It is often required to round off this number, 

. which is to say, to replace it by a number a1 having a· smaller 
number of significant digits. The number a1 is chosen so as to 
keep the rounding error I a1 -a I to a minimum. 

Rounding-oft' rule. In order to round off a number to n signifi
cant digits, drop all digits to the right of the nth significant di
git, or replace them by zeros if the zeros are needed as placehol
ders. In this operation, note the following: 

( 1) if the first of the discarded digits is -~ess than 5, leave the re
maining digits unchanged; 

(2) if the first discarded digit exceeds 5, add 1 to the last re
tained digit; 

(3) if the first discarded digit is exactly 5 and there are non~ 
zero digits among those discarded, add unity to the last retained 
di~it; 

(3a) however, if the firs~ discarded digit is exactly 5 and all 
other discarded digits are zeros, the last retained digit is left un.: 
changed if even and is increased by unity if odd (the even
digit rule). 

In other words, if in rounding off a number we discard less 
than half a unit of the last retained digit, all the retained digits 
are left unaltered; but if the discarded portion of the number is 
more than one half unit of the last retained place, the digit of 
that place is increased by unity. In the exceptional case when 
the discarde<i part is exactly equal to one· half unit of the last 
retained· place, the even-digit rule is invoked in order to com pen
sate for the signs of errors due to rounding. 

It is obvious that when applying the rounding-off rule, the 
rounding error does not. exceed one half unit in the place of the 
last retained significant digit. 

Example t. Rounding the number 

n = 3.1415926535 ... 

to five, four and. three significant digits, we get the approximate 
numbers 3.1416. 3.142, 3.14 with absolute errors less than 

.!....}0- 4 ..!...1o-s and~·I0- 2 
2 ' 2 2 . 

£xample 2. Rounding the number 1.2500 to two significant digits, 
we obtain the approximate number 1.2 with an absolute error 

i 
equal to 2 ·I0-1 = 0.05. 
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The accurac.Y of an approximate number does not depend on 
the number of significant digits, but on the number of correct 
significant digits [ 1], [2]. When· an approximate number contains 
extra incorrect significant digits, one resorts to rounding. The 
following practical rule may_ be used as a guide: when performing 
approximate computations, the number of significant digits in the 
intermediate results must not exceed the number of correct digits by 
more than one or two units. The final result must not contain 
more than one extra significant digit over the number of correct 
digits. If the absolute error of the result does not exceed two 
units of the last retained place, the extra digit is in doubt. 

The foregoing rule makes for a large saving in time (by· dis
pensing with extra digits) without impairing the accuracy of the 
computation. Retention of additional digits has the meaning that 
ordinarily an error estimate of the results is made relative to the 
worst version, and the actual error may be appreciably less than 
the maximum theoretical error. Thus, in many cases, significant 
digits that are considered incorrect are actually correct. 

One also rounds off exact numbers that contain either too many 
or an infinity of signiticant digits, depending on the general re
quired accuracy of the computations. 

Note that if an exact number A is rounded off to n significant 
digits by the rounding-off rule, the resulting approximate number 
a will have n correct digits (in the narrow sen~e). 

Now if an apr.rox imate number a having n correct digits is 
rounded off to n signifiqmt digits, the resulting new approximate 
number a1 will, generally speaking, have n correct digits in the 
broad sense. Indeed, by virtue of the inequality. 

1 A-a1l ~I A-a I+] a-a~ I 

the limiting absolute error of the number a1 is made up of the 
absolute error of a and the rounding error. 

1.5 RELATIONSHIP BETWEEN THE RELATIVE ERROR 
OF AN APPROXIMATE NUMBER AND THE HUMBER 
OF CORRECT DIGITS 

We will now prove a -theorem that relates the magnitude of the 
relative error of an approximate number to the number of correct 
digits in that number [3], [4]. 

Theorem. If a positive approximate number a has n correct digits 
in the narrow sense, the relative error 6 of this number does not 

exceed ( ~) n-l divided by the first significant digit of the given_ 
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number, or 
1 (1\n-1 

f> ~am 10) 

where am is the first signi fie ant. digit of number a. 
Proof. Let the number 

a=am lOm+am_ 1 tOm-t+ ... +cxm-n+1 10m-n+1 +... (am:~ 1) 

be an approximate value of the exact number A and let it be 
correct to n digits. By definition we then have 

d = I A - a I ~ ~ . 1om- n + l 

whence 

This inequality is further strengthened if the number a is rep
laced by- a definitely smaller number am tom: · 

A ~ am I om - +. 1 om- n + 1 = ~ . 1om (~am- 10~ _ 1 ) (I) 

The right side of inequality (1) is a minimum for n = I. Therefore 

A~~ ·l0m(2am-l) (2) 

or, since 

it follows that 

Hence 

Thus 

B~-1 (2.)n-l 
~t/.,m 10 (3) 

and the theorem is proved. 

Note 1. Inequality (2) may be used to obtain .a more exact 
estimate of the relative error 6. 
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Corollary 1. For the 'limiting relative error of the number a we 
can take 

(4) 

where am is the first significant digit of the nurrtber a. 
Corollary 2. If the number a has more than two correct digits, 

that is, n ~ 2, then for all practical purposes the following formula 
holds: 

(5) 

1 
Indeed, for n ~ 2 we can neglect wn-t in inequality ( 1). Then 

A~-~ ·IOm·2am =am 10m 

whence 

Consequently 

1 _, IOm-n+l 
~ 2 =_I (_!_)n-1 0 = A ~ CXm 1om 2a m 10 

0a = 2~m ( /o )n- 1 

Note 2. If the approximate number a is correct to n digits in 
the broad sense, (4) and (5) should be increased by a factor of 2. 

Example f. What is the llmiting relative error if we take a= 3.14 
in place of the number n? 

Solution. In our case am= 3 and n = 3, and so, 
s: l ( I )a-1 1 I 0, 
ua = 2-3 TO = 600 ='6 ~0 

. . 
Example 2. How -many digits are to be taken in computing V20· 

so that the error does not exceed 0.1%? 
. Solution. Since the first digit is 4, we have am= 4 and o = 0.001. 

We have 4 _ 1 ~n-l ~ 0.001, whence ton- 1 ~ 250 and n ~ 4. 
This theorem enables us to determine the relative. error o of an 

approximate number a from the number of correct digits: 

a=am 10m+ am-i tom-t+... (6) 

To solve the inverse- problem- to determine· the number of n 
correct digits of number (6) if the relative error o is known-we 
ordinarily use the approximate formula 

O=.~ (a>O) 
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where 8 is the absolute error of a. Whence 

6.=ao (7) 

Taking into account the leading power of ten in the number 6., 
it is easy to estabUsh the number of correct digits in the given 
approximate number a. In particular, if 

I, 
0~ lQit 

then from formulas (6) and· (7) we have 
8 ~(am+ 1) lQm.Io-n ~ 10m-n+1 

In other words, a is definitely correct to n decimal places in the 
broad sense. Similarly, if 

then the number a is correct to n places in the narrow sense. 

Example 3. An approximate number a= 24,253 has a relative error 
of I%. How many correct digits has it? 

Solution. We have 

~ = 24' 253. 0. 0 1 ~ 243 = 2. 43 . 1 oz 
Thus, the number a has only two correct digits (n = 2); the hundreds 
digit is in doubt. According to the rule given above, the number 
a is preferably written as a= 2.43 · 104 • 

Note. The foregoing method for determining the.number of correct 
. digits is approximate. In an exact count of the correct digits of 

number a, one should proceed from the inequalities 

~ 
6~a+~ 

and 

1.6 TABLES FOR DETERMINING THE LIMITING RELATIVE 
ERROR FROM THE NUMBER OF CORRECT DIGITS 
.AND VICE VERSA 

If an approximate number is w'ritten with indicated correct 
digits, then it is easy to compute its limiting relative error. This 
is a frequent requirement in practical computations and so it is 
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desirable to simplify the operation. Table 2 [5) indicates the rela
tive error as a percentage of, the approximate number depending 
on the number of correct digits (in the broad sense) and on the 
first two significant digits ·of the number, counting from left to right. 

TABLE 2 

RELATIVE ERROR (IN %) OF NUMBERS CORRECT TO n DIGITS 

I 
n 

First two significant digits 
2 I 3 I 4. 

10-11 10 1 0.1 
12-13 8.3 0.83 0.083 

14, • t ., 16 7.1 0.71 0.071 
17, ... , 19 5.9 0.59 0.059 
20, ... , 22 5 0.5 0.05 
23, ... ' 25 4.3 0.43 0.043 
26, ... ' 29 3.8 0.38 0.0~8 

30, ... ' 34 -3.3 0.33 0.033 
35, ... ' 39 2.9 0.29 0.029 
40, ... , 44 2.5 0.25 0.025 
45, ... ' 49 2.2 0.22 0.022 
50, . ., ., 59 2 0.2 0.02 
60, ... , 69 1.7 0.17 0.017. 
70, .. I' 79 1.4 0.14 0·.014 
80; ... ' 89 1.2 0.12 0.012 
90, ... ' 99 1.1 0.11 0.011 

By way of an example, suppose we have an approximate number 
0.00354 correct to three decimals. Since n = 3 and the number 35 
lies in the interval 35, ... , 39, from Table. 2 we find 6 = 0.29%. 

If only the first digit of the number js known, say 4, then of 
course we take the greater of the numbers 2.5 and 2.2, which 
correspond to possible versions 40, ... , 44 and 45, ... , .49 (for 
n = 2). If the first digit is unknown, then we take the numbers 
from the first row (10%, 1%, and 0.1 %) as the largest ones. From 
this ·table we see that three correct digits ensure a relative accu
racy (with an error not exceeding 1%) sufficient for most compu
tations. Note that if the approximate number is correct to two, 
three or four digits in the narrow sense, then all the numbers of 
the table must be halved. 

Table 3 [5] -gives upper bounds for relative errors (in percent) 
that ensure a given approximate value a certain number of correct 
digits in the broad sense depending on its first two digits. 
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TABLE 3 

NUMBER OF CORRECT DIGITS OF AN APPROXIMATE NUMBER 
DEPENDING ON THE LIMTTING'REL~TIVE ERROR (IN%) 

I 
n 

First two significant digits 
2 I 3 I 4 

lO-ll 4.2 0.42 0.042 
12-13 3.6 0.36 0.036 

14, ... ' 16 2.9 0.29 0.029 
17, ... , 19 2.5 --.0.25 0.025 
20, .... 22 2.2 0.22 0.022 
23, ... , 25 1.9 0.19 0.019 
26, .... 29 1.7 0.17 0.017 
30, .... 34 1.4 0.14 0.014 
35, ... ' 39 ·1.2 0.12 0.012 
40, .... 44 I. I 0.11 0.011 
45, ...• 49 1 0.1 0.01 
50, ... , 54 0.9 0.09 0.009 
55, .... 59 0.8 0.08 0.008 
60, ... ' 69 0.7 0.07 0.007 
70, ...• 79 0.6 0.06 0.006 
80, ... , 99 0.5 0.05 0.005 

An example will serve to illustrate how to use Table 3. Suppose 
we have an approximate number a= 5.297 with relative error 
6 = 0.5%. The first two significant digits. here are 5 and 2; the 
number made up- of these digits lies between 50 and 54. Deptmd
ing on the number of correct digits, the lattPr are associated 
with relative errors of 0.9%, 0.09% and 0.009%, etc. Since 
6 = 0.5% < 0.9% and the relative error of a number does not 
depend on what decimal places are expressed by the digits of 
. the number, the number a= 5.297 is correct to two decimals in 
the broad sense. 

Example 1. Taking :rt=3.142, V7=2.65,e=2.718, log10 5=0.699, 
sin 1°= 0.0174, we find from Table 2 that the corresponding rela
tive errors are: 0=0.033%, o·=0.19%, 0=0.019%, 0=0.17%, 
0= 0.59% .. 

Example 2. From the deflection of a steel rod, Young's modulus 
has been computed as £=2212 ... T/cm2 (T=metr'ic tons) to 
within 2%. How many digits are correct in the value found? From 
Table 3 we find n=2, and so £=22-102 Tjcm2

• 

Example 3. The gas constant R is computed for the explosive 
mixture used in a gas motor. R = 31.5. . . with a relative error of 
o = 1%. Find the number of correct digits. From Table 3 we have 
n=2, and so R=32. 
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t .7 THE ERROR OF A SUM 

Theorem 1. The absolute error of an algebraic sum of several 
approximate numbers does not exceed the sum of the absolute errors 
of the numbers. 

Proof. Let x1 , X2 , •.• , xn be the given approximate numbers. 
Consider their algebraic sum 

U = ± X1 ± X2 ± ... ± Xn 

Obviously 

and, hence, 
(1) 

Corollary. For the limiting absolute error of an a'lgebraic sum 
we can take the sum of the limiting absolute errors of the terms: 

~u = ~x1 + ~x3 + · · · + ~Xn (2) 

From (2) it follows that the limiting absolute error of a sum 
cannot be less than the limiting absolute error of the least accu
rate term (in the sense of the absolute error). which is to say the 
term having the maximum absolute error .. Consequently, no matter 
how high the degree of accuracy of the other terms, we. cannot, 
through them, increase the accuracy of the sum. For this reason, 
it is meaningless to retain extra digits in the more exact terms. 
From the foregoing we obtain the following practica I rule for the 
addition of approximate numbers. 

Rule. To add numbers of different absolute .accuracy, 
(1) find the numbers with the least number of decimal places and 

leave them unchanged; 
(2) round off the remaining numbers, retaining one or two more 

decimal places than those with the smallest number of decimals; 
(3} add the numbers, taking into account all retained_ decimals; 
(4) round off the result, reducing it by one decimal. 
When rounding to the mth place the terms of a sum by the 

rounding-off rule, 

U=X1 +x2 + ... +xn 

the rounding error of the sum does not exceed 

~round~ n ·+·10m 

in the most unfavourable case. 

(3) 

A ·more exact calculation of the rounding error of a sum may 
be obtained if we take into account the signs of the rounding er~ 
rors of the terms. 

3 9616 
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Example. Find the sum of the approximate numbers 0.348, 0.1834, 
345.4, 2.35.2, I J .75, 9.27, 0.0849, 0.0214, 0.000354, each correct to 
the indicated significant digits (in the broad sense). 

Solution. We find the least accurate numbers 345.4 and 235.2 
\:trr.ose absolute error may attain 0.1. Rounding the remaining num
bers to 0.01, we get 

345.4 
235.2 

11.75 
9.27 
0.35 
0.18 
0.08 
0.02 
0.00 

602.25 

Rounding the result to O.l by the even-digit ru1e, we get the 
approximate value of the sum: 602.2. 

The total error ~ of the result is made up of three terms: 
(1) the sum of the limiting errors of the original data: 

.11 = Io-s + 10- 4 + l0- 1 + 10- 1 + 10- 2 + 10- 2+ 10- 4 + 10- 4+ I o- 6 = 

= 0.221301 < 0.222 

(2) the absolute value of· the sum of the rounding err rs of the 
terms (with regard for signs) 

~2 ==--j-0.002 + 0.0034 + 0.0049 + 0.0014 + 0.0003541 = 
. = 0.008054 < 0.009 

(3) the final rounding error of the resu.lt:, 

~3=0.050 
Hence 

~ = ~1 + ~2 + ~3 ~ 0.222 + 0.009 + 0.050 = 0.281 < 0.3 

and thus the desired sum is 602.2 ± 0.3. 

Theorem l. If the terms have one and the same sign, the limiting 
relative error of theif sum does not exceed the maximum limiting 
relative error of any of the terms. 

Proof. Let u = x1 + X2 + ... + xn, where, for definiteness, xi > 0 
(i = 1, 2, ... , n). 

Denote by A; (Ai > 0; i = 1, 2, ... , n) the exact magnitudes of 
the terms xi> and by A= A1 + A2 + ... +An the exact value of 
the sum u. Then, for the limiting relative error of the sum we can 
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take 

Since 
~x· 

6xi = T. (i = 1' 2, ... ' n) 
l 

it follows that 
~Xt = Ai6Xi 

Substituting this expression into (4), we get 

A 16x + A26x + ... +Anbx 6 = 1 2 n 
u Ax+A2+ ... +An 

35 

(4) 

(4') 

Let 6 be the greatest of the relative errors· Bxi' or Bxi ~B. Then 

6 ~b(Ax+A 2 +···+An) -6 
u---=::: At+Az+···+An -

Consequently, 6n ~ 6, or 

6u ~max (f>x,, 6x2 , • • ·, 6xn) 

1.8 THE ERROR OF A DIFFERENCE 

We consider the difference of two approximate numbers: u = x1 -X2 • 

From formula (2) of Sec. 1.7, the limiting absolute erJ"or ~u of 
the difference is 

~u= ~x, + ~Xz 
That is, the limiting absolute error of a difference is equf1l to the 
sum of the limiting absolute errors of the diminuend and the sub
trahend. 

Whence the limiting relative error of the difference is 

(1) 

where A is the exact value of the absolute magnitude of the diffe
rence between the numbers x1 and X 2 • 

Note on the loss of accuracy when subtracting nearly equal numbers. If the 
approximate numbers X 1 and X 2 are nearly equal numbers and have 
small absolute errors, the number A is small. From formula (1) 
it follows that the limiting relative error in this case can be very 
great whereas the relative errors of the diminuend and subtrahend. 
remain small. This amounts to a, loss of accuracy. 

To illustrate let us compute the difference between two numbers: 
x1 ~ 47.1.32 and x.2 = 47.111, each of which is correct to· five signifi
cant digits. Subtracting, we get u=47.132-47.111=0.021. · 
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The difference u has only two significant digits, of which the 
last is uncertain since the limiting absolute error of the difference is 

.1a = 0.0005"+ 0.0005 = 0.001 

The limiting relative errors of the subtrahend, diminuend, and 
difference are: 

0.0005 
f>x, = 47 . 132 ~ 0.00001, 

0.0005 
6 x2 = 4 7 . Ill ~ 0. 0000 1 , 

0.001 
6u __.:_ 0.021 ~ 0.05 

The limiting relative error of the difference is roughly 5000 times 
greater than the limiting relative errors of the original figures. 

It is therefore desirabLe, in approximate computations, to trans· 
form the expressions in which computation of numerical values 
leads to the subtraction of nearly equal numbers. 

Example. Find the difference 

to three correct digits.· 
Solution. Since 

u=V2.01-V2 

V2.o1 = 1.41774469 ... 
and 

V2 = 1.41421356 ... 
the desired result is 

u = 0.00353 =·3.53. Io-a 

This result can be obtained by writing expression (2) as 
0.01 

U=---::-::==-~= 
Jf2.01+ Jf2 

(2) 

and then finding the roots of V2.01 and Vr2 to three correct di
gits, as witness, 

- o.oi - 0 ·01 - Io-z 3 53 10-1 -3 ·53 I0- 3 
U- J_.42+ 1.41-2.83 +- •• • . - ' • 

From what has been said we can formulate a practical rule: in 
approximate computations avoid a~ far as possible the subtraction 
of two nearly equal a-pproximate numbers; if it is necessary to sub
tract such numbers, take the diminuend and subtrahend with a suf
ficient number of additional correct digits (if that is possible). For 
example, if we desire the difference of two numbers x1 and x2 ton 
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significant digits and it is known that the first m significant digits 
will disappear by subtraction, then we must start with m+n sig
nificant digits in each of the numbers (x1 and X 2). 

1.9 THE ERROR OF A PRODUCT 

Theorem. The relative error of a product of several approximate 
nonzero numbers does not exceed the sum of the relative errors of the 
numbers. 

Proof. Let · u = X1X2 • •• xn-
Assuming for the sake of simplicity that the approximate num

bers xl' x2 , ••.• , xn are positive, we have 

lnu= lnx1 + lnxz+ ... + lnxn 

Whence, using the approximate formula ~1nx~d1nx=L1x, 
X 

we get 

Taking the absolute value of the latter expression, we obtain 

If Ai (i = 1, 2, ... , n) are the exact values of the factors x1, and 
·1 ~x 1 I, as is usually the case, are small compared with x1, we can 
approximately set 

I /j,x i I ~ l !J.x i I = 6. 
Xi At I 

and 

~~ul= 6 

where 6i are the relative errors of the factors xi (i = 1, 2, ... , n) 
and 6 is the relative error of the product. 

Consequently 
(1) 

It is obvious that (1) also holds true if the factors xi (i "7 1, 2, ... , n) 
have different signs. 

Corollary. The limiting relative error of a product is equal to 
the sum of the limiting relative ·errors of the factors: 

6u = 6x1 + 6?Cz + · · • + 6xn (2) 

If all factors of the product u are extremely ex.act, with the 
exception of one, then from (2) it follows that the limiting relativ~ 
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error of the product will practically coincide with the limiting 
relative error of the least accurate factor. In the particular case of 
only the factor x1 being approximate, we simply have 

6a = 6x, 

Knowing the limiting relative error 011 of a product u, we can 
determine its limiting absolute error ~u by the formula 

tiu =I u 1 o!L 
_Example 1. Determine the product u of the· aN>roximate numbers 

x1 = 12.2 and X2 = 73.56 and Jhe nm:nber of correct digits in it if 
the factors are correct ·to all written digits. 

Solution. We have ~-x, = 0.05 and ~xz = 0.005, whence 

0 = 0.05 + 0.005 = 0 0042 
u 12 . 2 73 . 56 . 

Since the product u = 897.432, it follows that ~u = uBu = 897 · 0.004= 
=3.6 (approximately). 

And so u is correct to only two digits and the result .should be 
written as 

u=897 ± 4 
Nc::>te the special case 

u=kx 

where k is an exact factor different from zero. We have 

f>u=f>x 
and 

~a=lkl ~-'" 

When multiplying an approximate number by an exact factor k, the 
limiting relative error remains unchanged., while the limiting abso
lute error is increased I k 1- fold. 

Example 2. 'In aiming a rocket at a target, the limiting angular 
· error is e = 1'. ·What is the possible deviation ~rl of the rocket 
from the target over a range of x = 2,000 km in the absence of 
error correct ion? 

Solution. Here 
1t 

~u = 180.60 ·2,000 km ~580 m 

It is clear that the relative error of a product cannot be less 
than the relative error of the least accurate factor. For this reason, 
as in addition, it i~ meaningless to retain extra significant digits 
in the more precise factors. 
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The following rule is a usefu I guide: in order to find the product 
of several approximate numbers correct to different numbers of 
significant digits, it is sufficient to: 

(1) round them ·off so that each contains one or two significant 
digits more than the number. of correct digits in the least accurate 
factor; 

(2) in the final result retain as many significant digits as there 
are correct digits in the least accurate factor (or keep one extra 
digit). 

Example 3. Find the product of the approximate. numbers x1 =:= 2.5 
and x2 = 72.397 correct to the number of digits written. 

Solution. Using the rule, we have, after rounding, x1 = 2.5 and 
X2 = 72.4, whence X 1X 2 = 2.5 · 72.4 = 181 ::::.::: 1.8 · 102

• 

1.10 THE NUMBER OF CORRECT DIGITS IN A PRODUCT 

Suppose we have a product of n factors (n ~ 10) U=X1X2 ••• xn, 
each correct to at least m (m > 1) digits. Assume also that a 1 , 

a 2 , ••• , o:.n are the first sigriificant digits in a decimal representa
tion of the factors: 

Xi=ai10P, -f-~ilOP;-l + ... (i= 1, 2, 3, ... , n) 

Then by formula (5), Sec. 1.5, we have 

(i=l, 2, ... , n) 

and, hence, 

{5u=_
2
1 (-1 +-1 + ... +-1 \ (

1
1
0

)m-1 (1) 
Ctl Ct2 Ctn ) 

Since -
1 

+-
1
-+ ... +-1-~ 10, it follows that 6u~-2

1 - (
1
1
0
)m- 2

• 
Ctt Ct2 Ctn 

Consequently the product u is correct to m- 2 digits in the 
most unfavourable case. 

Rule. If all factors are correct to m decimal places and their 
number does not exceed 10, then the number oLcorrect (in the 
broad sense) digits of the product is less than m by one or two 
units. 

Consequently if m correct decimal places are required in a pro
duct, the factors should be taken with one or two extra digits. 

If the factors are of different accuracies, then m is to mean the 
number of correct digits in the least accurate factor. Thus, the 
number of correct digits in a product of a small number of factors 
(of the order of ten) may be one or two units less than the number 
of correct digits in the least accurate factor. 
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Example 1. Determine the relative error and the number of correct 
digits in the product U=93.87·9.236. 

Solution. By formula (1) we have 

{) = ...!_ (...!.. + ...!_) _I_ = _!_ • 10- 8 < _!_ • 10- 3 
u 2 9 9 103 9 2 

Hence the product u is correct to at least three digits (see 
Sec. 1.5). 

Example 2. Determine ·the relative error and the number of correct 
digits in the product u=17.63·14.285. 

Solution. 

s: - 1 ( I + I) 1 -I lo-s Uu-2 T T w- . 
Thus the product will contain at least three correct digits (in the 
broad sense). 

t .t t THE ERROR OF A QUOTIENT 

If u=!.- then lnu= lnx-lny !I , 
and 

1u llx lly -=---u X y 
whence 

This formula shows that the theo~em of Sec. 1.9· holds true for 
a quotient as well. 

Theorem. The relative error of _a quotient does not exceed the 
sum of the relative errors of the dividend and divisor. 

Corollary. H u = ; , then f>u = f>x + {)y·· · 

Example. Find the number of correct digits in the quotient 
u = 25.7:3.6 assuming the dividend and divisor are correct to the 
last digit given. 

Solution. We have 

{>~ = ~5~~ + 03·.
0
: = 0.002 + 0.014 = 0.016 

Since u=7.14, then, ~u=0.016·7.14=0.11. And so the quoti
ent u is correct to two digits in the broad sense, that is, _u = 7.1 
or, more precisely, 

U=7.14+0.1} 
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1.12 THE HUMBER OF CO,RRECT DIGITS IN A QUOTIENT 

Suppose the dividend x and the divisor y are correct to at least 
m digits. If a and ~ are their first significant digits, then for the 
limiting relative error of the quotient ·u we can take the quantity 

6 =_!_(_!_+...!...) (-1 )m-1 
u 2 (X ~ 10 

From this we get. the. rule: (1) if a~ 2 and ~ ~ 2, then the 
quotient u is correct to at least m-1 digits; (2) if a= I or ~ = 1, 
then the quotient u is definitely correct to m-2 digits. 

1.13 THE RELATIVE ERROR OF A POWER 

Suppose U=Xm (marry natural number), then lnu=mlnx and, 
hence, 

From this we have 
f>u = mox (1) 

or the limiting relative error of the mth power of a number is m 
times the limiting relativ~ error of the number. · 

1.14 THE RElATIVE ERROR OF A ROOT 

Now suppose u = v x; then um = x, whence 

(1) 

That is, the limiting relative error of a root of index m is m times .. 
less than the limiting relative error of the radicand. 

Example. Determine with what relative error and with how many 
correct digits we can find the side a of a square if its areas= 12.34 
to the nearest hundredth. 

Solution. We have a= Vs=3.5128 .... Since 

6 s ~ 102 .. 0313 ~ 0. 0008 

it follows that Oa = { Os = 0.0004. Therefore 

~a= 3.5128·0.0004= 1.4·10- 3 

And so the number a wili have about four correct digits (in the 
broad sense) and, hence, a= 3.513. 
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1.15 COMPUTATIONS IN WHICH ERRORS ARE HOT TAKEN 
INTO EXACT ACCOUNT 

In the preceding sections we indicated ways of estimating the 
l1miting absolute error of operations. It was assumed that the' ab
solute errors ·of the components strengthen one another,. but actually 
this is rarely the case. 

In large-scale computations,_ when the error of each separate re
sult is not taken into account, it is advisable to apply the follo
wing rules for counting digits [6]. 

1. When adding and subtracting approximate numbers, the last 
retained d'igit in the result must_ be the largest of the decimal 
orders expressed by the last correct significant digits of the ori
ginal data. 

2. When multiplying and dividing approximate numbers, retain 
in the result as many significant digits as there are in the given 
approximate number having the smallest number of correct signi-
ficant digits. -

3. When squaring or cubing an approximate number, retain as 
many significant digits in the result as there are correct significant 
digits in the base of the power. 

4. When taking ~quare or cube roots of an approximate number, 
take as many significant digits. in the answer as there are correct 
digits in the radiCand. 

5. In all intermediate results, keep one more digit than recom
mended by the rules given earlier. Discard this additional digit 
in the final result. 

6. When using logarithms, count the number of correct signifi
cant digits in the ~pproximate number having the sma1lest number 
of correct significant digits and use tables of logarithms to one 
place more than that number. The last significant digit is discar-

.. ded in the answer. · 
7. If the data can be taken with arbitrary accuracy, then in 

order to obtain a result correct to k digits, take the original data 
with the n1;1mber. of digits such that according to the earlier rules 
we obtain k+I correct digits in the answer. 

If some of the data have extra lower-order digits (in addition 
and subtraction) or more significant digits than ·the others (in 
multiplication, division, powers or roots), then they must first be 
rounded off so that one additional digit is retained. 

1.16 GENERAL FORMULA FOR ERRORS 

The prime objective of the theory of errors is: given the errors 
of a certain set of quantities, to determine the error of a given 
function of these quantities. 
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Suppose a differentiable function 

u = f (x~' x2 , ••• , x,J 

is given~ let I !J.x1 I (i = 1, 2, ... , n) be the absolute errors of the 
arguments of the function. -Then the absolute error of the function is 

! !J.u I=' If (x~ + !J.x1 , X2 + ~X2 , ••• , Xn + !J.xn)- f (xl' X2 , ••• , Xn) I 
In practical situations, 1 !J.x1 I are ordinarily small quantities 

whose products, squares and higher powers may be neglected. We 
can therefore put 

I L\u I~ I df (xu x, ... , xn)l =I~ ::, L\x, I o:;_; ~ [ :L [1 L\xd 

Thus 
n 

I !J.u I~~) ::1 j1 !J..xi I 
t=l 

(1) 

From this, denoting by IJ.x, (i =· 1, 2, · ... , n) the limiting abso
lute"errors of the arguments xi and by !J.u' the limiting error of t~e 
function u, we get, for small !J.x1, 

n 

~ u = L I g:. I !J.Xi 
i=] I 

(2) 

Dividing both sides of inequalfty (I) by u, we get an estimate 
for the relative error of the function u: 

(3) 

Hence, for the limiting relative error of the function u we can 
take 

(4) 

Example 1. Find the limiting absolute and rel~tive errors of the 

volume of a sphere V=-}nd3 if the diameter d=3.7 em +0.05 em 

and n ~ 3.14. 

Solution. Regarding n and d as variable quantities, we compute 
the partial derivatives 

av 1 · ---d3 -8 44 dn - 6 - · ' 

~~ = ~ nd2 = 21 . 5 
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By virtue of formula (2), the limiting absolute error of the vo
lume is 

.Llv=l ~~ )l~nJ+I ~~ jl~d/=8.44·0.0016+ 
+ 21.5. 0.05 = 0.013 + 1.075 = 1.088 cm 3 ~ 1.1 crn 3 

and so 

V=-!- nd3 ~ 27.4 cm 3 + 1.1 cm3 
6 -

Whence the limiting relative error of the volume is 

6 = 1.088 cm3 = 0 0397 ,......, 4 0 r 

V 27.4 cm3 · '""' 7o. 

(5) 

Example 2. Young's modulus is determined from the deflection of 
a rod of rectangular cross-section by the formula 

1 [3p 
£=4 · a3bs 

where l is the length of the rod, a and b are the dimensions of 
the cross-section, s is the bending deflection, and p is the load. 

Compute the limiting relative error in a determination of Young's 
modulus£ifp=20kgf,6p=O.l%, a=3 mm,6a=l%,b=44mm, 

'6ll=l%, l=50 em, 61 =1%, s=2.5cm, 6s=l%. 

Solution. In E = 3ln l + lri p-3ln a-In b-In s-In 4. 
Whence, replacing the increments by differentials, we get 

Hence 

/1£ = 3 M+ L\p _ 3 L\a _ L\b _ 11s 
E l p a b s 

6E= 36l+ 6p+ ~6Cf + 6ll + 63 = 3·0.01 +0.001 + 
+3-0.01 + 0.01 +0.01 = 0.081 

Thus, the limiting relative error constitutes 0.081, which is 
roughly 8% of the quantity being measured. 

Performing the numerical computations, we obtain 

E = (2.10 + 0.17) ·106 :~z 

1.t7 THE INVERSE PROBLEM OF THE THEORY OF ERRORS 

Also of practical importance is the inverse problem: what must 
the absolute errors of the arguments of a function be so that the 
absolute error of the function does not exceed a given magnitude? 

This problem is mathematically indeterminate since the given 
limiting error ~u of a function u = f (x1 , X 2 , ••• , xn) rpay be en
sured by establishing the limiting absolute errors ~~~ of its argu
ments in different ways. 
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The simplest solution of the inverse problem is given by the so- · 
called principle of equal e!}ects. According to this principle, it is 
assumed that all the partial differentials 

at 
~ f:j.xi (i = 1, 2, ... , n) 
vXi 

contribute an equal amount to the total absolute error f:j.u of the 
function u = f (x~' X1p ..• , xn)· 

Suppose the magnitude of the limiting absolute error f:j.u is given. 
Then, on the basis ·of formula (2) of Sec. 1.16, 

f:j.u = t I :X~ I f:j.Xi ( 1) 
i=l 

Assuming that all terms are equal, we have 

I g:l I f:j.x, =I g:zl f:j.Xz = · · · =I ::n I ~Xn = ~~l 
whence 

f:j. ~u 
xt = n I au I 

OXi 

(i = I, 2, ... , n) · (2) 

Example 1. The base of a cylinder has radius R ~2m, the altitude 
of the cylinder is H ~3m. With what absolute errors must we 
determine R and H so that the volume V may be computed to 
within 0.1 m3? 

Solution. We have V = nR 2H and L\v = 0.1 m3
• 

Putting R=2 m, H=3 rn, n=3.14, we get, approximately, 

av = R2H = 12 on ' 
av 
oR= 2nRH = ~7.7, 

g~ = nR2 = 12.6 

From this, since n = 3, we have, on the basis of formula (2), 

f:j.Tt = ~.·/2 < 0.003, 

f:j.R = 3 .
0
3).? < 0.001, 

f1H = 3·01.21.6 < 0.003 

Example 1. It is required to find the value of the function 

u = 6x2 (log10 x-sln 2y) 
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to two decimal places; the approximate values of x andy are 15.2° 
and 57°, -respectively. Find the permissible absolute errors in these 
quantities. 

Solution. Here 
u = 6x2 (log10 x-sin 2y) = 6 (15.2)2 (log10 15.2-sin 114°) = 371.9, 

~~ = 12x (log10 x-sin 2y) + 6xM = 88.54 

where M = 0.43429 is the modulus of common logarithms; 

~~-=- 12x2 cos 2y._= + 1127.7 

For the result to be correct to two decimals, the equation ~u= 
=0.005 must hold. Then, by the principle of equal effects, We have 

~X= 21~: I = 2~B~~~4 =·0.000028, 
ox 

1'!.1 = 2 I~ZI = 2 °1·,~:. 7 = 0.0000022 radian =0".45 

It often happens that when solving the inverse problem by the 
principle of equal effects we may find that the limiting absolute 
errors (found from formula (2)] of the separate independent variables 
turn out to be so small that it is practically impossible to attain 
the necessary accuracy in measuring these quantities. In such cases 
it is best to depart from the principle of equal effects and by rea
sonably diminishing the errors of one part of the variables increase 
the errors of the other part. 

Example 3. How accurately do we have to measure the radius of 
a circle R = 30.5 em and to how many decimals do we have to 
take n so that the area of the circle is found to within 0.1°1 0? 

Solution. We have s = nR2 and ln s = In n + 2 In R ,_ whence 

lls = .!\""' + 2L\R = 0.001 
s :rt R. 

By the principle of equal effects, put 

~""' = 0.0005, 
2~R = 0,0005 

whence L\""' ~ 0.0016 and ~R ~ 0.00025R = 0.0076 em. 
Thus, we have to taken= 3.14 and measureR to within thousandths 

of a centimetre. It is plain that such accuracy of measurement is 
extremely difficult, and so it is better to do as follows: take n = 
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~ . 2~ = 3.142, whence -n''=0.00013; then RR=O.OOl-0.00013=0.00087 

and L\R~O.Ol3 em. Accuracy of this degree can be achieved with 
relative ease. 

Sometimes the limiting absolute error of all arguments X; (i = 1, 
2, ... , n) is allowed to be the same. Then, putting 

we get, from formula (1), 

L\x· = f"t..u 

I ±!~~~~ 
i== I 

(i = 1, 2, ... , n) 

Finally; it may be assumed that the accuracy of measurements 
of all arguments xi (i = 1, 2, ... , n) is the same, that is, the li· 
miting relative errors Ox! (i = l, 2, ... , n) of the arguments are 
equal: 

From this we obtain 

/').x ~x Ax 
1~ 2~· ~ n~k 

r X1,- jX'J- .. , -~XII j-

where k is the common value of the ratios. 
Conseq~ently 

(i=l, 2, ... , n) 

Putting the~e values into formula (1), we get 

and 

And we fin~l·ly have 

L\ _ I Xi I 1'1u 
Xi- n 

L lx} ~:.1 
i==l J 

(i = 1, 2, ... , n) 

Other versions can also be utilized. 
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The solution is similar for the second inverse problem of the 
theory of errors when the "limiting relative error of a function is 
given and the limiting absolute or relative errors of the argument 
are sought. 

Occasionally, there are conditions in the very statement of the 
problem that prevent one from applying the principle of equal 
effects. 

Example 4. The sides of a rectangle are a~ 5 m and b ~ 200 m. 
What is the permissible limiting absolute error in measuring these 
sides (the same for both sides) so that the area S of the rectangle 
can be determined with a limiting absolute error of ~s = 1 m2? 

Solution. Since 
S=ab 

it follows that 
~s ~ b~a+a~b 

and 

By hypothesis, 
~a= ~b 

and so 
~s 1 

~a= a+b= 205 ;::::;:: 0.005 m =5 mm 

1.18 ACCURACY IN THE DETERMINATION OF ARGUMENTS 
FROM A TABULATED FUNCTION 

It is often necessary in computational work to determine an ar
gument from the value of a tabulated function. For example, we 
are constantly called upon to determine a number from a table of 
logarithms or an angle from the tabular value of a trigonometric 
function, etc. Naturally, any error in the function causes an error 
in the determination of the argument. 

Suppose we have a table of single entry for the function y = f (x). 
If the function f (x) is differentiable, then for sufficiently small 
values I ~xI we have 

I ~y I = I f' (x) II ~xI 
whence 

I -~ tJ.y I 
~X I = T7'(X)1 (1) 

or 
1 

~X =T!TI ~.Y 
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Let us apply formula (1) to some of the more common tabula
ted functions. 

A. LOGARITHMS 

Suppose y= In x, then y' = _!_. 
X 

From this. 
L\x = x.1y 

- M 
But if y = log10 x, then y' =- where M = 0.43429; 

X 

1 
L\x = M x.1y = 2.30 x8, 

(2) 

(2') 

Whence, in particular, we obtain f>x = 2.30 .1,; that is, the limi
ting relative error of the number in the table of common logarithms 
is' just about equal to 21

/ 2 times the limiting absolute error of the 
logarithm of this number. 

B. TRIGONOMETRIC FUNCTIONS 

1. If y =sin x ( 0 < x < ; ) , then y' =cos x and hence 

L1x = .1, sec x radians (3) 
2. For the function 

y= tanx ( 0 < x < ~) 
we have 

y' =sec2 x 
and 

8x = 8y cos2 x radians 

3. If y'!:: Jog10 (sin x) { 0 < x < ~) , then 

y' = M cot x and 8x = 2.30 tan x8y radians 

4. Putting y = log10 (tan x) ( 0 < x < ~) , we have 

y' = ~M2 , and ~x =I. 15 sin 2x8y radians 
Sin X 

(4) 

(5) 

(6) 

Since it is obvious that sin
2
2
x < tan x for 0 < x < ~ , it follows 

from formulas (5) and (6) that the angle x is more accurately de· 
termined from a table of log tangents than from a table of lc:>g 
sines. 

4 9616 
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C. EXPONENTIAL FUNCTIONS 

If y =ex, then y' =ex aud 

or 
lly 

~ =-
X y 

(7) 

Example 1. To what accuracy can we determine the number 
x ~ 5000, u~ing a four-place table of common logarithms? 

Solution. From (2') we get 

I -~X = 2. 30 . 5000. 2. I 0 ' ~ 0. 6 

which means the number x is correct to roughly _four digits. 
Example 2. Find the error in a determination of the angle x ~ 60° 

from: 
(a) a five-place table of log sines, 
(b) a five-pi ace table of log tangents. 
Solution. For the first case, we have, from formula (5), 

~x=2.30-V3·~·10-& radian=0.00002 radian ~4" 

In the second case, using (6), we get 
r- 1 . 

~x= 1.15·V 3. 2 .10-r; radian :::::::;: 0.000005 radian ~1" 

which is one fourth the preceding error. 

t.19 THE METHOD OF BOUNDS 

Th~ commonly used error estimation of a function [Sec. 1.16, 
formula (2)] is approximate, since this estimate is based on neg
lecting the products of ·errors. In certain cases we want to know 
the exact bounds of the required value of the function if the range 

· of its arguments is known. The simplest way to attain this is via 
the method of double computation, also called the method of bounds. 

Let , 

u = f (xl' x,, ... ' xn) 

be a continuously differentiab-le function monotonic with respect 
to each argument xi (i = 1, 2, ... , n). For this purpose it suffices 

to assume that the derivatives ::. (i = 1, 2, ... , '!-) retain the same· 
. l 
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sign throughout the range w of the arguments. Suppos~ that 

:s < x1 <xi (i = I, ~· ... , n) (1) 

and the parallelepiped ( 1) 1 ies en~irel y in the domain ro. 
Assume that x1 = ~· xi= x1 if the function f is an increasing 

function with respect to the variable Xi, and xi=~. X;= xi if the 
function f is a decreasing function with respect to the variable xi. 

Then obviously 
u<u<u (2) 

where 

and 
u = t (x1 , x2 , ••• , xn) 

Note that the variables x1 (i = 1, 2, ... , n) and the result of the 
operations of f on them c-an only be rounded in the sense of roun~ 
ding down the quantity u, and the variables x1 (i = l, 2, ... , n) 
and the result of the operations of f on them, onli in the sense 
of rounding up the quantity u. Strict fulfillment of inequality (2) 
will then be guaranteed. In the particular case when the function f 
is monotonically increasing with respect to. each argument_ 
x1 (i = 1, 2, ... , n), we simply have 

f(!_1, ~2• ._ .. , !_n)<u<f(xt, x2, ... , xn) (3) 

Example. An aluminium cylinder with base diameter d = 2 em+ 
± 0.01 em and altitude h= II em+ 0.02 em weighs p = 93.4 gf + 
± 0.001 gf. Determine the specific weight y of aluminium and. 
estimate its limiting absolute error. 

Solutio~ . .The volume of the cylinder is 
ncP 

V=4h 

whence 
p 4p 

"f= v-= nd2h (4) 

From formula (4) it follows that in the range p > 0, d > 0, h > 0, 
the function y is increasing with respect to the argument p and 
decreasing with respect to the arguments d and h. By hypothesis 
we have 

1.99-cm~d~ 2.01 em, 
10.98 em~ h ~ 11.02 em, 
93.399 gf ~ p ~ 93.401 gf 
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Besides, 
3. 14159 < 1t < 3. 1416 

And so 
4-93.399 2.671 ~ 

y=3.1416·2.01 2 ·11.02 ema 
(too smalJ) and 

4·93.401 gf 
y= 3.14159:1.992 · l0.98 2·735 cma 

(too large). Taking the arithmetic mean, we get · 
. gf gf 

y = 2.703em3 ± 0.027 em3 (5) 

or, after rounding, 
. gf gf 

y=2.70-3 +0.03-3 em- em 

By way of comparison we give an approximate estimate of the 
error. Using the mean values of the arguments, we obtain 

4·93.4 gf 
y= 3.1416·22 -11 = 2·703 ema 

Taking logs of (4), we have 

lny= ln4+1np-lnn-2lnd-Inh 

whence, taking the to_tal differential, we obtain 
~y ~p Mt 2~d ~h 
y-=fi-rr:-CT-T 

Consequently 

6 =0 +6 +26 +6 =0.001 +0.0000~+2·0.01 +0.02-
T P 1t d h 93.4 3 .1416' 2 11 -
= 1.07 · Io-fl.+ 3.18 ·I0- 6 + ro-z+ 1.82 .Jo-s = 1.183· ro-z 

Then we find 

~~= 61 ·y= 1.183· I o-z. 2.703 = 3.2·1 o-z ~ 
ern-

Thus we have, approximately, 
gf . gf 

y= 2.703-3 ±0.032-3 em em 

which is very close to the exact evaluation (5). 

*1.20 THE NOTION OF A PROBABILITY ERROR ESTIMATE 

Suppose we have a sum of n terms: 
1 

U=X1 +x2 + ... +xn 
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Then, as we know, the limiting absolute error of the sum is 

(I) 

Whence, when the limiting absolute errors of the terms are the same, 

~x1 = ~x2 = · · · = ~Xn = ~ 
we have 

~u=n~ ( 1 ') 

Formula (1) yield~ the maximum possible value of the absolute 
error of the sum. This limiting error is only attained when the 
errors of all the terms: (I) are the largest possible, and (2) have 
the same signs. Given a large number of terms, such an unfavou
rable coincidence has only a remote possibility. Actually, the errors 
in the separate terms are, as a rule, of opposite sign and conse
quently partially neutralize one another·. For this reason, besides 
the theoretical limiting error ~u of a sum, we introduce the prac
tical limiting error ~~' which occurs with a certain measure of 
certainty. 

We confine ourselves to an elementary case. Let the absolute 
errors ~x;(i=l, 2, ... , n) of the-terms of sum (l) be independent 
and obey the normal law with the same measure of accuracy. 
Assume that the absolute errors of the terms do not exceed the 
number ~ with a probability exceeding the number y; that is, 

p ( l ~X d ~ ~) > '\' 

Given this condition, probability theory proves that the absolute 
error of the sum u will satisfy the inequality I ~u j ~ ~ Vn, where n 
is the number of terms, with the same measure of certainty. 

Thus, for the limiting absolute error of a sum we can take the 
number 

(2) 

For example, in adding 100 numbers with absolute error 0.1, we 
get a theoretical limiting error of the sum ~a equal to 0.1·100 = 10. 
Actually, we may expect that this error does not exceed 0.1 · 10 = l. 

As a particular instance, consider the arithmetic mean of n 
numbers: 

I s = n (xl + x2 + ... + xn) 

According to strict theory, the limiting absolute error is 

l 
~~=n-·n~=~ 
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whereas with great certainty we can assert that in actuality 

a;=~ vn = ~-
n Yn 

which is to say ·that we may be practically certain that the arith
metic mean of approximate numbers is more accurate than the num
bers themselves, and 

~; --+ 0 as n --+ oo 

Similarly, for the case of multiplying n factors with the same 
limiting relative error 6, we can prove that the practical limiting 
relative error of the product is given by the formula 

6~ = 6 Vrn .. (3) 
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Chapter l 

SOME FACTS FROM THE THEORY 
OF CONTINUED FRACTIONS 

2.1 THE DEFINITION OF A CONTINUED FRACTION 

An expression of the form 
bl 

ao+ a +b 1 2 

a 2 -+b:l 
aa+ ... 

... ] (I) 

is called a continued' fraction. The following abbreviated notation 
is also used for the continued fraction (I): 

b1 I bzl ao+-1 +-,-+ ... , al az 

In the general case, the elements of a continued fraction a 0 , ak, 
bk (k = 1, 2, ... ) are real or complex numbers, or functions of one 
or" more variables. The fractions a0 = alo , bk (k = 1, 2, ... ) are called 

ak 
components of the continued fraction ( 1) (the zeroth, first, etc.), 
and the numbers of functions ak and bk (k ;:::= 1) are called the terms 
of the kth component (partial denominators or numerators). We 
will assume that ak =F- 0. Note that in the abbreviated notation 

b (I) the components _! cannot be reduced. 
ak 

If the continued fraction (1) contains a finite number of compo
nents (say n, not counting the zeroth one), it is called a finite or 
n-component continued fraction and is symbolized compactly as 

(2) 

A finite continued fraction is identified with the corresponding 
common fraction obtained by performing the indicated operations. 
A continued fraction (I) having an infinity of components is termed 
an infinite continued fraction and is denoted as 

(3) 
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The continued fraction 

ao + at +1 I = -[ao; _!._ ' _.!._ ' •• • J 
--- al az 

(4) 

az+. ·. 

where all partial numerators are equal to I is termed a simple 
(or standard) continued fraction. The denominators of the components 
are called partial quotients. Note that in the theory of numbers, 
partial quotients are usually natural numbers (positive integers). 

2.2 CONVERTING A CONTINUED FRACTION 
TO A SIMPLE FRACTION AND VICE VERSA 

Any finite continued fraction may be converted to a simple 
fraction. To do this, simply perform all the operations indicated 
by the continued fraction. 

Example 1. Change the continued fraction 

[ 3; +' + ' ! J = 3 + 1 '1 
3+--

1+_!_ 
4 

to a simple fraction. 
-

Solution. Performing the indicated operations in succession, we get 
1 . 5 19 5 

(I) 1 + 4 = 4 , (4) 1 : 5 = 19 , 

5 4 5 62 
(2) 1 : 4=5, (5) 3 +19=19 

(3) 3+: = ~' 
Hence 

[ 
1 I I J 5 3; 3' T' 4 = 3 19 

Conversely, any positive rational number may be converted to 
a continued fraction with natural elements. Suppose, for example, 
we are given. the fraction .!!_ • Eliminating the integral part a0 , 

q 
we have 

E_=~+!.Q_ 
q q 

where r0 is the remainder (if ~ is a proper fraction then a0 = 0 

and r,0 = p) . 



2.2 Converting a continued fraction to a simple fraction S1 

Dividing the numerator and denominator of the fraction 02. by r 0 , 
q 

we have 
ro -=-=--
q q:ro a1+-.C.!. 

'o 
-

where a1 is an integra 1 quotient and r1 is the· remainder left from 
dividing q by r 0 • 

Dividing the numerator and the denominator of the fraction 
!i by r1 , we obtain 
'o 

where a2 is an integral quotient and r 2 is the remainder ]eft from 
dividing r 0 by r 1 • The process may be continued in similar fashion. 

Since q > r 0 > r1 > r2 > r 3 > ... and ri(i=O, I, 2, ... ) are po
·sitive integers, we will finally have rn = 0, or 

r n-1 1 
'n-z=an+O 

Substituting the expressions of the fractions _!j_, we get 
'i-1 

Example 2. Convert ~~ into a continued fraction. 

Solution. We have, successively, 

62 5 1 1 1 I 
19= 3 +19= 3 +-yg= 3 +--4 = 3 +--~-= 3 + 1 

- 3+- 3+- 3+--
5 5 5 1+_!. 

4 4 

62 [ 1 1 1 J Thus, 19 = _3; 3, T' 4 . 
General continued fractions are transformed analogously. 
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Example 3. Convert the continued fraction 

[ 
- xz - xz - xzj 

I; -1-, -3-, -5- =I 

to a simple one. 

Solution. We have 

(I) 1-~=1-~=15-6x2 
x2 15- x2 15-x2 ' 

3-5 

x2 15x2-x4 _ 15-2lx2 +x4 
(2) 15- 6x2 = 1 15-6x2 - 15-6x·~ 

15-·x2 

and so 

[ 
-xz -x2 -x2

] = 15-21x2 +x4 1; -1 ' -3-' 5 . 15-6x2 

2.3 CONVERGENTS 

Suppose we have a terminating or nonterminating continued 
fraction 

(1) 

The simple fraction 

~: == [ ao; ~: , ... , ~: J 
(k = 1, 2, ... ) , where k ~ n, is called the kth convergent of the 
continued fraction (1). Following Euler, we usually set 

and for definiteness we assume that 

Po=ao, Qo= 1 
and 

p -1 = 1, 

When using a digital computer, the convergents 

(2) 

(2') 
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are conveniently found with the aid of Horner's scheme (see Chap· 
ter 3) for division: 

c1 = bn' dl = an-1 +·cl, 
an 

bn-1 d + C2= ~' / 2=an-2. Cz, 

bl p 
Cn = dn-1' dn =·ao +en= Q: 

The indicated sequence of operations can readily be programmed. 
Theorem 1. (Law of formation of convergents). The numbers 

Pk, Qk (k r-- l, 0, I, 2, ... ), determined from the relations 

-where 

Pk=akPk-1 +bkPk-2• 

Qk = akQk-1 + bkQk-2 

(3) 

(3') 

(4) 

are-, respectively, the numera:fors and denominators of the convergents 

. ~~ of the continued fraction (1). We shall call such convergents 

canonical. 

Proof. Let Rk (k = 1, 2, ... ) be the successive convergents of 
the continued fraction (1). It is required to prove that 

(k= 1, 2, ... ) 

We carry out the proof by the method of mathematical induction. 
When k = 1 we have, for the convergent R1 , ' 

R _ + ~ _ --=a0__:a1~+~b1 1-ao --a1 al 

On the other hand, from relations (3) and (3'), we get, taking into 
consideration ( 4), 

pl.= a1ao + bl, 

Q 1 = a1. 1 + b1. 0 = ai 

Hence, R1 = ~~ and for k = 1 the assertion of the theorem holds. 
Now let the theorem be true for a11 natural numbers not excee~ 

ding k. We wi 11 show that the theorem also holds true for the 
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natural number k + 1. From (3) and (3') we obtain 

pk+l =ak+lPk+bk+lpk-u 

Qk+1 =ak+1Qk+bk+1Qk-i 

By the induction hypothesis we have 

Rk = Pk = akPk-1 +bkPk-z 
Qk akQk-1 +bkQk-z· 

By the law of formation of continued fraction ( 1 ), the convergent 
Rk+~ is obtained from the conve~gent ·Rk by replacing the term ak 

by the sum ak + bk+t • Therefore 
. ak+1 

_ ak+l (akPk-1 +bkPk- z) +bk+1Pk-i 
- ak+l (akQk-I +bkQk-z)+bk+lQk-1 

- which completes the proof. 

ak+lPk+bk+l Pk-i Pk+1 
ak+1Qk+bk+1Qk-1 = Qk+1 

Note. Since the terms of the convergents are not defined uniquely, 
one cannot, in the general case, assert that the numerators and 
denominators of convergents of noncanqnical type sat-isfy the equa
tions (3) and ·(3'). In the sequel we assume that the convergents 
under. consideration are canonical. 

Coroll_ary. For the simple continued fraction 
I 

ao+ 1 
al+--az+. 

the numerators and denominators of its convergents Pk (k =I, 2, ... ) 
qk 

can be determined from the relations 

Pk = akPk-1 + Pk-2• } 

qk = akqk-1 + qk-2 

where we put p0 =a0 , p_ 1 = l, and q0 -;-l, q_ 1 =0. 

(3'') 

Note. The following scheme is convenient for finding the terms 
of successive convergents from formulas (3) and (3'). 
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k I -1 
I 

0 
I 

I 
I 

2 
I 

3 
I 

... 

bk 
I I 

I 
I 

bl 
I 

b2 
I 

b3 I ... 

ak I I 
au 

I 
al I az 

I 
a a 

I 
... 

pk 
I 

I 
I 

ao 
I 

pl 

I 
Pz 

I 
Pa 

I 
... 

Qk 
I 

0 
I 

I 
I 

Ql 
I 

Qz 
I 

Q3 
I 

... 

In this scheme, the row bk is omitted for a simple continued 
fraction where bk = 1 (k = 1, 2, ... ) and the formulas (31

') hold. 
Example t. Compute all the convergents of the continued fraction 

I63 = 2 + ----:------
59 I+----

3+ I 
4+-1-

. -I+_!_ 
2 

Solution. Using the scheme, we obtain 

ak 
I 

Pk I 
qk 

I 
Thus 

I 
2 

I I I 3 I 

P-1= I 
I 

2 
I 3 I ll I 

q-1 =0 I I I I I 4 I 

Po 2 P1 3 Pz 11 
q0 =1' q1 =1' q2 = 4' 

p3 47 P4 58 p5 I63 
q3 = 17 '. ~ = 2f ' q5 = 59 

4 I 

47 
I 

17 
I 

I I 2 

58 
I 

163 

2I 
I 

59 

Example 2. Find all the convergents of the general continued 
fraction 

[ 
1 3 5 7] 

O; 2' 4• 8• 16 



62, Ch. 2. Some Facts from the Theory of Continued Fractions 

Solution. Using the foregoing scheme, we have 

k 1-l I 0 
I 

I 
I 

2 
I 

bk 
I I 

I 
I 

I 
I 

3 
I 

all 
I I 

0 
I 

2 I 4 I 
pk 

I 1 
I 

0 
I 

I I 4 I 
Qk I I 

I 

I I 
0 I 

I 
2 II 

Whence 
P0 0 P1 I 
Q

0 
=1, Q

1 
=2, 

Theorem 2. The formula 

Pk_Pk~1 = (-I)k-1btbz .. . bk 
Qk Qk-1 Qk-1Qk 

3 
I 

4 

5 
I 

7 

8 
I 

I6 

37 
I 

620 

98 
I 

I§45 

p4 620 
Q4 = I645_ 

(k~ l) • (4') 

holds true for two successive convergents ~~~: and~: of the conti· 

nued fraction (1 ). 

Proof. We have 

where 

~ -I pk pk-1 I 
k- Qk Qk-1-

(5) 

Using relations (3) and (3'), we get (by virtue of familiar deter
minantal properties) 

8 k = ·1 akP k-1 + bkP k-2 P k-1 1· = bk I P k-2 P k-1 I = -bk8k_1 
· akQk-1 + bkQk-z Qk-1 Qk-z Qk-1 

From this we successively obtain 

/j.k = (- bk) (- bk-1) . •. (- b1) 8o = ( -1 )k b1b'A . .. bk8o 

where 
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Thus 
6./l= (-l)k-Ib1b2 .. . bk 

and, consequently, on the basis of formula (5) we conclude that 

Pk_Pk-1= (-1)k- 1 b1bz . .. bk 
Qk Qk·-1 Qk-1Qk 

Corollary 1. If QPk- 1 and PQk (k ~ 1) are two successive convergents 
k-1 k ' 

of the continued fraction (I), then 

~k= PkQk-1-Pk-1Qk= (-l)k- 1bJbz· . . bk 

Corollary 2. For two successive convergents Pk- 1 , Pk (k~ I) of 
qk-1 qk 

a simple continued fraction, the following equation holds true: 
Pk_Pk-1 = (-I)k-l 

qk qk-1 qk-1qk 
(4") 

Theorem 3. For two successive convergents of equal parity QPk-z 
k-2 

and ~: (k ~ 2) of the continued fraction (I), the relation 

. pk- Pk-?. = (-l)k blbz ... bk-lak 
Qk Qk-2 Qk-zQk 

holds true. 
Proof. We have 

where 

Dk=lp" pk-zi 
Qk Qk-'1. 

(6) 

(7) 

whence, on the basis of the law of formation of convergents and 
on the basis of elementary properties of determinants, we obtain 

D -1akPk-1+bkPk-2 Pk-21-·a ipk-1 Pk-21- A k- - k - aku.k 1 
akQk-1 +bkQk-2 Qk-2 Qk-1 Qk-2 -

where /!,.k is the determinant considered in Theorem 2. By the co-
rollary to Theorem I, we have · 

8k-1 = (-I)k b1b2· · · bk-1 
whence 

Dk = (-l)k b1b2 •• • bk_ 1ak 

Consequently we obtain. formula (6) by using relation (7). 
Corollary. If Pk-~ and Pk are two successive convergents of the 

qk-2 qk 
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same parity of the sim pie continued fraction 
1 

ao+ l 

then we have the relation 

al+--:--
a2 +. 

Pk_Pk-2 = (-I)k _!!_L 
qk qk- 2 qk- 2qk 

(6') 

Theorem 4. If all the elements of a finite continued fraction are 
positive, then its convergents of even order form a monotonic in
creasing sequence and the convergents of odd order form a monotonic 
decreasing sequence. Each, convergent of even order is less than any 
convergent of odd order. The number ex itself, which is expressed by 
the continued fraction, lies between two successive convergents. 

Proof. Suppose we have the continued fraction 

(8) 

I. t d b d } pk with positive e em en s ak an k an ·suppose Qk (k = 0, 1, ... , n) 

are its successive canonical convergents. Then obviously Pk > 0 
and Qk > 0. 

We consider two cases. 
1. Let k =2m be an even number. Th_en from (6), taking into 

consideration that ak > 0 and bi .> 0 (i = 1, ... , k), we have 

P2m_ P2m-2 > 0 
Q2m Q2m-2 

Consequently 
P 2m-2 < P 2m ( 1 2 ) 
Q Q m= ' ' ... 

2m-2 2m 

or 
p 0 < p 2 < p 4 < (9) 
Qo Q2 Q4 ·•· 

2. Let k =2m+ 1 be odd. Then k-1 will be even, and from 
the same relation (6) ·we get 

or 
P1 P3 Ps 
-Q >-Q >-Q > .•• 

1 . 3 5 
(10) 
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We have thus proved that even convergents form a monotonic 
increasing sequence and odd convergents form a monotonic decrea
sing sequence (Fig. 1). 

Fig. 1 

Furthermore, if in (4') we set k =2m, we get 

Pzm-1 > P2rn 
Qzm-1 Qzm 

( 11) 

which is to say that every convergent of odd order is greater than 
the adjacent convergent of even order. We conclude therefrom that 
any convergent of odd order is greater than any convergent of even 

order. Indeed, let PQzs- 1 be any odd conve'rgent. If s ~ m, then 
zs -1 

but if s > m, then 

Pis-1 2 Pzm-1 >' Pzm 
Q2s -1 :;:;;;-- Qzm -1 Qzm 

And so for any s and m we have 

Pzs-1 > Pzm 
Qzs-1 Qzm 

(12) 

Finally, from the law of formation of a continued fraction 
_L b1 a _ a0 , b 

a1+ z + az . 

we have the obvious relations 

Hence 

if k is even and 

Po < Pt 
a> Qo ' a Ql , 

pk > > pk+f - a --
Qk Qk+i 

(13) 

(13') 

if k is odd. For the last convergent, we will clearly have an equ
ality on the right in place of the strict inequalities (13) and (13'). 

5 9616 
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'Corollary 1. If the elements of the continued fq.tction (8) are 

positive and ~: are its cDnvergents, then the following estimate 

holds true: 

I ex.- Pk ~~ btb2 • • .bk+i (14)-
Qk -...o:::: QkQk+l 

Indeed, since, by what has been proved, we have 

I 
a_ p k 1 ~ ·1 p k +1_ p k 1 

Qk Qk+l Qk 

it follows, on the basis of (4'), that (14) holds true. 

Corollary 2. If the continued fraction a with positive elements 

is simple and Pk are its successive convergents, then 
qk 

Note. If all elements of a simple continued fraction are natu~ 

ral, it may be demonstrated [ 1] that the convergent Pk is the best ap~ 
qk 

proximation to the number a, that is, that all the remaining frac~ 

tions .!!_ with denominator q ~ qk deviate from a more than the 
q 

fraction Pk • 
qk 

Example 3. The second last convergent of 
1
5
6
: 

le 1 ). Therefore 

1
163 581 I 
59-2i ~ 59·21 < 0·001 

2.4 NONTERMINATING CONTINUED FRACTIONS 

Let 

58 
is 2T (see Examp-

(1) 

be a nonterminating continued fraction. We consider a segment, 
that is, a terminating continued fraction: 

(n = 1, 2, 3, ... ) (2) 
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Definition. A nonterminating continued fraction (I) is called 
convergent if there exists a finite limit 

(3) 

and the number a is taken as the value of the fraction. But if no 
limjt (3) exists, then the continued fraction (1) is termed divergent 
and no numerical value is assigned to it. 

p 
By Cauchy's test [3] for the convergence of a sequence Q: 

(n = 1, 2, 3, ... ) it is necessary and ~ufficie11t that there exist for 
every e > 0 a number N = N (e) such that 

I
Pn+m_Pnl<e 
Qn+m Qn 

for n > N anq for any m > 0. 
If Qk =I= 0, then we obviously have 

Pn =Po+'\~ (pk _ Pk-I) 
Qn Qo ~ Qk Qk-1 

k=l 

(4) 

That is, the convergence of continued fraction (1) is equivalent to 
the convergence of the series (4'). If the continued fraction (1) 
converges: 

I . Pn 
a= tm -Q 

n ...... oo n 

Theorem 1. If all the elements ak, bk (k = 0, 1, ... ) of continued 
fraction ( 1) are positive' and 

bk <:ak and ak?;:: d > 0 
then (1) converges. 

(k = 1' 2, ... ) (5) 

Proof. When proving the first part of Theorem 4 of the. preced
ing section we did not make use of the property of finiteness o~ a 
continued fraction. Therefore, repeating this proof, we establ_ish the 
fact that if the elements of continued fraction (1) are positive, 

then its even convergents ~:: ( k = 0, 1, 2, ... ) form a monotonic 
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increasing sequence bounded from above (for exampl.e, by the numw 

ber ~~ ). Whence, by virfue of a familiar theorem, we conclude that 

the limit 

exists. Similarly, under the conditions of our theorem odd conver

gents PQzk+ 1 (k = 0, 1, 2, ... ) of the continued fraction ( 1) form a 
2k+1 

monotonic decreasing sequence bounded from below (by the numw 
p 

ber Q: , for example). Hence there also exists 

lim Pzk+1 = ~ 
k-+ rn Qzk +1 

and ~~a. Besides, for any k ~ 0 we have 

P zk < a ~ ~ < P 2k + i 
Q2k Qzk+1 

and so, using Theorem 2 of Sec. 2.3, we get 

0 ~~-a< Pzk+1_ Pzk = b1bz ... bzk+1 
Qzk+1 Q'lk QzkQzk+ 1 

(6) 

We shall show that '11k--+ 0 as k --+oo. Indeed, on the basis of 
the law of formation of convergents, we have, for k > 2, 

Qk = akQk-1 + bkQk-2 
and 

Qk-1 = ak-1 Qk-2 + bk-1 Qk- 3 

Whence, by virtue of condition (5) of the theorem, we conclude 
that 

and 

Hence 
Qk~bk.(1+d)Qk-2 (7) 

From' the inequality (7) we successively obtain 

Q2k ~ b2k (1 +d) Q2k-2 ~ ••• 

• . . ~ b2kbzk- 2 ••• b2 (1 + d)k Q0 = b/~4 ••• b2k (1 + d)k (8) 
and 

Q2k+i ~ bzk+1 (1 +d) Q2k-l ~ • • • 

• · • ~ bzk+1" · · b3 (1 + d)k Q 1 > b1b3 · · · b2k+1 (1·+ d)k (9) 
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since Q1 = a1 ~ b1 • Multiplying together inequalities (8) and (9), 
we get 

(10) 
and hence, 

Thus, 11k--. 0 as k-+ oo. 
And so, passing to the limit as k -+oo in inequality (6), we 

have 0~~-a~O, or 

and therefore the continued fraction (1) converges. 
Mote. The value a of the converging fraction ( 1) with positive. 

elements lies between two successive convergents ~;~: and ~;. 
Hence 

Corollary. A simple continued fraction with natural elements 
always converges. 

The following theorem can also be proved [ 1]. 

Theorem 2. Every positive number a may be expanded in unique 
fashion into a simple converg,ing continued fraction with natural 
elements. The resulting continued fraction is terminating if ex is a 
rational number, and non terminating if a is irrational. 

Example. Expand the number V4T into a continued fraction and 
find its approximate value. 

Solution. Since the largest integer in VIT is 6, we have 

V4f = 6 + ..!.. < 11 > al 

whence 
I 6+ y4T a- ---=---1-Y4I-6- 5 

The largest integer in a1 is 2, and so 

. whence 

1 
a1 =2+-az 

5 
V41-4 

(12) 

(13) 
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Similarly 

(14) 

(15) 

We note that a4 = a1 and so the elements of the continued frac
tion will repeat, that is the continued fraction will be recurring. 
Substituting successively expressions (12), (13), (14), (15), etc .. 
into (11), we get 

VIT = 6 + --------=-----
2+--------~~-----

2+--------~~----
I2+ -----1::------

2+ I 
2 + -:-::I2:-:--+. 

Thus, the irrational number V 41 is expressed as a nonterminat
ing periodic continued fraction: 

~ ( I I I. I I I I I 1 ) 
V41= 6_;2, 2' 12' 2, 2' 12' 2' 2' 12' ·•· 

The convergents Pk (k = 0, 1, 2, ... ) are found by means of the 
qk 

following scheme: 

ak I -
I 

6 
I 

2 
I 2 I 12 

I 2 I 2 I I2 

Pk I P-1 =I I Po=6 
I 

I3 
I 

32 
I 

397 
I 

826 120491 ... 

q. I q_, =0 I qo= I 
I 2 I 5 

I 
62 

I 
129 1 320 1 ... 

Confining ourselves, say, to the fifth convergent, we obtain a 
- v- v- 2049 major (too_ large) approximation of 41: 41 = 

320 
= 6.403125 

with absol.ute error less than 

L\ = 320 (2·3~0 + 129) = 320 ~ 769 < 5 · Io-s 
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Theorem 3 (Pringsheim). If for the nonterminating continu"ed 
fraction 

••• , brl , ••• -] 
. an 

( 16) 

the inequalities 
(n =I, 2, ... ) ( 17) 

hold true, then this fraction converges, and its a·bsolute value does 
not exceed unity [ 4]. 

. p 
Proof. Let Q: (k = 1, 2, ... ) be -convergents of the continued 

fraction (16). 

Since Qk=akQk_ 1 +bkQk_ 2 (k= 1, 2, ... ) 

it follows that 

' IQkl~lakiiQk-11-lbkllQk-21 

Whence, using inequality (17}, we get 

I Q k I ~ (I bk I+ 1) I Q k -1 1-1 bk ll Q k- 2! 
or 

I Qk 1-1 Qk-11 ~ lbk I (I Qk-11-1 Qk-2l>- (18) 

Applying inequality (18) successively and noting that Q0 = I and 
Q_ 1 =0, we have 

IQki-IQk-ll~lbk!/bk-ll···lb~l-- (19) 

.from inequality (19) it follows that ) Qk I increases monoton.ically 
as k increases, and I Qk I~ I Qo I= 1. 

The convergence of the continued fraction ( 16) is equivalent to 
the convergence of the series 

(}> r;J:) 

Po+ L. (Pk- Pk-1) = L (-I)k-1b1b2 ... bk (20) 
Qo k=I Qk Qk-1 k=I Qk-1Qk 

Let us consider the series of the moduli 
r;J:) L = I 01 II b2 j ... I bk I (21) 

k~ 1 IQk~liiQkl 

On the basis of inequality ( 19) we have 
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Thus, the partial sums of the series (21) are bounded and hence 
the series converges, and also 

r;J:) 

L, I b1 II b2 I· .. J bk I ~ 1 
k=l IQk-liiQkl ~ 

(22) 

But then the series (20) also converges (and converges absolutely) 
by virtue of the comparison test, that is to say there exists 

Besides, taking into account inequality (22), we have 

Ia I~ 1 

Note 1. For the continued fraction ( 16) to converge, . it is suffi
cient that inequ.ality (17) hold f_or n ~ m; Qk =F. 0 for k ~ m. 

Note 2. Under the conditions of Theorem 3, we have the follow
ing estimate for the value of the continued fraction a.: 

co 

_ ~ ( 1 1 )=-~-~lim _1 __ 
- k=n+l IQk-11 IQkl IQnl k-+r:~t IQ.tl 

In particular, if I Q, 1---+ oo as k ~oo, then 

Ia-~:~~ IQ
1
nl 

2.5 EXPANDING FUNCTIONS INTO CONTINUED FRACTIONS 

Continued fractions are a convenient way of representing and 
computing functions. For details see the special literature (for 
example [2]); we confine ourselves here to a selection of examples. 

Note that if a function f (x) can, by some technique, be expan
ded into a nonterminating continued fraction, then in the general 
case we must prove the convergence of the fraction and assure 
ourselves that the limiting value of the continued fraction is equal 
to the function f (x). 



:z.s Expanding functions Into continued fraction~ 

A. EXPANDING A RATIONAL FUNCTION INTO A CONTINUED FRACTION 

If 

7l 

then in the general case we have, after performing elementary 
mani pul at ions, 

Coo -Coo+xfl (x) 

C1o 
where 

and 
(k=O, 1, ... ) 

Similarly 

/ 1 (x) = c1o;~~~~ (x) 

where 

and 
(k= 0, 1, ... ) 

and so forth. 
Thus 

f (x) = -----=cl'-"-o ---= [o; 
+ C2oX 

Coo 

+ CaoX 
C1o 

_ C2o+ • 

(1) 

and it is easy to see that the continued fraction ( 1) is a termi
nating fraction. 

The coef_ficients c1k of the expansions are conveniently computed 
successively by the formula-

where j~ 2. 
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- Note that in some cases the coefficients c1k may prove equal to 
zero. Then appropriate changes must be introduced in the expan
sion ( 1 ) [ 2] . 

Example 1. Expand the function 
I-x 

f (x) = I-5x+6x2 

into a continued fraction. 
Solution. Write down the coefficients c1k in the following scheme: 

~I 0 I 1 I 2 

0 I -5 6 
I I -I 0 
2 -4 6 0 
3 -2 0 0 
4 -12 0 0 

Thus 
1-x [ ~--= 0; I-5x+6x:l 

-4x -2x - l2xJ _ 
T' -I-' -4 '· -2 - --------:"4-x--

1 I- 2x 
-4+6x 

B. EXPANDING ex tNTO A CONTINUED FRACTION 

For ex Euler obtained the expansion 

[ 
I- - 2x x2 x 3 x2 J 

tr= 0; l' 2+x' 6' W' ... , 4n+2' ··' 

which converges for any value of x, real or complex {2j. 
From this we obtain the convergents 

and so forth. 

PI 1 
Ql l' 
P2 2+x 
Q2 =2-x' 
P3 I2+6x+x2 

Q3 = 12-6x+x2 ' 

P4 I20+60x+ I2x2 +x3 
Q4 = 120-60x+ 12~~-x3 

(2) 

In par-ticular, setting X= I and confining ourselves to the fourth 
convergent, we have 

193 
e~n=2.7183 



2. S Expanding functions into continued fractions 

To obtain the same accuracy in the Maclaurin expansion 

we need at least eight terms. · 

C. EXPANDING tan x IHTO A CONTINUED FRACTION 

For tan x, Lambert obtained the expansion 

.I x -x2 -x2 -x2 
tanx= 0; T' -3-, -5-, ... , 2n+I, ... ] 

w:hich converges at all points of continuity of the function. 

Example 2. Find tan 1 approximately. 

Solution. Setting X= 1 in (3), we have 

t 1 [ 
1 -1 -1 

an = 0; T ' -3- ' 5 , ... J 

75 

(3) 

On the basis of formula (3) of Sec. 2.3 let us set up the follo
wing scheme for the terms of convergents: 

k 1-1 I 0 II I 2 I 314 
b. I II II 1-1 I-III 
"• I I 0 II I 3 I 5 1 

7 

p. I I I 0 II I 3 114195 

Q, I 0 II II I 2 I 9161 

Confining ourselves to the fourth convergent, we have 

95 
. tan l ~ 

61 
= 1.557377 

(tables give tan 1 = 1.557396). 
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Chapter 3 

COMPUTING THE VALUES OF FUNCTIONS 

When using computing machines to evaluate functions given by 
formulas, the form in which the formula is written is not at all 
immaterial. Expressions which are mathematically equivalent are 
not of the same status as concerns approximate computations. This 
gives rise to a problem of practical importance, that of finding 
the most convenient analytic expressions for elementary functions. 
Computing the values of. functions ordinarily reduces to a sequence 
of e.lementary arithmetic operations. Taking into account the restric
ted storage volume of any machine, it is desirable to split up the 
operations into repeating cycles. We now consider some typical 
techniques of computation. 

3.1 COMPUTING THE VALUES OF A POLYNOMIAL. 
HORNER'S SCHEME 

Suppose we have a polynomial of degree n, 

P(x)=a0xn+a1xn-I+ ... +an_ 1x+an {1) 

with real coefficients ak (k = 0, 1, ... , n). Suppose it is required 
to find the value of this polynomial for x = £: 

P (£) = aosn + a1£n-l + · ·. + an-1S +an (2) 

The computation of P (s) is most conveniently performed as 
follows .. Represent formula (2) as 

P (s) = ( ... ( ( ( aos + a1) 6 + a'l) s +a a) £ + ... + an -1) 6 +an) 

We then successively compute the numbers 

bo = ao, 

and find bn ~ P (~). 

bl = al + bo£, 
b2 = a2+bls, 
ba=aa+b2£, (3) 
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We will show that the numbers b0 = a0 , b1 , ••• , bn-i are coef
ficients of the polynomial Q (x) obtained as the quotient on the 
division of the given polynomial P (x) by the binomial x-£ .. 
Indeed, let · 

and 
P (x) = Q (x) (x-£) + ~n 

(4) 

(5) 

On the basis of the remainder theorem the remainder is -~n = P (6). 
· Frol1) formulas (4) and (5) we get 

P (x) = (~0xn- 1 + ~1xn- 2 + .. · + ~n-1) (x-£) + ~n 
or, removing brackets and collecting terms, 

p (x) = ~oxn + (~~- ~o£) xn-1 + (~2- ~1£) xn-2 + ... + 
+ (~n-1- ~n- 2S) X+ (~n- ~n-1£) 

-Comparing coefficients· of identical powers of the variable x in 
the right and left members of this equation, we find 

whence 

~o = ao, 
~:..-~os=al, 
~2-~~~ = a2, 

~n-1-~n-l!s= an-1' 

~n -~n-1£ =an 

~0 = ao =bo, 
~~ =al + ~oS = bl, 
~2 =a2 + ~1£ . b2, 

~n-1 = an-1 + ~n-2£ = bn-t• 
~n =an+ ~n-1£ = bn 

which completes the proof. 
Thus, formulas (3) enable us, without performing the operation 

of division, to determine the coefficients of the quotient Q (x), 
and also the remainder P (£). Practical computations are carried 
out in accord with a scheme called Horner's scheme: . 

ao a! a9 • . • an ll 
+ bos b1£ · · . bn-tG 



3.1 Computing the val~es of a polynomial. Horner's scheme 

Example 1. Compute the values of the polynomial 

P (x) = 3x3 + 2xz-5x + 7 for x = 3 

Solution. Set up the Horner scheme: 

3 2 -5 7 ]3 
+ 9 33 84 -

3 11 28 91 = P(3) 

79 

Note. Horner's scheme perm its us to find the bounds of, the real 
roots of the given polynomial· P (x). 

Suppose that for x = ~ (~ > 0) all the coefficients bi in the 
Horner scheme are nonnegative, and the first coefficient is positive, 
that is, 

b0 = a0 > 0 and bi ';;3 0 (i = 1, 2, ... , n) - (6) 

We can ~hen assert that all the real roots xk (k = 1, 2, ... , m; 
m..~ n) of the polynomial P (x) are not situated to the right of ~. 
that is, xk ~ ~ (k = 1, 2, ... , m) (Fig. 2) . 

Fig. 2 
.r, 

-a 0 

Indeed, since 

. P (x) = (b 0xn-l + ... + bn- 1) (x- ~) + bn 

it follows- that for any x > ~ we have, by virtue of condition (6), 
P (x) > 0, which is to say that any number exceeding~ is definitely 
not a root of the polynomial P (x). We thus have an upper bound 
for the real roots xk of a polynomial. 

To obtain a lower bound of the roots. xk, form the polynomial 

( -l)n P ( -x) = aoxn-alxn-1 + ... + ( -l)nan 

For this new polynomial, we find a number x =a (a > 0) such 
that all coefficients in Horner's scheme are nonnegative. Then, by 
the earlier reasoning, for the real roots of the polynomial (-l)n P (-x), 
which are obviously equa I to -xk (k = 1, 2, ... , in), we have the 
inequality -xk ~a. 

Hence, xk ';;3-a (k = 1, 2, ... , m). We have thus obtained 
the lower bound -a of the real roots of the polynomial P (x), 
whence it follows that all real roots of P (x) ·lie in the interval 
[-a, ~]. 

Example 2. Find the bounds of the -real_ roots of the polynomial 

P (x) =X4 -2x3 + 3x2 + 4x-l 
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Solution. Compute the value of P (x) for, say, x= 2. Using Horner's 
scheme, we have 

1 -2 3 4 -1 r~ 
+ 2 0 6 20 

0 3 10 19 

Since all coefficients bi~ 0, the real roots xk of the polynomial 
P (x) (if they exist) satisfy the inequality xk < 2. The upper bound 
of the real roots is found. Now let us find the lower bound. Form 
a new polynomial: 

Q (x) = (-1) 4 P (-x) =x4+ 2x3 +3x2-4x-l 
Computing the vallJe of Q (x) for, say, x = 1, we have 

I 2 3 -4 -1 j1 
+ 1 3 6 2 -

3 6 2 1 

All coefficients b1 > 0, hence -xk < 1, that is, xk > -1. And 
so a 11 real roots of the g-iven polynomial lie within the interval 
[-1, 2]. 

3.2 THE GENERALIZED HORNER SCHEME 

Suppose that in a given polynomial 

P (x) =a0xn+a1xn-1 + ... +an (1) 
it is required for some reason to make a substitution of the vari
able x by the formula 

X=y+~ . (2) 

where s is a fixed number and y is a new variable. 
Substitute expression (2) into ( 1) and perform the indicated 

operations. Collecting terms we get a new polynomial· in the va
riable y: 

(3) 

Since polynomial (3) may be regarded as a Taylor series expan
-sion in powers of y of the functions p (y + s), the coefficients 
Ai (i = 0, 1, 2, ... , n) can be computed from the formula 

A = p<n-i) (£) 
i (n-i)! (i=O, 1, ... , n) 

A more convenient practical method for finding the coefficients 
A1 '(i = 0, 1, 2, ... , 'n) is by means of the Horner scheme. First 
put y= 0 in (3). We then have An= P (G). 

Dividing the polynomial (1} by the binomial x-'6, we get 

P (x) = (x-~) P1 (x) + P (6) (4) 



3.2 The Generalized Horne• scheme at 

where 
Pt(x):.._b0x"-:~,+btxn-a+; .. +bn_1 

Now if we put y = x-6 in (3) in place of y, we obtain 
P (x) = (x-6) [ Ao (x- s)n- 1 +At (x-~)n.-z + ... + A11 _ 1] + P (~) (5) 

Comparing formulas (4) and (5), we conclude that 

p1 (x) = Ao (x-s)n-t +At (x-$)n-2 + ... +An-t (6) 
whence 

(7) 

Similarly, dividing the polynomial Pt (x) by the binomial x-6, 
we can set 

where P2(X) =Coxn- 2 +ctxn- 3 + ... +en-a· 
Besides, from (6) and (7) we have 

(8) 

Pt (x) = (x-6) [ A0 (x-s)n- 2 +At (x-~)n-s+ ... +An .... 2 ] +Pt (s) (9) 

Comparing (8) and (9) we conclude that 

P 2 (x) = A0 (x-s)n-z + Al. (x-~)n-s + ... +An-~ 

whence An- 2 = P 2 (s). 
Continuing this process, we successively express all coefficients· 

Ai (i = 0, 1, ... , n) in terms of the values of the corresponding 
- polynomials P 0 (x)- = P (x) and P1 (x), ... , Pn (x) = a0 for X= 6: 

An=P(s), 
An-t= P1 (s), 
An-2 = Pa (s), 

Ao=Pn(s) 

where the polynomials P k+t (x) are constructed, proceeding from 
the polynomials Pk (x), from the formula 

Pk (x) = (x....,...s) P k+t (x) + Pk (s) (k = 0, l, ... , n) 

We use the generalized Horner scheme for computing the values 
of p (s), p 1 (~)' p 2 (6)' ... : 

ao at az ... an-t an lL 
bos b16 ... bn-aS bn-1S 

bo b1 b, ... bn-t bn = P (s) 

CoG CtS ... en-as 

·C0 c1. cs cn-1=P1(~) . . . 
fi 9616 
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Example. In order to eliminate the term containing the third po
wer of the unknown in the polynomial 

P (x) = xa-8x3 + 5x2 + 2x-7 
set X= y+ 2. 

Find the transformed polynomial. 
Solution. Use the generalized Horner scheme: 

Hence 

l -8 5 2 - 7 1£ = 2 
2 -12 -14 -24 

1 -6 -7 -12 -31 

2 -8 -30 

1 -4 -15 .:_42 

2 -4 

I -2 -19 

2 

I 0 

P(y+2)=ya-J9y2 -42y-31 

3.3 COMPUTING THE VALUES OF RATIONAL FRACTIONS 

Every rational fraction R (x) may be represented in the form of 
a ratio of two polynomials, 

where 

R ( ) = p (x) 
X Q (x) 

p (x) = a0X~ + a1xn-l + ... +an, 
Q (x) = b0xm + b1Xni71 + ... + bm 

(1) 

Suppose it is re·quired to find the value of R (x) at the ·point x = ~: 

R (s)·= p (s> 
Q (s> (2) 

The numerator P (~) and the denominator Q (~)- of (2) can be 
found by means of Horner's scheme. This then yields a simple 
method for computing the number R (~). 

Another approach is to transform the function R (x) into a con· 
tinued fraction. To do this, use the technique described in Sec. 2.3. 
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3.4 APPROXIMATING TH£ SUMS OF NUMERICAL SERIES 

Definition. The numerical series 

8S 

al + a2 + ... + an + . . . (1) 

is ca1led convergent if there exists a limit of the sequence of its 
' partial sums: 

where 
sn. = al + a2 + ... + an 

The number S is cafled the sum of the series. 

(2) 

Thus, the convergence of series (1) is equival~mt to the con
vergence of the sequence of its partial sums. According to Cauchy's 
test [I] this, sequence converges if and only if for an arbitrary 
e > 0 there is an N = N (e) such that 

I Sn+p-sn I< e 

for n > N and an arbitrary p > 0. 
From formula (2) we get 

S=Sn + Rn 

where Rn is the remainder of the series; Rn---+ 0 as n-+ oo. 

(3) 

To find the sum S of the convergent .series (1) to a specified 
accuracy B, choose the number of terms n sufficiently large so that 
the inequality 

(4) 

ho~ds. Then the partial sum Sn can, approximately,. be taken for 
the exact sum S of the series (1). 

It will be noted that actually the terms ~' a2 , ••• are also 
determined approximat~ly. Besides, the sum Sn is ordinarily roun
ded off to a. given number of decimal places. To take all these 
errors into account and ensure the required accuracy, one can use 
the following procedure: in the general case, choose three positive 
numbers B1 , B2 and e8 such that 

B1 +e2 + e3 =8 

Take the number n of terms of the series so large that the resi
dual e~ror 1 Rn I satisfies the inequality 

I Rn I~ el (5) 

Compute each of the terms ak (k = 1, 2, ... , n) with a limiting 

absolute error not exceeding ; ' and let a~ (k = 1' 2, ... ' n) be 
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the corresponding approximate values of the terms of series (1), 
that is 

Then for the sum 

n 

Sn= ~ ak 
k=I 

the error of operation (summation) satisfies the inequality 

JSn-Sn l~e2 (6) 

Fina~y, round off the approximate result Sn to the simpler num
.ber sn so that the rounding error is 

(7) 

Then the number Sn is an approximate value of ·the sum S of 
series ( 1) to the· specified accuracy e. Indeed, from inequalities (5) 
to (7) we have 

]S-Sn I~ I s--sn 1+ I sn-sn I+ ]Sn-~n I ~E1 +c:2+e3=e 

The number e is partitioned into the positive parts e1 , e2 and e3 

in accordance with the volume of work required to obtain the 

Fig. 3 

desired result. U e = lo-m and the result is to be correct to m 
decimal places, then one usually takes 

lf there is no final rounding, then one ordinarily sets 

8 8 
, el = 2 ' Ez = 2 ' Ea = 0 

The problem becomes more complicated if one has to find the 
sum of a series correct, in the narrow meaning of the word, to m 
decimal pl~ces. Geometrically, this means that it is required to 

find the element of the set 1 ~m (.ft. an integer) closest t~ S (Fig. 3). 
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Suppose for definiteness the sum S is positive and 

S- + P1 + + Pm + + Pn =Po 10 · · · wrn · · · wn 
(where Pk are nonnegative integers, n ~ m) is a rational approxi
mation such that 

- 1 Is-s I ~ wm + 1 

Suppose that 
Pm+l =¥= 4 and Pm+l =F 5 

Then, rounding off the number s: we get the desired result: 

or 
+ P1 + + Pm a=po 10 . . . IOm 

+ P1 + + Pm+t a = Po 10 . . . .----rom 

if Pm+l ~ 3 

if Pm+l ~ 6· 

Indeed, in the first case, when rounding down, we have 

(8) 

(8') 

0 ~ S a Pm+l + Pm+z + + Pn ~ 3 + 9 + +. 
~ - = wm+l wm+2 . • • Wn-.:::: wm+l wm+2 .•• 

9 4 + wn < wm+l 

In the second case, when rounding up, we get 

0 S- I Pm+I Pn I 6 4 
~a- = wm -wm+-l- •• • -wn·~ wm -wm+l = wm+l 

~ 

Therefore in both cases we have 
- 4 

/ S-aj ~ IOm+l 

. and so 
- - I 4 I I s-a I ~ Is-s I + I s-a I ~ I om+ l + tom+ 1 = 2 . I 0- m 

Thus 
S =a±_!_. I o-m 

2 

If Pm+l = 4 or Pm+l = 5, one should increase the accuracy of the 
approximate sum S by taking another decimal place. 

In the particular case when Pm+l = 4 and it is known that 

S<S 
then a from (8) is an approximate value of the sum S to within 
. ~ · Io-~n (too small). 
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" 
Similarly, if Pm+i = 5 and 

S>S 
then cr from (8') is an approximate value of the sum S to within 
~ . 1o-m (too large). 

To estimate the remainder of the series (1), 

Rn=an+l +an+2+ • · • 

it is useful to apply the following theorems which we give without 
proof [I]. 

Theorem 1. If the terms of the series (1) are corresponding va
lues of a positive monotonic decreasing function f (x), ihat is, 

then (Fig. 4) 
an = f (n) (n = 1 , 2, ... ) 

Cl:) Cl:) 

~ f (x) dx < Rn < ~ f (x) dx 
n+l IJ 

!I 

Fig. 4 

Theorem 2. If the series ( 1) is an alternating series: 

a1 > 0, a2 < 0, a3 > 0, ... 

and the moduli of its terms decrease riwnotonically, then 

I Rn I ~ I an+ 1 I 
and 

sgn Rn = sgn an+lu 

Example. Find the sum of the series 
I 1 I 1 

S=n-+2a +3a + .. • + ns+. • • 
to within 0.001. 

(9) 

(10)' 

1> sgn Rn (the signum function) denotes the sign of the number Rn: 
sgn Rn=+l if Rn > 0; sgn Rn=-1 if Rn < 0; sgn Rn=O if Rn=O. 
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Solution. We take the residual error as 

1 10-3 1 
El =_If . = 4000 

The terms of the series (10) are·corresponding values of the mono
tonic decreasing function 

I 
f(x)=,x3 

And so for the nth remainder of the series 

we have the estimate 

Solving the inequality 

we get 

We take n = 45. 

r;J:) 

Rn = L ~3 
k=n+l 

-~-~-~-
2n2 ~ 4000 

We choose the limiting- error of the summation as 

. - 1 Io-3 
E2-/f' 

whence the permissible limiting absolute error of the terms of the 
partial sum 845 of series (10) is 

Set 

1 -. I0-3 
e2 ~ _4---=-=----
n ---:::: 45 

~=_!_·IO:-o 
n 2 

That is to say, we will compute the terms of series (10) correct, 
in the narrow sense, to five decimal places. Following are the cor
responding values of the terms and the results of partial sum mat ion: · 
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Thus, 

1.00000 
0.12500 
O.Q3704 
0.01562 
0.00800 
0.00463 
0.00292 
0.00195 
0.00137 
0.00100 
0.00075 
0.00058 
0.00046 
0.00036 
0.00030 

- 1.19998 

0.00024 
0.00020 
0.00017 
0.00014 
0.00012 
0.00011 
0.00009 
0.00008 
0.00007 
0.00006 
0.00006 
0.00005 
0.00004 
0.00004 
0.00004 

0.00151 

0.00003 
0.00003 
0.00003 
0.00003 
0.00002 
0.00002 
0.00002 
0.00002 
0.00002 
0.00002 
0.00001 
0.00001 
0.00001 
0.00001 
0.00001 

0.00029 

846 = 1.19998+0.001[?1 +0.00029= 1.20178 

Rounding this value to thousandths, we get the approximate value 
of the sum: 

s ~ 1.202 

Since the rounding error 

e3 = 0.00022 < ! . Io-a 

the total error of the result does not exceed 

2..to- 3 +J..·10- 3 +2-.to-s<2.·I0- 3 
4 4 4 4 

Thus, 
S = I . 202 ± 0. 001 

A more accurate estimate is obtained if the signs due to rounding 
are taken into account. By way of comparison we give the value 

of the sum .S .to ~ithin {- · 10-s [2]: 

S= 1.202057 

Note. Since calculating the total error is an extremely laborious 
procedure, the practical approach is this: to ensure a given accu
racy of e::::;:: Io-m, all intermediate computations -are carried out 



l.S Computing the values of an analytic function 89 

with one or two extra digits. In this process, it is assumed (not 
quite strictly) that the errors involved do not affect the mth-order 
decimals of the sought-for result. 

It will be noted that in working this example we had to find 
the sum of a comparatively large number of summands. In practi
cal work) the attempt is made first to transform the series so that 
the desired result is obtainable with a smaller number of terms. 
A transform at ion of this kind is known as accelerating the conver
gence of the series and in many cases affords a great saving in 
computational time. This problem is considered in Chapter 6. 

3.5 COMPUTING THE VALUES OF AN ANALYTIC FUNCTI.OM 

A real function f (x) is called analytic at a point 6 if in some 
neighbourhood I x-6 I < R of this point the function is expansible 
in a power series (Taylor's series): 

f (X)= f (6) + f' (6) (X- 6) + f'~~~) (x-6) 2 + • • • 
{<n> (~) n ... +-, (x-~) + . . . (1) n. 

For 6 = 0 we get Maclaurin's series 

f (x) = f (0) + f' (0) X+ f" ~~) X2 + ... + f<n~~O) ~n + . . . (2) 

The difference 
n 

Rn (x) = f (x)- L f<k~~(~) (x-6)k 
. k=O 

is called the remainder term and is the error resulting from the 
replacement of the function f (x) by the Taylor polynomial 

n 

Pn (x) = L f<k~l(£) (x-6)k 
k=O 

As is known [ 1] , 
R (x) = rn+I> (~+B (x-~)) (x- t)n+l 

n (n+ I)! '=' (3) 

where 0 < e < 1. In particular, for Maclaur.in's series (2) we have [I] 
R (x) = t<n+l> (Bx) xn+l 

n (n+l)! (4) 

where 0 < e < 1. There are also other forms of remainder terms. 
In many cases, expanding a function in a Taylor series is a con

venient way to compute· the values of the function. 
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If f (s) is known ·and it is required to find the value f (s +h), 
where his a "small correction", then formula (1) is better written as 

t (s +h)= t (s) + f' (s)h + t" i,~) hz + ... + t<n~~~) hn + Rn (h) (5) 

where 
R (h)= t<n+l> (~ + Elh) hn+t (0 < 8 < 1) 

n (n+I)l 

Example. Approximate V 10. 
Solution. We have 

I 

v 10 = v 3z + } = 3 ( 1 + } ) z 
Setting 

I 

f (x) = (l+x)T 
we successively obtain 

I 

f' (x)=+(1 +x)-2, 

3 

r (x) =- ! (1 +x) -2, 

5 

f"'(x) = ~ (1 +~) --z 
I5 _.!._ 

flV (x) =- f6 (1 +x) z 

Whence, taking ~ = 0, h = ! and noting that 

f(O)= 1, f' (O)=f, f"(O)=-!, f';' (0)= ~ 
we find, by virtue of formula (5), 

I 

( 
I )2 I I I I - 1 I 

1+-g =1+z-·g-8"st+l6.729+Rs= 

= 1 +0.05556-0.00154 +0.00009+ R3 = 

(6) 

= 1.05411 +R3 (7) 
where 

7 7 

R = _ _!_. 15. (1 +~)-2. _I_= 
3 24 16 9 656I 1,~~616. ( 1 + ~) --z 

co< e < 1) 
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Obviously 

I R31 < 1,6;~616 < 6·10-6 

From formulas (6) and (7) we get 

VIO = 3.16233 +E 
where 

I 
1 E 1 < 3. 2 . to-s + 3. 6 .Jo- 6 = 3.3 .to-" 

(8) 

Rounding off the value obtained to four decimal places, we finally 
have 

VTO = 3.1623 ± 6· Io-~ 

Compare this with the tabular value 

v 1 0 = 3. 1622777 ..• 

3.6 COMPUTING THE VALUES OF EXPONENTIAL FUNCTIONS 

For the exponential function ex we have the expansion [ 1] 
. xz xn 

eX =·1 +X+ 21 + ... + n! + . . . ( 1) 

whose interval of convergence is - oo < x < + oo. The remainder 
term of the series ( 1) is of the form 

e9x n+l 
Rn(x)=(n+I)!X (0<8<1) (2) 

For large absolute values of x, the series (l) is computationally 
inconvenient. The ordinary procedure is therefore as follows: let . 

x=E (x)+q 

where E (x) is the largest integer in the number x and 0 ~ q < 1 
is the fractional part of the number. We have 

ex= eE <x> ·eq (3) 

The first factor of the product (3) may be found by multiplying: 

or 

E (x) times 
.......... 

eE (X)= ee '• • ~ 

-E (x) times 

~ 

eE (X) = 2.. . __!_ __!_ 
e e e 

if E (x) ;;::: 0 

if E (x) < 0 



91 Ch. 3. Computing the Values of Functions 

where 
e = 2. 718281828459045 ..• 

and 
1 
-= 0.367879441171442 ... e 

Here, in order to ensure the specified accuracy, e or ..!_ should be e 
taken to a sufficiently large number of decimal places (at the pre~ 
sent time the number e has been computed to over 250 decimals). 

As for the second factor eq of the product (3), one can compute 
it by the expansion given above: 

(4) 

which for 0 < q < I forms a rapidly converging series, since, on 
the basis of formula (2), we have for the remainder term Rn (q) 
the estimate 

0 ~ Rn (q) < (n! I)! qn+t 

Let us now derive a more exact formula for estimating the re~ 
mainder Rn (q) for 0 < q < 1. We have 

qn+l qn+Z qll+3 

Rn(q) = (n+ I)!+ (n+2)! + (n+3)! + · · · = 

qn+l [ q qZ J 
= (n+ l)! 

1 + n+2 + (n+2) (n+3) + · · · < 

< ( nq~+l\! [ 1 + n ~ 2 + ( n ~ 2 y~ + · · ·] 
-

From this, by summing the geometric progression in square bra-
ckets, we obtain 

qn+l I 
Rn(q) < (n+l)l • . q 

1---
n+Z 

(5) 

or; for 0 < q < 1, noting that 

n+Z< n+I 
n+I n 

we finally get 

qn+l 
0 < Rll (q) < n! n 
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or 

where u = qn is the last retained term. 
n n! 

93 

(6) 

If the residual error e is given, the necessary number of terms n 
may be found by inspection when solving the inequality 

qn+l 

n!n < e 

It is convenient to approximate ex for small x by formula (1) 
using the scheme 

ex= Uo + ul + u2 + ... + un + Rn (x) (7) 
where 

U0 = 1, (k = I, 2, ... , n) (8) 

On computers, the calculations are conveniently carried out 
according to the scheme 

X 
Uk=/iUk-1' 

sk=sk_ 1 +uk (k=O, I, 2, ... , n) 
n 
~xk 

where u,,=l, s_ 1 =0, S0 =1. The number sn= ""-"ki approxima~ 
.~=0 

tely yields the desired value of ex. 
If e is the given permissible residual error and n ~ 2] x j > 0, 

then the summation process should be terminated as sobn as the 
inequality 

J X Jn+l I 
I Rn (x) J ~ Rn (] X/) < (n +I)! · J x J < 

I--
n+2 

2\xln+l 2fxl jx)n 
< (n + 1 )1 = n + 1 .' n! < J Un / ~ 8 

is fulfilled, that is, if 
(9) 

In other words, the summation process is terminated if the last 
generated term un does not exceed e in modulus, and 

I Rn (x) I < I un I 
To compute the total error, use the general scheme given In 

Sec. 3.4. 

Example 1. Find Veto within I0- 6
• 
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Solution. Assume the residual error to be 

- 81 = ! . 1 0- 6 = 2. 5. 1 0- 6 

Since, as a rough guess, the number of terms in the sum (7) will 
then be of the order of ten, we compute the terms to within 
~ · 10-7, that is to say, to two decimal places. 

Setting 

U0 = 1, 

we successively have 

(k=l, 2, ... ) 

Uo= ) 
I 

U1 = 2 = 0.5000000 

U 2 = ~1 = 0. 1250000 

U3 = ~2 = 0.0208333 

u4 = l~s = 0.0026042 

u5 = ~~ = 0.0002604 

U6 = ~~ = 0.0000~17 

U7 = ~: = 0.0000016 J 
I.64872tz 

Rounding off the sum to five decimal places, we get 

Ve= 1.64872 
with total error 

(10) 

e < 1.6·10- 6 + 5. ~.to-?+ 1.2· Io-s = 3.05·10- 6 < f· I0- 6 

That is, correct (in the narrow sense) to all the digits given in 
the result (10). 

We can also compute -ex by expansion into a continued frac
tion [ 4]: 

[ 
1 -2x x2 x2 x2 J 

ex= O; T ' 2 + x ' 6 ' TO ' • • · ' 4n + 2 ' • • • (II) 

which converges for any value of x (real or complex). 

Example 2. Find Ve by means of formula (11). 
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Solution. Setting x = ~ in formula (11 ), construct a table of con

vergents of the corresponding continued fraction. 

k 
I 

-I 
I 

0 
I 

1 
I 

2 
I 

3 
I 

4 
I 

5 

I I 
0 

I 
1 

I 
-I 

I 
1 

I 
l 

I 
I 

bk 4 4 4 

I I 
1 

I 
I 

I 
5 

I 
6 

I 
IO 

I 
14 ak I 

2 

pk 
I I 

0 
I 

I 
I 

5 

I 
6I 

I 
I225 

I 
34361 

1 2 4 -8- 16 

Qk 
I 

0 
I 

I 
I 

I 
I 

3 

I 
37 

I 
743 

I 
20841 

2 4 8 ~ 

Stopping, with the fifth convergent, we have 

V-"' !2. = 34361. 2084I = 3436I = 1 648721 
e"' Q6 16 · 16 20S4I · 

to within {·10- 6
• 

The following formula may be used to compute the values of 
the exponential function ax (a> 0): 

. x_l 1 JnZa z Jn3a 3 
a - +( na)·x+ 21 x +31 x + ... 

3.7 COMPUTING THE VALUES OF A LOGARITHMIC FUNCTION 

For the natural logarithms of numbers close to unity, the ex
pansion [ 1] 

•' • + (-l)n-1 :n +' .. (-I<x~l) (1) 

holds true. Formula (1) is hardly suitable for computations since 
the range of numbers ~ < 1 + x ~ 2 is small and, ~sides, for I xI 
close to unity, the senes (1) converges slowly. 

Let us introduce a more convenient formula for computing the 
natural logarithms of numbers. Replacing x in (I) by -x, we have 
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Subtracting (2) from (1) term by term, we obtain 

Setting 

we get 

and, hence, 

1-x ( x
3 

x
6 

) ln I+-x=-2 x+T+s+. ·: 

1-x 
l+x=Z 

1-z 
X=-I+z 

lnz=-2 [~+:+; c+:)s +! (!+:) 5 

+ ... ] (3) 

for 0 < z < + oo. 
Let x be a positive number. We represent it as 

X= 2m.z 

I 
where m is an integer and 2 ~ z < 1. Then, setting 

where 

1-z 
l+z=6 

1 
1--

2 I 
0<6~--1=3 

I+-2 

and using formula (3), we get 

( 
;s ;2n-1) 

lnx=ln(2mz)=mln2+lnz=mln2-2 6+3+ ... + 2n-I -Rn 
where-

2 9 
1-~2 ~4 

and so 

(4) 
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or, more crudely, 

0 < Rn < 4 (2,;+ I). ( + yn-t 
Introducing the notation 

we get 

where 

~2k -1 

Uk= 2k-l (k= 1, 2, ... ) 

In 2 = 0.69314718 ... 

The summation process terminates as soon as 

un < 4e 

97 

(5) 

where e is the permissible residual error, because then, by for
mula (4), we have 

n 

The limiting error of the sum ~uk may be estimated by speci-
k=I 

fying a certain number of decimal places in the summands and 
establishing, on the basis of (4), the approximate number of sum
mands n. 

Example. Find In 3 to within 10- 5 • 

Solution. We will perform the computations with two additional 
digits. Putting 

we have z=0.75 and 

. 3 
3=22 ·-=22 ·0.75 4 

1-z 0.25 I s = I + z = 1. 75 = 7 = 0. 142 8.5 71 

We have 

7 9616 

U1 = 6 = 0.1428571 l 
u2 = s; = 0.0009718 

£o 
u3 = 5 = 0. 0000 119 

£7 \ u4 = 7 = 0.0000002 J 
0.1438410 
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Using formula (5), we get 

In 3 = 2 · 0. 69314 718 - 2 · 0. I 4384 I 0 = I . 09861 

Note. It is also possible to compute natural logarithms by pro
ceeding from the representation 

x=ePz 

where p is an integer and ~ < z ~ 1 (see [5 ]). 
I! 

To compute common logarithms, use the formula 

log10 x =MInx 
where 

M = log10 e= 0.434294481903252 ... 

3.8 COMPUTING THE VALUES OF TRIGONOMETRIC FUNCTIONS 

A. COMPUTING SINE AND COSINE VALUES 

Using reduction formulas it is possible to confine the argument 

xtotheinterval O~x~%· IfO~x~~.wehave 

x2n+1 

sin x = L (-l)n (2n + l)! (1) 
n==O 

but if~ ~x~ ~, then we set 
oo z2n 

sin x =cos z =I, (-I)n (2n)l (2) 
n=D 

h .:n; d 0 n were z= 2 -x an ~z~4· 

The sum of the series (1) may conveniently be computed by the 
summation process 

sin x = U1 + U 2 + ... + U,1 + R,1 (3) 

where the summands uk (k= 1, 2, ... , n) are successively found 
by means of the recurrence rei at ion 

(k = 1, 2, ... , n- 1) 

Since the series (1) is an alternating series with terms monotoni
cally decreasing in modulus, for_ the remainder term Rn the esti
mate 

holds true, and 
sgn Rn = sgn un+t 



l.8 Computing the values of trigonometric functions 99 

And we can terminate the summation process as soon as we find 
that 

Jun!~e 

where e is the specified residual error. 
Analogo~sl y 

where 
2 ... 

X 
01 = 1, 0k+l =- (2k-l) 2k 0k (k = 1, 2, ... , n-l) 

and 
z2'l 

I Rn I~ (2n)! =I vn+ll, sgn Rn = sgn vn+1 

Example. Find sin 20°30' to within 10-r,. 

Solution. We have 

x =arc 20°30' =% + 3~0 = 0.349066 + 0.008727 = 0.357793 

Using formula (3), we obtain 
u1 = x = 0_.357793 \ 

x2u I 
U 2 = 2 .3

1 =-0.007634 I 
- x2uz- ~ 

U3 - 4 .5 - +0.000049 J 
x2u 

U4 = 
6
.; = -0.000000. 

-0.350208 
whence 

sin 20°30' = 0.35021 

The values of cos x are computed in a similar manner. 

B, COMPUTING TANGENTS 

We can take it that 0 ~ x~ .:.f. For tan x, when I xI< ~ , the 
following expansion [6] holds true: 

x3 2x5 17x7 62x9 
tanx=x+3+15+ 315 +2835+ ... 

The coefficients of the expansion are. expressed· in terms of Ber· 
noulli numbers (see Sec. 16.12). 

~The value of a tangent is very simply computed by means of 
contin·ued fractions. Assuming 

tanx=~ 
y 
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we have, by virtue of Lambert's formula (Sec. 2.6), 

[ 
-x2 -x2 -x2 

] 

Y = 1; ~3- ' -5- ' · · · ' 2n + 1 ' · · · 

In order to compute y accurate to 10-10 it is sufficient to take 
n= 7. Then · 

y = 1 - X2 
: ( 3- X2 : ( 5- x2 : (7- X2 

: (9- x2 : ( 11 -
- X2 

: ( 13 - X2 
: 15)))))) ( 4) 

Ordinarily, y is computed with the aid of the Horner scheme 
for division (beginning at the end): 

Whence tan x = !.- . 
y 

y1 = 13--x2 : 15, 
y z = 11 - x2 : y 1' 

Y3 = 9-x2: y2, 
Y4 =7-x2:y3, 
y5 = 5-xz :y4, 
Ys = 3-x3 :y5, 

Y = Y? = 1 - xz : Ys 

Example. Find tan 40°. 

Solution. We have 
x =arc 4oo = 0.698132 

and 
X2 = 0.487388 

From this, 
::::::= 13-0.487388 

= 12 967508 Yl 15 . ' 
0.487388 

y2= 11 12.967508 = 10.962413, 

9 0.487388 8 95,...540 
Y3 -= 10.962413 = · 0 ' 

Y. = 7 0.487388 6 955577 .. 8.955540- . ' 
0.487388 

Ys = 5 6.955577 = 4.929928, 

Y6 = 3 0.487388 -· 9 901137 
4 929928- -· ' 

0.487388 = 0 832001 
2.901137 . 

and so 
t 400 0.698132 
an = 0.832001 0.839100 

All digits are correct in this result. 
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3.9 COMPUTING THE VALUES OF HYPERBOLIC FUNCTIONS 

A. COMPUTING THE VALUES OF THE HYPERBOLIC SINE 

We know that 
. ex-e-x 

smhx= 
2 

and 
sinh ( -x) =-sinh x 

The following ex[1ansion holds for the hyperbolic sine: 
. x3 xf> 

Sinh X= X -f- 3! + 5! + . . . ( -oo <X< + oo) 
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Assuming x > 0, the computations are conveniently performed by 
the summation process: 

sinh X= ul + u2 + ... + un + Rn 
where 

(k= 1, 2, ... , n-1) 

and Rn is the remainder term. For n ~ x > 0 we have 

x2n+l x"-n+3 x2n+5 

Rn = (2n+ 1)! + (2n +3)! + (2n+5)! + · · · < 
x2n+t [ x2 x-t J 

· < (2n+ 1)! 
1 + (2n+2) (2n+3) + (2n+2)2 (2n+3)2 + · · · < 

x2n+1 4 x2n+l 4 
< (2n + 1 )! · 

1
_ x 2 < 3 (2n + 1 )! 3. un +i 

(2n+2) (2n+3) 

Since, obviously, 

it follows that 

B. COMPUTING THE VALUES OF THE HYPERBOLIC COSINE 

.~s we know, 

and 

e);;+e-x 
cosh x= 2 

cosh ( -x) =cosh x 
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The following expansion holds true for the ·hyperbolic cosine: 

x2 x4 

cosh x = 1 + 2l + 4T + . . . ( -oo < x < + oo) 

The computations are conveniently carried out by the summation 
process 

where 
xz 

V1 = 1, vk+ 1 =(2k-l) 2kvk (k= 1, 2, ... , n-1) 

and Rn is the remainder term. For n~ f x l > 0. we have 

(2n+ 1) (2n +2) 

Since for n ~ 1 the -inequality 
x3 

• I 
Vn+t = (2n-l) 2n Vn ~ f Vn 

holds true, it follows that 

C. COMPUTING THE HYPERBOLIC TANGENT 

We have 
sinh x ex -e-X 

tanhx=--= x cosh x ex +e-

where 
tanh ( -x) =-tanh x 

For J xI small, the following expansion can be used to compute 
the, v a ue of the hyperbo lie tangent: 

x3 2xf> l 7 x 7 62 x~ ( :rt ) 
tanhx=x-3+15-315+2835+··· fxl<2 · 

For any x, the value of the hyperbolic tangent is expressed by 
a continued fraction: 

[ 
x x2 x2 

_ x2 J 
tanh x = 0; T ' 3 ' 5 , ... ' 2n- 1 ' .•. 
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And since for x > 0 {he elements of this' fraction are positive, 
tanh x, for x > 0, lies between two successive -convergents. 

If x > 0 is great, then tanh x is conveniently computed by 
the formula 

2 
tanh x = 1 - e"'>- + 1 

3.10. USING THJ: METHOD OF ITERATION 
FOR APPROXIMATING THE VALUES OF A FUNCTION 

Let it be required to compute the value of the continuous 
function 

y= f (x) (1) 

for ~ given value of the argument x. If the function (1) is com
plicated and one has to compute a large number of its values, the com
putations are ordinarily performed on computers. It may happen that 
direct computation of the values of the function by formula.(]) will be 
difficult d~e to the design features of the machine. The simplest 
operations may turn out to be \\complicated'' and even impossible 
to perform. For instance, there are calculating machines that do 
not perform division. In such cases the following technique is often 
useful. Write (1) in implicit form: 

F (x, y) = 0 (2) 

We assume that F (x, y) is continuous and has a continuous par
tial derivative F~ (x, y) =1=- 0. 

Let Yn be an approximate valt:te of y. Using Lagrange's theo
rem, we have 

F (x, Yn) = F (x, Yn)- F (x, y) = (Yn -y) F~ (x, Yn) 

where fin is an intermediate value between Yn and y, whence 

F (x, Yn) (3) Y = Y n - --,,,-----~-
Fy (x, Yn) 

We do not know 'the value of y:. Assuming Yn ~ Yn• we obtain 
the following iterative process [7] for computing the value of y: 

F (x, Yn) 
Yn+t=Yn-F'( ) (n=O, 1, 2, ... ) (4) 

Y X, Yn 

Formula (3) has a simple geometric meaning. 
x and consider the graph of the function 

z = F (x, y) 

Fix the value .of 

(4') 

From formula (4) it follows that our process is the Newton 
method (see Sec. 4.5) applied to (4); that is, the successive appro-
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ximations Yn+t are obtained as the abscissas of the points of in
tersection with the y-axis of the tangent to the curve ( 4) drawn 
at y = Yn (n = 0, 1, 2, ... ) (Fig. 5). The convergence of the process 
is ensured if 

F~ (x, y) and F;JJ (x, y) 

retain constant signs in the interval under consideration that con
tains the root of y. 

Generally speaking, the initial value Yo is arbitrary and is chosen as 
close as possible to the desired value of y. The process of iteration is 

z continued until, within the limits 
z=f(.x,!J) of the given accuracy E, two suc

cessive values Yn and Yn- 1 coin
cide:~ Yn- 1 -Yn J <E. Strictly speak
ing, there is no guarantee here 
that 

For this reason, each concrete case 
o !I requires an additional investigation. 

The merit of iterative processes 
is that the operations are of. the 

Fig. 5 same type and therefore are com
paratively easy to programme. 

It is worth noting that the representation F (x, y) = 0 for the 
given function (1) may be realized in an infinitude of ways. This 
fact should be utilized in order to obtain a rapidly converging 
iteration process. Types of the basic processes are given in the 
sections which follow. 

3.11 COMPUTING RECIPROCALS 

1 
Let y=-. 

X 

For definiteness we assume that x > 0. Set 
1 

F(x, y)==x--y=O 

Then 

F~(x, y)=~ y 

Using formula (4) of Sec. 3.10, we have 
1 

x--
y Yn 

n+1 =yn_--1-

Y~ 
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vr 
(n=O, 1, 2, ... ) (1) 

We have thus obtained an iterative process without division. The 
initial value Yo is chosen in the following manner. Suppose the 
argument is written in binary: 

1 
x = 2mx1 , where m is an integer and 2 ~ x1 < 1 

Then set 
Yo= 2-m {2) 

Let us examine the conditions of convergence of process (1). 
From formula ( 1) we have 

(3) 
whence 

! -Yn = xzn-l (~-Yo )zn = ~ (1- XY0 )
2n {4) 

For the convergence of process ( 4), it is necessary and sufficient 
that the inequality 

l1-xy0 J < 1 
hold or that 

-1 < 1-xy0 < 1 

Thus, we finally. get the following result: if 

0 < XY0 < 2 
then 

1
. 1 
Im Yn=-

n-+oo X 

Note that for our choice of Yo in (2), we have 

XYo = 2mxl· 2-m= xl 
and so 

(5) 

(6) 

and hence condition (5) is met. Besides, we conclude from formula (3) 
that 

I ~ - Yn I ~ ~ ( ~ ) zn ~ 2yo ( +) zn 

.That is to say, the convergence of the iteration process is extre
mely rapid. 

Let us derive a different estimate of the error in the value of 
Yn which is sometimes of more practical convenience. Note first 
of all that the successive approximations y0 , y1 , y2 , • • • are ob~ 
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tained in the given case by Newton's method as applied to the 
hyperbola 

I 
z = x-- (x= canst) y 

(Fig. 6). From the inequality (6) and formula (3) it follows that 

z (n=O, 1, 2, ... ) 

Besides, since z ______ ...,_. ... _____________ _ 

0 !I 

Fig. 6 

Yn- Yn-1 = Yn-1 (1 - XYn-1) = 

=XYn-1 ( ~ -Yn-1) ~ 0 (7) 

it follows that the successive appro
ximations _of Yn increase monoto
nically: 

Yo~Y1 ~Y2 ~ · • • 

From formula (7) we have 

1 1 
-;-Yn-1 = XYn- 1 (Yn- Yn-l) 

or, since 

it follows that 

Whence 

Thus, if it i·s found that Yn - Yn _1 < e, then the true error too is 
1 

0<-;-Yn<e 

Example. Using (1) find the value of the function y = ...!._ for x = 3. 
X 

Solution. Here, x = 22 
• ! . Putting Yo= ! , we have 

y1 = ~ ( 2-!) = t6 = 0.312, 

y2 = 0.312 (2-3· 0.312) = 0.332, etc. 

The iteration process converges rapidly. 
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3.12 COMPUTING SQUARE ROOTS 

Let 

Set 
(x > 0) 

F (x, y) == y2 -X= 0 
and then 

F~ (x, y) = 2y 

Using formula (4) of Sec. 3.10, we have 

or 

t07 

( 1) 

(2) 

(n = 0, 1, 2, ... ) which is Hero's process (Hero's aLgorithm). 
The successive approximations Yu· y1 , y2 , • • • are clearly obtained 

by Newton's method applied 
to the parabola 

z = yz-x (x= canst) 

(Fig. 7). 
Note that if for Yo we take 

the tabular value, which gives 
Vx with a relative error [6j, 
then y1 determined. from (2) 
will y·ield the value of Vx 
with, approximately, the re-

lative er_ror ~ 62
• 

Indeed, setting 

Yo= Vx (1 +6) 

z 

{l 

and neglecting powers of 6 Fig. 7 
above the third, we have 

y, 

Y1= ~ (Yo+·:J={ [Vx(l+6)+Vx(l +6)- 1
] = 

= ~ vx-o + 6+ I-6+ 62
) = vx-( 1 +§;) 

From this we draw the following important conclusion: when Hero's 
process is used, the number of correct digits is roughly doubled at 
each step compared to the original number of correct digits. 
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Example 1. For y = V2 we have approximately 

Yo= 1.4 

Mnking this value more precise, we obtain 

Y1 = ~ (1.4+ 1 ~4 )=0.7+0.714=1.414 
Repeating the process, we get 

1 ( 2 ) Y2 =2 1.414+DT4 =0.707 +0.7072136= 1.4142136 

correct to eight or seven decimal places. Indeed, 

V2 = 1.41421356 ... 

Let us examine the conditions of convergence of the Hero process. 
From formula (2), replacing n + 1 by n, we have, for Yo* 0, 

and 

whence 

Consequently 

and 

where 

Yn-Vx = -2 -
1

- (Yn-1-Vx) 2 

!fn-1 

;-__ 1_( ;-)2 
Yn + J X- 2!fn-

1 
Yn -1 + ~ X 

Yn- Yx (Yn-1- Vx) 2 

Yn+ Y X- Yn-1 + Y X 

Yn- Vx (IJo- Yx) 2
n 

Yn + -v· X- Yo + Y X 

V - r- qzn 
y- X=2VX·--n. 1-qzn 

Yo-:: Vx q=--:--
Yo+Y X 

(3) 

(4) 

(5) 

From formula ( 4) it follows that the Hero process converges f9r 

iq I< 1 
that is, if 

Yo> 0 

In this case we clearly have 

lim Yn=Vx 
n-+-oo 
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also 
Yn~Vx (n = 1, 2, ... ) 

Note that 

(6) 

and so the approximations Yn for n ~ 1 form a monotonic decrea
sing sequence 

Y1~Y2 ~- · -~Yn-1~ Yn~ ... ~ Vx 
(Equality can only occur when Yo= Vx.) 

When doing the computation on a computer, it is convenient 
to write the number X in binary: X= 2mxl' where m is an integer 

and +~ x1 < r. Then for the zero approximation one ordinarily 
takes 

Yo= 2£ (;) 

where E ( ~) denotes the greatest integer in the number .; . 

Example 2. Find V5. 
5 

Solution. Here x = 5 = 23 • 8 , and so 

Yo= 2£ ( ~) = 2 

Using formula (2) we successively find 

. Y1 = ~ ( 2 + ; ) = 2.25, 

1 ( 5 \ 1 Y2 = 2 2.25 + 2.25 ) = 2 (2.25 + 2.2222) = 2.2361 

and so on. Using square-root tables we have 

Vs = 2.2.36068 ... 

(7) 

Let us estimate the quantity I q 1 expressed by formula (5) by 
proceE>ding from the value of Yo as determined by (7). 

If m = 2p is even, then 
E ( .!!!...) 

Yo= 2 , 2 = 2P > Vx 
and, -hence, 

iqi=y·- YX=2P~2P yx;= 1- yx; :s;; 1
- y~ = (V2-I)' 

Yo+Yx 2P+2P Vx 1 l+Yx1 I+ ( ~ 
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Analogously, if m = 2p + 1 is odd, then 

Therefore 

Yo= 2
8 ('~ ) = 2P ~ Vx 

l I 
Vx-y0 2P Y2x1 -2P Y2x1 - I q- - - -- Y x+y0 - 2P Y2x1 + 2P- Y2x1 + I--:-

= I- 2 < 1- 2 = (V2 -1)2 
Y2x1 +1 Y2+1 

We thus always have 

I q I ~ ( V2- 1) 2 = 0. I 716. . . < ~ 
Whence, on the basis of (4), yve get 

( 
1 \ 2" 

1 r:: r.- S) 25 ( 1 ) 2n 
0 ~ Yn- r " < 2 V x 

1
_ u )'" ~ 12 y, 5 for n ~ I 

where 
1 ( X) 3 Y1 ~ 2 Yo + Yo ~ 2 Yo 

And from this, 

(8) 

From (8), it is easy to determine the number of iterations n = n (x) 
sufficient to ensure a given accuracy. 

We give one more formula for estimating the error in the value 
of Yn (n ~ 2). Since 

V X v~ Yn- 1 ~ X and --~ X 
Yn-1 

we have, taking into account (6), 

-V· -::::.::::: __ x __ Y~-1-x _ 9 ( ) 
Y n- 1 X ---=:: Yrl -1 y - y - ... Y n - 1 - Y n 

n-1 n-1 
Hence 

;-
O~yn-} X~Yn-1-Yn (9) 

Thus, if 0 ~ Yn _1 - Yn < e (n~ 2) it is guaranteed that 0 ~ Yn
-llx< e. 

Another method for computing square roots that is sometimes 
useful is this. Replace the function (I) by the equivalent relation 

F(x, y)==-j,·-1 =0 
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Then 

F, ( 2x 
y X, y)= --3 

Y·· 

Using formula (4) of Sec. 3.10, we get 

X -
-z -1 

Y + Yn 
n+J=Yn ~ 

y~ 

or 

(n = 0, 1, 2, . ~ . ) 

111 

(10) 

·we will not consider the error estimate or the conditions for 
convergence of the iterative process ( 1 0). 

3.13 COMPUTING THE RECIPROCAL OF A SOUARE ROOT 

Set 
1 

y= Vx (x > 0) 

Writing the function as 

we obtain from (10) of the preceding section an iterative process 
without division: 

Yn+ 1 =Y{(3-xy~) (n=O, 1, 2, ... ) (1) 

1 
If X= zmxl, where 2 ~ xt < 1' then for Yo choose the value 

It will be noted that by using the obvious equation 

v~x=x V ~ 
it is possible, by virtue of formula (I), to extract the square root 
of a number without invoking the operation of division. 
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3.14 COMPUTING CUBE ROOTS 

If 

V-
y=' X 

then, putting 

we get 

(x > 0) (1) 

F~ (x, y) = 3y2 

whence, using formula (4) of Sec. 3.10, we obtain 

Fig. 8 

y~-x 
Yn+! = Yn --

3
-2- (2) 
Yn 

or 

Yn+I =~ ( 2yn + Y~) (3) 

Geometrically, process (3) is 
Newton's method applied to the 
cubic parabola 

z = y3 -x (x = const) 

(Fig. 8). The process (3) conver
ges for Yo > 0. 

If for the initial approxima
tion Yo we take the tabular va-
lue of Vx which has a relative 
error of j B 1. that is, if we set 

Yo= Vx(l +B) 

then the value of y1 found from formula (3) will yield Vx with 
a relative error of 02

• Indeed, applying formula (3), we have 

Y1= ~ (2Yo+ ~ )= ~ [2Vx(l+o)+r/x(I+o)- 2]= 

=·+ vx- (2 + 20 + I-26 + 3o2
) = Vx(I + o2

) 

From this we conclude, for one thing, -that if Yo is correct to p 
digits, in the narrow sense, then y1 will be correct to 2p or 2p-1 
digits, in the broad sense ( cf. Sec: 3.12). 

Example. Using three-place tables, we have 

V1o = 2.154 

correct tb all the digits. 
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Using formula (3), WE' get 

v 10 =+ ( 2. 2.154 + 2. ~~42) = ~ (2. 2.154 +-2.155304) = 2.154435 

By way of comparison, Barlow's tables give 

V
-
10 = 2.1544347 ... 

l If X= 2mx1' where m is an integer and 2 ~ X1 < 1, then 

Yo = 2 E ( ~ ) > 0 · ( 4) '· 

is ordinarily taken for the initial value Yo· 
Since 

V- I ( . X v-) Yn--'-. X =3 2Yn-1 +-2 --3 X = 
Yn-1 

I ( v- ... ( v3 -) =~2- Yn-1- x)~ 2Yn-1+' X >0 
3Yn-1 

it follows that 
3 ~-

y n ? V x for n ? 1 ( 5) 

Besides, from formula (2), replacing n + 1 by n, we have 

Y~-l-x Yn -1- Yn = 
3 

2. (6) 
Yn-1 

and therefore 

V-
Y1? Yz ?. · ·? Yn-1 ?Yn ?. · .? X (7) 

whence it follows that the li.mit 

lim Yn =Y > 0 

exists. Passing to the lim it in ( 3) · as n---+ oo, we get 

y=+ ( 2y+ ?-) 
V-

That is, y3 = x, hence, y = • x. Thus 

lim Yn = Vx 
n -+ oo 

If the initial approximation Yo is chosen on the basis of formula 
( 4 ), it can be proved that 

0 ~Yn- Vx- ~ f (Yn-1-Yn) 

for n ~ 2. 

8 96!6 
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Chapter 4 

APPROXIMATE SOLUTIONS OF ALGEBRAIC 
AHD TRANSCENDENTAL EQUATIONS . 

4.1 ISOLATION OF ROOTS 

If an algebraic or transcendental equation is fairly complicated, 
it is not usually possible to find exact roots. What -is more, in 
certain cases the equation contains coefficients known only appro
ximately and, hence, the very aim of finding the exact roots of 
the equation is meaningless. Therefore, methods for approximating 
the roots of an equation and estimating their degree of accuracy 
acquire particular importance. 

Suppose we have an equation 

f (x) = 0 ( 1) 

where the function f (x) is defined and continuous on some finite 
or infinite interval a < x < b. 

Iri certain cases in the sequel we will need the existence and 
continuity of the first derivative f' (x) or even the second deriva
tive f" (x). This will be appropriately sti-pulated where necessary. 

Every value s for which the function f (x) is zero, that is, such that 

t (£) = 0 

is called a root of equation (l) or a zero of the function f (x). 
We will assume that equation (1) has only isolated roots, that 

is, for each root of (I) there is a neighbourhood which does not 
contain any other roots of the equation. 

Approximating the isolated real roots of (I) ordinarily consists 
of two stages: 

(1) isolating the roots, that is, establishing the smallest possible 
intervals [a, ~] containing one and only one root of equation ( 1 ); 

(2) improving the values of the approximate roots, that is, refi
ning them to the specified degree of accuracy. 

Very useful in the isolating of roots is the following familiar 
theorem of mathematical analysis ([5], Chapter 4). 

Theorem 1. If a continuous function f (x) assumes values of oppo
site sign at the endpoints of an interval (a, ~], i. e., f (a) f.(~) < 0, 
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then the interval will contain at least one root of the equation 
f (x) = 0; in other words, there will be at lqast one number £ E (a, ~) 1 > 

such that f (£) = 0 (Fig. 9). 
The root £ will definitely be unique if the derivative f' (x) 

exists and preserves sign within the interval (a, ~); that is, if 
f' (x) > 0 (or f' (x) < 0) for a< x < ~ (Fig. 10). 

!I 
.Y 

I 
I !J=f(;c) 
I 

f~): 
C.' I 

0 .X 

0 

Fig. 9 Fig. 10 

The process of isolation of roots begins with establishing the 
signs of the function f (x) at the endpoints x =a and x = b of its 
domain of existence. 

Then the signs of the function f (x) are determined at a number 
of intermediate points x = a 11 a 2 , ••• , the choice of which takes 
into account the peculiarities qf the function f (x). If rt turns out 
that f (ak) f (cx.k+ 1) < 0, then, by virtue of Theorem 1, there is a root 
of the equation f (x) = 0 in the interval (ak, ak+ 1). We must rpake 
sure that this root is the only one. Practically speaking, it is 
often sufficient, for isolation of the roots, to perform a halving 
process, approximately dividing the given interval (a, ~) into two, 
four, eight, etc., equal parts (up to a certain interval) and to 
deterrn ine the signs of f (x) at the points of division. It is well 
to recall that an nth-degree algebraic equation 

a0xn+a1xn- 1 +, ... +an=O (a 0 =¥=0) 

has at most n real roots. Therefore, if for such an equation we 
obtain n + 1 sign-changes, then all the roots of the equation have 
been isolated. 

Example 1. Isolate the roots of the equation 

f (x) == x3 -6x+ 2 = 0 (2) 

1> The notation ~E(a, B) signifies that the point £ belongs to the inter· 
val (ex, /3). 
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Solution. Tabulate the findings roughly as follows: 

X II (x) II X II (X), 

-00 - l -
-3 - 3 + 
-1 + +oo + 

0 + 

Thus, equation (2) has three real roots within the intervals 
(-3, -1), (0, 1) and (1, 3). 

If there is a continuous derivative f' (x) and the roots of the 
equation 

f' (x) = 0 

can readily be computed, the prqcess of isolation of roots of equa
tion ( 1) -may be regularized. Clearly, it is then sufficient to count 
only the signs of the function f (x) at the points of the zeros of 
its derivative and at the end points x =a and x =b. 

Example 2. Isolate the roots of ~he equation 

f (x) =X4 -4x-1 = 0 

Solution. Here f' (x) = 4 (x 3-l) and so f' (x) = 0 for x== 1. 

(3) 

We have f ( - oo) > 0 ( + ) ; f ( 1) < 0 ( -); f ( + oo) > 0 ( + ) .. 
Consequently, equation (3) has only two real roots, one of which 
lies in the interval (-oo, 1), and·the other lies in the interval 
(1, +oo). 

Example 3. Determine the number of real roots of the equation 

f ( x) == x + ex = 0 ( 4) 

Solution. Since f' (x) = 1 + ex>O and f (-oo) = -oo, f ( + oo) = + oo, 
it follows that (4) has only one real root. 

We give an estimate of the error of an approximate root. 

Theorem 2. Let £ be an exact root and x an approximate root of the 
equation f(x)=O, both located in the same interval [ex., ~], and 
jf'(x)J~m1 >0 for cx.~x~~. 1 ) 

Then the following estimate holds true: 

(5) 

1> For m1 we can, for instance, take the least value of If' (x) I when 
a.r:;;;;x.r:;;;; ~-
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Proof. Applying the mean-value theorem, we have 

t (x)- f (£) =- (x-£) f' (c) 

where c is a value intermediate between x and ~. that is c E (a, ~). 
From this, because f (s) = 0 and If' (c) [ ~ m1 , we get 

If (x)- t (s) I = I f ( x) I ~ ml I x-£ I 
Hence 

Note. Formula (5) may yield rough results and so is not always 
convenient to use. For this reason, in practical situations it is 
common to narrow in some way the general interval (a., ~) that 
contains the root £ and its approximate value x, and to assume 
lx-£1 ~~-a. 

Example 4. As an approximate root of the equation f (x) == x4 -

-x-I = 0 we have x =·1.22. Estimate the absolute error in this 
root. · 

Solution. W~ have f (x) = 2.2153-1.22-1 =- 0.0047. 
Since for x = 1.23 we get. 

t (x) = 2.2888-1.23-1 = + o.o588 

the exact root 6 lies in the interval ( 1.22, 1.23). The derivative 
f' (x) = 3x3

- I increases monotonically, and so its smallest value 
in the given interval is 

m1 = 3 ·1.22 3-l = 3·1.816-1 = 4.448 

whence, by formula (5 ), we get 

- 0.0047 
I X-£ l < 4. 448 ~ 0. 001 

.,_.ote. Occasionally, in practical situations the accuracy of an 
approximate root x is estimated by how well it satisfies the given 
equation f (x) = 0; that is, if the number j f (x) I is small, then xis 
assumed to be a good approximation to the exact root £; but if 
If (x) I is great, then x is taken to be a rough value of the exact 
root£. As Figs. 11 and 12 show, this approach is erroneous. One 
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should likewise not forget that if the E. tuation f (x) = 0 is multi~ 
plied by an arbitrary number N +- 0, then we obtain an equivalent 
equation Nf (x)= 0, and the number 1 Nf (x) l may be made arbi~ 
trarily large or small by an appropriate choice of the factor N. 

Fig. 11 

4.2 GRAPHICAL SOLUTION Of EQUATIONS 

The rea 1 roots of the equa t.ion 

f (x) = 0 

II 

Fig. 1l 

I 
I 
I 
I 
I 
I 
lf(:t) 
I 
I 
I 
I 
I 
I 
I 
I 

(1) 

can be determined approximately as the abscissas of the points 
of intersection of the graph of the function y = f (x) with the x-axis 
(Fig. 9). If equation (1) does not have nearly equal roots, this 
method can readily be used to isolate them. It is often advisable 
to replace equation (1) by an equivalent equation (two equations 
are termed equivalent if they have exactly the same roots): 

qJ (x),= 1p (x) (2) 

where the functions qy (x) and ~~ (x) are simpler than f (x). Then 
we construct the graphs of the functions y = cp (x) and y =,'¢ (x), and 
the desired roots are ~btained as the abscissas of the points of 
intersection of these graphs. 

Example 1. Solve the following equation graphically 

X Jog10 X= 1 

Solution. Write equation (3) as 
I Jog10 X=
X 

(3) 

The roots of (3) can clearly be found as the abscissas of the 
points of intersection of the logarithmic curve y = logl 0 x and the 
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hyperbola y = ~ . Constructing these curves (Fig. I 3) on coordinate X 

paper, we get an approximate value of the sole root s ~ 2.5 of 
equation (3). 

Fig. 13 O 

Finding the roots of equation (2) is simp lifted if one of the 
functions cp (x) or '¢ (x) is linear, say cp (x) =ax+ b. Then the roots 
of (2) are found as the abscissas of the points of intersection of 
the curve y-·'¢(x) and the straight line y=ax+b. This device is 

!I 
particularly advantageous 
when solving a series of 
equations of the ·same type 
which differ solely in the 
coefficients a and b of a 
linear function. Here the graph-

-b----~t.o..,.,r_-1._5 __ --=-+---=i--......J.....~ ical construction reduces to 
x finding the points of intersec

tion of a fixed graph, y = lp (x), 
and various straight lines. 
This type obviously includes 
the three-term equations 

Fig. t4 

xn+ax+b=O 

Example 2. Solve the cubic 
equations 

x3
- I .75x+ 0.75 = 0 

and 
x3 +2x+ 7.8= 0 

Solution. Construct the cubic 
parabola y=x3

• The desired 
roots are found as the abscis
sas of the points of inter-
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section of this parabola by the straight lines (Fig. 14) y = 
=1.75x-0.75 and y=-2x-7.8. It is clear from the figure that 
the first equation has three real roots: X1 =- 1.5, x2 = 0.5, x3 = I, 
and the second equation has only one real root, x1 =- 1.65. 

It should be noted that although graphical methods of solving 
equations are very convenient and comparatively simple, they are 
as a rule used only for a rough determination of the roots. With 
respect to loss of accuracy, a particularly unfavourable case is 
when the lines intersect at a very acute angle and practically merge 
along a certain arc. 

One variety of the graphical methods of solving equations are 
nomographic methods, which the reader wi 11 find in specialized 
manuals. 

4.3 THE HALVING METHOD 

Suppose we have an equation 

f (x) = 0 (1) 

where the function f (x) is continuous on [a, b] and f (a) f (b)< 0. 
In order to find a root of (1) lying in the interval [a, b), divide 

the interval in half. If t(atb)=n,then £~atb is a root of the 

equation. If f (at b) -=F 0, then we choose that half, [a, atb] or 

[at b , b J , at the endpoints of wh ichJhe function f (x) has oppo

site signs. The newly reduced interval [a1 , b1 ] is again halved and 
the same investigation is made, etc. Finally, at some stage in the 
process WI' get either the exact root of ( 1) or an infinite sequenc.e 
of nested inten·als [a1 , b1], [a 2 , b2 ], ••• , [an, b71 ], ••• such that 

/ (a,J f (un) < 0 (n = 1, 2, ... ) (2) 
and 

(3) 

Since the left endpoints a1 , a2 , ••• , an, ... form a monotonic 
nondecreasing bounded sequence, and the right endpoints b1 , h2 , •.. , 

bn, . . . form a monotonic nonincreasing bounded sequence, then 
by (3) there exists a common limit 

£ = lim an =- 1 i m b n 

Passing to the limit in inequality (2) as n-+ oo, we get, by 
virtue of the continuity of the function f"(x), (f (s) P ~ 0, whence 
f (s) = 0, which means that 6 is· a root of equation ( 1 ); it is obvi-
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ous that 

(4) 

If the roots of equation ( 1) are not isola ted in the interval [a, b], 
then this device can be used to find' one of the roots of ( 1). 

The method of halving is conveniently used in rough approxi
mations of the root of the given equation since the amount of 
computation increases substantially with increase in accuracy. 

The halving method, by the way, is well suited to electronic 
computers. The computational routine is set up so that the ma
chine finds the value of the right member of equation ( 1) at the 
midpoint of each of the intervals [an, bn] (n = 1, 2, ... ) and chooses 
the appropriate half. 

Example. Use the halving method to improve a root of the equa
tion 

f (x) - x4 + 2x3
- x- 1 = 0 

lying in the interval [0, 1]. 

Sol~tion. We have successively 

f ( 0) = - 1 ' f ( 1) = 1' 
f (0.5) = 0.06 + 0.25-0.5-1 =- 1.19, 

f (0.75) = 0.32 +0.84-0.75-1 =- 0.59, 
f (0.875):= 0:59 + 1.34-0.88-1 = + 0.05, 

f (0.8125) = 0.436+ 1.072-0.812-l = --·0.304, 
f (0.8438) = 0.507 +I .202-0.844-1 =- 0.135, 
f (0.8594) = 0.546 + 1.270-0.859-l =- 0.043, etc. 

We can take 

~.~ + (0.859 + 0.875) = 0.867 

4.4 THE METHOD OF PROPORTIONAL PARTS 
[METHOD OF CHORDS) 

Using the assumptions of Sec. 4.3, we give a faster method for 
finding a root ; of the equation f (x) = 0 lying in a specified inter
val [a, b] such that f (a) f (b) < 0. 

For the sake of definitenesss suppose f (a) < 0 and f (b) > 0. Then 
instead of halving the interval [a, b] it is more natural to divide 
it in the ratio -f (a) :f (b). This yields an approximate value of the 
root 

( 1) 
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where 
-f(a) f(a} 

hJ=-f(a)+f(bJ (b-a)=_._f(b)-f(a)(b-a) (2) 

Then, applying this device to the interval [a, x1 ] or [xl' b] at 
the endpoints of which the function f (x) has opposite signs, we get a 
second approximation to the root X2 , etc. 

Geometrically, the method of proportional parts is equivalent to 
replacing the curve y = f (x) by a chord that passes through the 

!I 8 

Fig. 1S 
0 

points A [a, f (a)J and B [b, f (b)] (Fig. 15). Indeed, the equation 
of the chord AB ; is 

x-a y-f (a) 
b-a = f (b)-f (a) 

Whence, assuming x = x1 and y = 0, we get 

. f (a) 
XI=a-f(b)-f(a) (b--a) ( 1 ') 

Formula (1') is completely equivalent to formulas (1) and (2). 
To prove the convergence of the process, let us assume that the 

root is isolated and the second derivative f" (x) has a constant sign 
on the interval [a, b]. 

Suppose, for definiteness, that f" (x) > 0 for a~ x ~ b (the case 
· f" (x) < 0 reduces to our case if we write the equation as 
-f (x) = 0). Then the curve y = f (x) will be convex down and, hence, 
will be located below its chord AB. Two cases are possible: ( 1) 
f (a)> 0 (Fig. 16) and (2) f (a) < 0 (Fig. 17). 

In the former case, the endpoint a is fixed and the successive 
approximations: X 0 = b, 

Xn+l =Xn (n=O, 1, 2, ... ) (3) 
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form a bounded decreasing monotonic sequence, and 

!J A 

0 

Fig. 16 

a < S < • • · < Xn+l < Xu < · · · < X1 < Xo 

!I 

0 

A 
Fig. 17 

8 

In the latter case, the endpoint b is fixed and the successive 
approximations: X0 =a, 

(4) 

form a bounded increasing monotonic sequence, and 

X 0 < X1 < X 2 < ... < Xn < Xn+I < ... < S < b 

Summarizing, we conclude that: (1) the fixed endpoint is that 
one for which the sign of the function f (x) coincides with the sign 
of its second derivative f" (x); (2) the successive approximations xn 
lie on the side of the root £ where the sign of the fund ion f (x) 
is opposite to the sign of its second derivative f" (x). In both cases, 
each successive approximation xn+l is closer to the root G than the 
preceding one, xn. Suppose 

(a<~< b) 

(the ,limit \Xists since the sequence {xn} is bounded and monoto
nic). Passing to the limit in (3), we have for the first case 

~ = ~ f (~) (~ a) 
f (£)- f (a) 

whence f (~) = 0. Since it is given that the equation f (x) = 0 has 
only one root £ on the interval (a, b), it follows that ~ = £, which 
completes the proof. 
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By means of the very same IimiL process in (4), it can be 
proved that ~ = £ for the second case. 

For an estimate of the accuracy of the approximation, we can 
use formula (5) of Sec. 4.1 

JXn-£1 ~If~;)] 

where If' (x) I ~ m1 for a~ x ~b. 
We give another formula which permits estimating the absolute 

error in an approximate value xn if two successive values xn_ 1 

and xn are known. 
We will assume that the derivative f' (x) is continuous on the 

interval [a, b] containing all the approximations and preserves sign; 
note that 

(5) 

For the sake of definiteness, let us assume that the successive ap
proximations X 11 to the exact root £ are generated by formula (3) 
[a consideration of formula (4) is similar]: 

f (Xn-1) ( ) 
Xn=Xn-1 f(Xn-l)-f(a) Xn-l-a 

(n = 1, 2, ... ) where the endpoint a is fixed. Then, taking note of 
the fact that f (£) = 0, we get 

f (£)- f (xn -1) = f (x;n-~~ =~(a) (xn- Xn-1) 

Using the mean-value theorem, we get 

(£-xn-1) f' (£·n-1) = (xn-Xn-1) f~ (xn-1) 

where £n_ 1 E (X
11

_ 1,£) and. Xn- 1 E (a, xn_1). Hence 

l
t-x I =lf'(xn-1)-f'(~n-1)1/x -x , 
~ n lf'(£n-I)j n n-Il 

(6) 

Since f' (x) has constant sign over the interval [a, b] and xn-l E [a, b] 
and £

11
_ 1 E [a, b], we plainly obtain 

If' (xn-1)-f' (£n-1) I ~M~-m~ 
We therefore derive from formula (6) 

It I M1-m11 I , ~-X,I ~ m Xn-Xn-1 
1 

(7) 

where for m1 and M1 we can take, respectively, the smallest and 
largest values of the modulus of the derivatiye f' (x) on the inter-
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val [a, b]. If the interval [a, b] is so narrow that the inequality 

M 1 ~ 2m1 

holds, then from formula (7) we obtain 

I £_:xn I~ I Xn-Xn-11 

Thus, in this case, as soon as it is clear that 

I Xn-xn-11 < e 

where e i; the specified limiting absolute error, then it is guaran
teed that 

1£-xn I< e 

Example. Find a posifive root of the equation 

f (x) == X3 -0.2x2 -0.2x-1.2 = 0 

to an accuracy of 0.002. 

Solution. First of all isolate the root. Since 

f(1)=-0.6<0 and {(2)=5.6>0 

the desired root £ 1 ies in the interval (1, 2). The resulting interval 
is great and so we halve it. Since 

f ( 1.5) = l.425 

it follows that I < ; < 1.5. 
Applying .formulas ( 1) and (2) in succession, we get 

X1 = 1+1. 42~'! 0 . 6 (1.5-1)= 1+0.15= 1.15, 

t(xl)=-0.173, 
0.173 

X2 = 1.15 + 1. 425 + 0. 173 (1.5-1.15) = L15 + 0.040 = 1.190, 

f (x2) =- 0.036, 
0.036 

X3 = 1.190+ l. 425 +0.036 (1.5-1.190)= 1.190+0.008= 1.198, 

f (x3 ) =- 0.0072 
Since f' (x) = 3x2 -0.4x-0.2 and for x3 < x < 1.5 we have 

f' (x) ~ 3 · 1.1982 -0.4-.1.5-0.2 = 3 · 1.43-0.8 = 3.49 

we can take it that 

0.0072 
0 < ;-x3 < 3 .49 ~ 0.002 . 

Thus, £ = 1.198 -l- 0.0020 where 0 < 0 ~ 1. Note that the exact 
root. of ·equation (5) is s = 1.2. 
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4.5 NEWTON'S METHOD (METHOD OF TANGENTS) 

Suppose the root £ of the equation 

f (x) = 0 

127 

(1) 

is isolated on the interval [a, b] and f' (x) and r (x) are continuous 
and preserve signs for a~ x ~b. Having found an nth approxima
tion of the root, X11 ~£(a~ xn ~b), we can improve it by New
ton's method in the following manner. 

Set 
(2) 

where hn is a small quantity. Then, applying Taylor's formula, we 
have 

Consequently, 
h -- f (xn) 
n- f' (xn) 

Inserting this correction into formula (2), we get the next approxi-
mation of the root: · 

(n=O, 1, 2, ... ) (3) 

Geometrically, Newton's method is equivalent to replacing a small 
arc of the ~urve y = f (x) by a tangent line drawn to a point of 
the curve. Indeed, suppose, for definiteness, that f" (x) > 0 for 
a~ x ~ b and f (b)> 0 (Fig. 18). 

Fig. 18 
0 

A 

I 
I 
I 
I 
I 
I 

lr(b) 
I 
I 
I 
I 

I D"'Xq 

Choose, say, X0 = b for which f (x0 ) f" (x0 ) > 0. Draw the tangent 
line to the curve y=f(x) at the point B 0 [x,h f(x 0 )]. For the first 
approximation x1 of the root ~ let us take the abscissa of the point 
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of intersection of this tangent with the x-axis. Through the point 
B1 [ xv f (x1 )] again draw a tangent I ine whose abscissa of the in-
tersection point with the x-axis yields a second approximation x2 

.. of the root £, and so on (Fig. 18). It is plain that the equation 
of the tangent at th~ point Bn [Xn, f (xn)] (n= 0, 1, 2, ... ) is 

y- f (xn) = f' (xn) (X-xn) 

Putting y = 0, x = Xn+v we get formula (3) 

f (Xn) 
Xn+l = Xn- f' (xn) 

Note that if in our case we put X0 =a and hence f (x0) f" (x0 ) < 0, 
then drawing the tangent to the curve y = {- (x) at the point A [a, f (a)], 
we would get point x~ (Fig. l 8) lying outside the interval [a, b]; 
in other words, Newton's method is impractical for such a choice 
of the initial vaiue. Thus, in the given case,. a "good" initial 
approximation X0 is one for which the inequality 

f (xo) f" (x0) > 0 (4) 

is valid. We will now prove that this rule is general. 

Theorem. If f (a) f (b)< 0, and f' (x) and f." (x) are nonzero and 
preserve signs over a~ x ~ b, then, proceeding from the initial appro
ximation x0 E [a, b) which satisfied (4), it is possible, by using New
ton's method [formula (3)], to compute the sole root ; of equation (1) 
to any degree of accuracy. 

Proof. For example, suppose f (a)< 0, f (b)> o: f' (x) > 0, 
f" (x) > 0 for a~ x~ b (the other cases are considered similarly). 
By inequality (4) we have f (x0 ) > 0 (we can, say, take x0 =b)·. 

By mathematical induction we prove that all approximations 
Xn > ~ (n = 0, 1, 2, ... ) and, hence, f (xn) > 0. Indeed, first of all, 
Xo > £. 

Now let xn > 1;. Put 

~ = xn + (s-xn) 

Using Taylor's formula, we get 

0= f (s) = f (~n) + f' (xn) (s-xn) +-} f" (en) (s-xn)2 (5) 

where S < Cn < Xn. 
Since f" (x) > 0, we have 

and, hence, 
_ _ f (xn) --...,t 

Xn+I-Xn f"(xn) /'';, 

which is what we set out to prove. 
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Taking into consideration the signs of f (xn) and f' (xn) we have, 
from formula (3), Xn+I < Xn (11 = 0, } , ... ), that iS to say, the 
successive approximations x0 , x11 ••• , x,11 ••• form a bounded de-
creasing monotonic sequence. Therefore, the limit~= lim xn exists. 

n-..oo 
Passing to the limit in (3), we have 

- _-- t C~) s-s- reo 
or f (~) = 0, whence 1= s, and the proof is complete. 

For this reason, when applying Newton's method, one should 
be guided by· the following rule: for the initial point x0 choose the 
end of the interval (a, b) associated with an ordinate of the same 
sign as the sign of f" (x). 

Note 1. If: ( 1) the function f (x) is defined and continuous over 
- oo < x < + oo; (2) f (a) f (b)< 0; (3) f' (x) =f:O for a~x~ b; 
(4) f" (x) exists everywhere and preserves sign, then any value 
c E [a, b] may be taken for the initial approximation x0 when using 
Newton's method to find a root of the equation f (x) = 0 lying in 
the interval (a, b). One can, for instance, take x0 =a or x0 =b. 

Indeed, suppose,· say, f' (x) > 0 for a~ x ~ b, f" (x) > 0 and x0 = c, 
where a~ c ~b. If f (c)= 0, then the root s = c and the problem 
is solved. If r(c) > 0, then the foregoing reasoning holds true and 
the Newton process with initial value c converges to the root 
sE (a, b). 

Finally, if f (c)< 0, then we find the value 

f (xo) f (c) 
X1 =X0 -f'(xo) =C- f'(c)· > C 

Using Taylor's formula, we have 

f (c) f' 1 [ f (c) J 2 f" (- 1 [ f (c) J z , -f (x1 ) = f (c)- f' (c) (c)+ 2 f' (c) c)= 2 f' (c) f (c) > 0 

where cis a certain value intermediate between c and x1 .. 

Thus 
f (xt) f" (x1) > 0 

Besides, from 'the condition f" (x) > 0 it follows that f' (x) is -,an 
increasing function and, hence, f' (x) > f' (a) > 0 for x > a. It is 
thus possible to take x1 for the initial value of the Newton pro-
cess converging to some root ~ of the function f (x) such that 

· f > c ~a. Since, because the derivative f' (x) is positive when 
x >a, the function f (x) has a unique root in the interval (a, + oo ), 
it follows that 

-~= sE (a, b) 

9 9616 
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A similar argument can be devised for other combinations of signs 
of the derivatives f' (x) and f" (x). 

Note 2. From formula (3) it is clear that the larger the numerical 
value of the derivative f' (x) in the neighbourhood of the given root, 
,the smaller the correction that has to be added to the nth approxi
mation in order to obtain the (n·+ l)th approximation. Newton's 
method is therefore particularly convenient when the graph of the 
function is steep in the neighbourhood of the given root. But if 
the numerical value of the derivative f' (x) is small near the root, 
then the correct ions wi II be great, and computing the root by 
this method may prove to be an extended procedure or sometimes 
even impossible. To summarize, then: do not use Newton's method 
to solve an equation f (x) = o- if the curve y= f (x) near the point 
of intersection with the x-axis is nearly horizontal. 

To estimate the error-of the nth approximation xn, one can use 
the general formula (5) of Sec. 4.1: 

(6) 

where m1 is the smallest value of If' (x) I in the interval (a, b]. 
We now derive another formula for estimating the accuracy of 

the approximation xn. Applying Taylor's formula, we have 

f (xn) = f [ Xn·-1 + (xn-xn-I)) = - · 
= f (x11 - 1) + f' (xn- 1) (x11 -Xn-1) + ~ f" (Sn-1) (xn-Xn_J:J (7) 

where Sn- 1 E (xn-1' xn)· Since, by virtue of the definition of the 
approximation xn, we have 

f (xn-1) + f' (xn-1) (xn-Xn-1) = 0 

it follows, from (7), that 

If (xn) I~-~ M2 (xn-Xn- 1 )
2 

when~ M 2 is the largest value of If" (x) I on the interva 1 [a, b J. 
Consequently, on the basis of formula (6) we finally get 

(8) 

If the Newton process converges, then xn-xn_ 1 -+ 0 as n-+ oo. 
And so for n:?: N we have 

I ~--xn] :s; I Xn-xn-11 

that is, the "stabilized" initial decimal places of the approxima
tions xn_

1 
and xn are correct beginning with a certain approxima

tion. 
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Note that in the general case a coincidence, up to e, of two 
successive approximations xn_ 1 and xn does not in the least gua
rantee that the value of xn and the exact ~oot s (Fig. 19) coincide 
to within the same degree of ac-
curacy. ¥ 

We wi 11 also derive a formula that 
connects the absolute errors in two 
successive approximations xn and 
xn+l· From (5) we have 

:t f (xn) 1 f" (en) (1: )2 
'::> = Xn- f' (xn) -2 • f' (x~) <:,-Xn 

where en E (x,11 s), whence, taking 
into account (3), we have 

1 f" (en) 2 
s-xn+l = -2. f' (xn) (~-xn) 

and, consequently, 

1 s-xn+l I~ ~1 (s-xn)2 (9) Fig. 19 

Formula (9) ensures f.l rapid convergence of the Newton process if 
the initial approximation x0 is such that 

2M
2 I; -Xo] ~ q < 1 

ml 
In particular, if 

J.!= 2M2 ~1 and !s-xnt<IO-m 
ml 

. then from (9) we get 

That is, in this case if the approximation xn is correct to m de
cimal places, the next approximation xn+l will be correct ·to at 
least 2m places; in other words, if ~ ~ 1, then Newton's method 
ensures a doubling of correct decimal places of the desired root 6 
at every step. 

Example 1. Using Newton's method, compute a negative root of 
the equation f(x)==x4 -3x2 +75x-10,000=0 correct to five 
places. 

Solution. Setting X= 0, -10, -100, ... , in the left member, 
we get f (0) = -10,000, l (--10) = -1050, f (-100)::::::: + 108 • 

Thus, the desired root ; 1 ies in the interval -100 < ; < - 10. 
Reduce the interval found. Since f (-11) = 3453, then -11 < 6 < 
< -10. In this latter interval, f' (x) < 0 and f" (x) > 0. Since 
f (-11) > 0 and f" (-1-1) > 0, we can take X0 = -11 for the ini-
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tial approximation. The successive approximations xn (n = 1, 2, ... ) 
are computed in accord with the following scheme: 

n 
I 

Xn I nxn) I f' (xn) II f (x.) 
ln=- f' (x,.) 

0 -11 3453 -5183 0.7 
I -10.3, 134.3 -4234 0.03 
2 -10.27 37.8 -4196 0.009 
3 -10.261 0.2· - -' 

Stopping with n = 3, verify the sign of the value f (xn-+ 0.001) = 
= f (-10.260). Since f (-10.260) < 0, 'it· follows that -10.261 < 

[l 

< ; < - 10.260 and either of 
these numbers yields the required 
approximation. 

Example 2. Use Newton's meth
od to find the smallest positive 
root of the equation tan X= x to 
within 0.0001. 

Solution. Plotting the graphs 
of the curves. y =tan x andy= x 
(Fig. 20), we conclude that the 
desired root ; lies in the interval 

n <; < 3
2
n . Rewriting the equ-

z ation in the form 
f (x) ==sin x-x cos X= 0 

we have 

f'(x)=xsinx, 
f" (x) = sin X+ X COS X 

h f, ) 0 d f" ( ) 0 f 3
n S · W ence (x < an x < or :rt < x < 2 . mce 

t( 3;)=-l, for the initial approximation we- can take X0 =
3
; 

Perform the' computations according to the following s~heme. 

n 
I 

Xn I f (xn) I f' (xn) 
I 

h __ f (Xn) 

n- f' (x'l> 

0 
3
; =4. 71239 (270°) -1 -4.712 -0.212 (~ -12°10') 

1 4 . 50004 (25 7° 50') -0.0291 -4.399 -0.0066 (~ -22'44") 

2 4. 49343 (257°27' 16") -0.00003 - -
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In estimating the error in the approximate value xn, note that 
the successive approximations xn (n = 0, 1, 2, ... ) monotonically 
decrease due to the negativity of the second derivative f" (x), and 
f (xn) < 0. For this reason, we can take xn < £ < Xn, where x;l is 

a value from the i~terval ( rr, 
3
2:n) such that f (x,J > 0. The value 

of xn can easily be found by inspection. (True, one could take 
xn = rr, but this is not advantageous because f' (rr) = 0.] Thus, for 
instance, for n = 2 and assuming approximately 

we have 
x2 = 4.49340 =arc 25J027' 12" 

f (x2) =sin 25r27'12" -4.49340 ·cos 25J027'12" = 
- =-0.97612+4.49340·0.21724= 

=-0.97612+0.97614= +0.00002 

Hence X2 is chosen correctly and 

4.49340 < ~ < 4.49343 
We can put 

~ = 4.49.34 

·which is correct to all digits written. 
The estimate of the error in the value of X2 can readily' be made . 

more exact. Since, for x E [x2 , X2 ], the -derivative f' (x) decreas·es 
and f' (x) < 0, then . 

m1 = min J f' (x) I =If' (x2) I 
whence 

m1 = 4.49340·0 .. 97612 > 4 
and, consequentl-y, 

I~- x2! ~ If (:z) I 
Thus 

~ = 4.49343-0.000018 
where 0 < e < 1 . 

Example 3. Consider the equation 

f (x) = 0 (10) 

where f" (x) is continuous and preserves sign over - oo < x < + oo. 
By Rolle's theorem, equation ( 10) cannot have more than two 
real roots. Let us note two cases of practical interest. · 

I. Suppose 

(Fi-g. 21). 
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Then (10) has the unique root ~ in the interval (x0 , x1), where 

f (xo) 
Xl = Xo- f' (xo) 

0 

Fig. 2t 

The root ~ may be computed to 'the given accuracy by Newton's 
method. 

II. Let 

f' (x0 ) = 0, f (xo) f" (x) < 0 

Then equation (10) has two roots s and s' in the interval (-oo, 
+ oo) (Fig. 22). 

!I 

Fig. 22 Fig. 23 

Transforming the left member of (10) by Taylor's formula, we 
have approximately 

, I 
/ (xo) + f' (x0) (X-X0 ) + 2 f" (x0) (X-X0)

2 = 0 

or 



4.6 Modified Newton method 135 

whence for the roots ~ and l;' we get the initial approximations 

, / 2f (x 0) 

Xl = Xo- r - f" (xo) 

and , v,r 2f (xo) 
Xl = Xo + - f" (Xo) 

which are the abscissas of the points of intersection of the parabola 

Y = f (xo) +{ f" (X0 ) (X-X0 )
2 

with the x-axis (Fig. 23). Subsequent improvements in the roots 
can be carried out by the usual Newton method. 

Assertions I and II are geometrically obvious. It is left to the 
reader to carry out a rigorous proof. 

4.6 MODIFIED NEWTON METHOD 

If the derivative f' (x) varies but slightly on the interval [a, b], 
then in formula (3) of the preceding section we can put 

f' (x,.) ~ f' (x0 ) (1) 

Fig. 24 
() 

From this, for the root 6 of the equation f (x) = 0 we get the 
successive approximations 

f (xn) 
X11 + 1 =Xn- f'(xo) (n=O, 1, ~ .. ) (2) 

Geometrically, this method signifies that we replace the tangents 
at the points Bn [xn, f (xn)l by straight lines parallel to the tan
gent to the curve y= f (x) at its fixed point B0 [x0 , f (x0)] (Fig. 24). 
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Formula (l) relieves us of the necessity to compute the values 
of the derivative f' (xn) each time; and so this formula is very useful 
if f' (xn) is complicated. It can be proved that on the assumption 
of constancy of signs of the derivatives f' (x) and f" (x) the succes~ 
sive approximations (2) yield a convergent process. 

4.7 COMBINATION METHOD 

Suppose f (a) f (b) < 0 and f' (x) and f" (x) preserve signs. on the 
interval [a, b]. Combining the method of proportional parts and 
Newton's method, we obtain a method, at each stage of which 
we find minor (too sma-ll) and major (too large) approximations 
to the exact root ~ of the equation f (x) = 0. · 

A consequence of this is that the digits common to xn and xn 
must d~fittitely belong to the exact root 5. There are four theore~ 
tically possible cases here: 

!/ 

0 

(1) f' (x) > 0, f" (x) > 0 (Fig. 25), 
(2) f' (x) > 0, f" (x) < 0 (Fig. 26), 

8 

!I 

.X (} 

8 

Fig. 'l7 Fig. 28 

8 
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·(3) f' (x) <O, f" (x) > 0 (Fig. 27), 
(4) f' (x) < 0, f" (x) < 0 (Fig, 28). 
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We confine our analysis to the first case. The remaining cases 
are studied in similar fashion and the character of the computa~ 
tions is easy to understand on the basis of the figures. It is worth 
noting that these cases can be reduced to the first one if we rep
lace the equation f (x) = 0 by the equivalent equations -f (x) = 0 
or ±f(-z)=O, where z=-x. 

Thus, suppose f' (x) > 0 and f" (x) > 0 for a~ x ~b. Put X0 =a, 
io =band 

- - f (xn) 
X =X---

11+ 1 n f' fXn) 
(n=O, 1, 2, ... ) 

(1) 

( 1 ') 

(At each step the method of chords is applied to a new interval 
[ Xn, Xn] ·) 

From what was proved above (Sees. 4.5 and 4.6) it follows that 

xn < ~ < xn 
and 

0 < 6-xn < ~-Xn (2) 

If the permissible absolute error in an approximate root xn is 
specified beforehand and is equal to c:, then the process of approach 
terminates as soon as we see th;:1t xn-xn <e. At the termination 
of the process, it is best, for the value of the root 6, to take the 
arithmetic mean of the last values obtained: 

- 1 -
s=2(xn+xn) 

Example. Compute to within 0.0005 the sole positive root of the 
. equation · 

f (x) === xr.-x-0.2 = 0 

Solution. Since f ( 1) < 0 and f ( 1.1) > 0, the root 1 ies in the in~ 
terval (1, 1.1). We have 

f' (x) = 5x"-1 and f" (x) = 20x3 

In the chosen interval, f' (x) > 0, f" (x) > 0, which means the 
signs of the derivatives are preserved. 

Let us apply the combination method assuming x0 = 1 and 
X0 = 1.1. Since 

f (xo) = f ( 1) = -0 .2, f (X0 ) = f ( 1.1) = 0.3105, 

f' (x0) = f' (1.1) = 6.3205 
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the formulas (I) and (l') yield 

I +0
·
1

'
0

·
2 1 039 - 1 1 °' 31051 1 051 

X1 = 0.51051 ~ · ' _x1 = · - 6.3205 ~ · 

Since x1 -x1 = 0.012, the accuracy is not sufficient. We find the 
next pair of approximations: 

X 11 = 1.039 + O.O~~~~g~282 ~ 1.04469, 
- 0.0313 
X 2 = 1.051-

5
. 1005 ~ 1.04487 

Here, X2 -x2 = 0.00018, which shows the desired degree of accuracy 
has been achieved. We can put 

~ = + (1.04469 + 1.04487) = 1.04478 ~ 1.045 

with absolute error less than 

~ . o.oooi8 + o.ooo22 ~ o.ooo3I < ~ . Io-s. 

4.8 THE METHOD Of ITERATION 

One of the most important methods in the numerical solution 
of equations is the method of iteration (often also called the method 
of successive approximations). Essentially, this method consists in 
the following. Suppose we have an equation 

f(x)=O (1) 

where · f (x) is a continuous function and it is required to deter
mine its real roots. Replace (1) with an equivalent equation, 

x= cp (x) (2) 

In some way choose a roughly approximate value of the root, 
x0 , and substitute it into the right member of (2) to get a number 

x1 = cp (x0 ) (3) 

Now inserting x1 in the right member of (3) in place of X0 , we 
get a new number X 2 = cp (x1 ). Repeating this proce·ss, we get a se
quence of numbers 

xn = cp (xn-1) (n = 1, 2, ... ) (4) 

If this sequence is convergent, that is, if there exists a limit 
;~ limxn• then, by passing to the limit in (4) and assuming the 

n-+ oo 

function cp (x) to be continuous, we find 

lim XII = cp ( lim xn -i) 
n-+-oo n->oo 

or 
(5) 
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Thus,. the limit ~ is a root of (2) and can be computed by for~ 
mula (4) to any desired degree of accuracy. 

Geometrica l1y, the method of iteration can be explained as fol· 
lows. Plot on an xy.plane the graphs of the functions y = x and 
y = cp (x). Each real root £ of equation (2) is an abscissa of the 
point of intersection M of the curve y = qJ (x) with the straight 
line y = x (Fig. 29). 

!I 

Fig. 29 

A a 

I 
I 
I 
I 
J 
I 
I 
I 
I 
rf(zu) 
I 
I 
I 
I 

Starting from a point A0 [x0 , cp (x0 )], we construct the polygo
na I line A 08 1 A 18 2 A 11 • ·• • ("staircase")~ the segments of which are 
alternately parallel to the x-axis and to the' y-axis, the vertices 
A0 , A1 , A2 , • • • lie on the curve y = cp (x), and the vertices 
8 1 , 8 2 , B3 , • • • lie on the straight line y = x. The common abscis
sas of the points A1 and 81' A2 and 8 2 , •• •• , will obviously be, 
respectively, the successive approximations X1 , X2 , ••• to the root ~. 

It is also possible (Fig. 30) to have a different kind of polygonal 

!/ 

Fig. 30 
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line A0B1A 1B 2A~ ... ("spirar'). It is readily seen that the "staircase'' 
solution is obtained if the derivative q/ (x) is positive and the 
!'spiral" solution if cp' (x) is negative. 

In Fig. 29, the curve 'y = q:> (x) slopes in the neighbourhood of 
the root s, that is, I cp' (x) I < I and the process of iteration con-
!/ verges. However, if we consider the 

case where I cp' (x) 1 > I, then the 
71----._,_---11. '9

4 
process of iteration rna y be diver
gent (Fig. ·31). Hence, to apply the 
method of iteration practically, we 
have to ascertain the sufficient con
ditions for the convergence of the 
iteration process. 

Theorem 1. Let a function cp (x) 
be defined and differentiable on an 
interval [a, b] with all values 
cp(x)E[a, b]. 

Then if there exists a proper 
tl .k fraction q 1 > such that 

Fig. 31 I cp' (x) I ~ q < 1 (6) 

for a < x < b; then: ( 1) the process of iteration 
Xn= cp (xn_ 1) (n= 1, 2, ... ) (7) 

converges irrespective of th~ initial value X 0 E [a, b ]; (2) the limiting 
value 

is the only root of the equation 
X= cp (x) 

on the interval [a, b]. 
Proof. We consider two successive approximations 

Xn=cp(Xn_ 1) and Xn+l=cp(x,J 

(8) 

-(which are definitely meaningful by virtue of tHe conditions of the 
theorem), whence 

xn+l-xn = cp (xn) -cp (xn-1) 

Applying the mean-value theorem, we have 

xn+l -xn = (xn -xn -1) cp' (xn) 

1> For the number q we can take the least value or a lower bound of the 
modulus of the derivative I cp' (x) J for a~ x ~b. 
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where xn E (xn_ 1, xn). And so, on the basis of (6), we get 

J xn+l-xn I~ q I Xn-Xn-11 
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(9) 

From this, assigning the values n = 1, 2, 3, 
derive 

in. succession, we 

I Xz-X1\ ~ q I XI-Xo I, 
I X3-X2!~ q I Xz-X1 / ~ qzl X1-Xo 1, 

I Xn+1-Xn I~ qn I x1-XO I (10) 

Let us consider the series 

X0 +(x1 -X0)+(xz-X1)+ ... +(xn-Xn_ 1)+... (ll) 

for which our successive approximations xn are (n +J)th partial 
sums, that is 

By the inequality ( 10), the terms of the series ( 1 I) are less iq absolute 
value than the corresponding terms of a geometric progression with 
ratio q· < 1, and so the series ( 11) converges and converges absolutely. 

·Hence 

and obviously £ E [a, b]. 
Passing to t-he limit in (7), we obtain, by virtue of the conti

nuity of the function cp (x), 
( 12) 

Thus, £ is a root of equation (8), which does not have any other 
root on the interval [a, b]. Indeed, .if 

~ = cp (~) (13) 

then from (12) and (13) we obtain 

. ~- £=.cp (~)--cp (£) 

and, consequently, 

(~-£) [1-cp' (c)]= 0 ( 14) 

where cE [£, ~]. Since the expression in square brackets in (14) is 
not zero, it follows that £ = t that is, the root £ is the only one. 

Note 1. The theorem. remains valid if th~ function cp (x) is defined 
and. differentiable in the infinite interval - oo < x < + oo, and 
inequality (6) holds true when x E (- oo, + oo ). 
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Note 2. Under the conditions of Theorem 1, the method of iteration 
converges for any choice of the initial value x0 in [a, b J. For this 
reason it is self-correcting, that is an individual error in the com
putations that does not go beyond the limits of the interval [a, b] 
wi 11 not affect the final resu·lt since an erroneous value may be 
regarded as a new initial value X0 • Only the amount of work may 
increase. The property of self-correction makes the method of iteration 
one of the most reliable computational methods. Quite naturally, 
systematic errors in applying this method can prevent one from 
obtaining the resu It required. 

Estimate of an approximation. From formula (10) we have 

I xn+p-xn I~ I xn+p-Xn+p-11 +I xn+p-1-xn+p-zl + .. . 
. . . +I xn+l-Xn I~ qn+p- 11 x1-Xo I+ qn+p-zl xl-Xol + .. . 
. . . + qn I xl - Xo J = qn I xl- Xo I (1 + q + qz + ... + q p - 1) 

Summing the geometric progression, we obtain 
n 1-qP , qn j ' I xn + p- xn ~ I q I xl- Xo I 1-q < 1-q Jxl- Xo 

Allowing the number p to go to infinity and taking into account 
that lim xn+p = 6. we finally get 

p-+ r:R 

( 15) 

From this it is clear that the convergence of the process of iteration 
will be the faster, the smaller the number q. 

Approximations can be estimated by another formula, which 
finds application in certain cases. Let 

f (x) = x-cp (x) 

It is obvious that f' (x) = 1-cp' (x) ~ 1-q, whence, noting that' 
f (s) = o, we. get 

Jxn-cr (xn) I= If (xn)-f(6) l = l xn-s! If' (xn) I~ (1-q) J xn-61 

where xn E (xn, ~) and, hence, 

lxn-sl~lxn~~~xn)l (16) 

that is 

lt-x l::::;:::lxn+l-xnl 
~ n ~ l-q ( 16') 

Using formula (9) we also get 

J S- Xn I ~ 1 ~ q I Xn- Xn -1 I , ( 16'') 
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1 
whence it follows, in particular: that if q ~ 2 , then 

I G- Xn I ~ lxn - Xn- 1 I 

t43 

In this case, from the inequality fxn-xn_ 1 [ < c follows the ine
quality 

Note. There is a widespread opinion that if when using the method 
of iteration two successive approximations xn_ 1 and xn coincide to 
within the specified accuracy e 
(for instance, the first m decimals 11 
are stabilized in these appro
ximations), then the equality 
£ ~ xn holds true with the same 
accuracy (that is, in particular, 
in the given example the appro
ximate number xn is correct. to 
m places!). As Fig. 32 so vividly ,~f 
reveals, this assertion is erro
neous in the general case. What 
is more, it is easy to demonst
rate that if cp' (x) is close to 
unity, then the quantity I 1;-xn I .x 
may be large, although the quan-
tity [ Xn-Xn- 1 1 is extremely Fig. 32 
s rna 11. 

Formula (16") enables one to estimate the error in the approximate 
value xn from the discrepancy between two successive approximations 
Xn_ 1 and Xn. 

The process of iteration should be continued until the inequality 
1-q I Xn- xn-11 ~-q-e 

holds true for the two successive approximations xn-I and xn; here, 
e is the specified limiting absolutE: error of the root; and I cp' (x) j ~ q. 
Then, by virtue of formula (16"), the inequality 

1£-xn [ ~8 
is valid; that is, 

Note that if 

and 

6 = cr (s) 
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then 
I £-xn] =I cp (£) -cp (xn-1) I= 

=I £-xn-1ll cp'(xn-1) I~ q 1 £-xn-1l 

that is, 

Thus, in a convergent iterative process the error I £-xn l tends to 
zero monotonically, which is to say,_ each successive value xn is 
more exact than the preceding value xn_ 1 • In all these conclusions 
we of course ignore rounding errors; it i~ assumed that the successive 
approximations are found exactly. 

Ordinarily, in practica 1 situations a crude technique is used to 
establish the existence of a root £ of equation (2) and. then by the 
method of iteration it is required to obtain a sufficiently exact 
approximate value of the root; inequality (6) .is valid only within 
a certain neighbourhood (a, b) of this root. If the choice of the 
initia 1 value X0 here :·is inept, the successive approximations 
xn=cp(xn_ 1) (n= 1, 2, ... ) can leave the interval (a, b) or even 
become meaningless. It is therefore usefu 1 to have an alternative 
statement of Theorem 1. 

Theorem 2. Let a function cp (x) be defined and differentiable on some 
interval [a, b], and let the equation 

x=cp(x) (17) 

have a root £ located in a smaller interval [a, ~], where a,= a + 
+ ~ (b-a) and ~ = b- ~ (b-a) (Fig. 33). 

Fig. 33 a ! b 

In this case if (a) I cp' (x) I~ q < 1 for a< x· < b and (b) the 
initial approximation x0 E [a, ~], then: 

( 1) all successive approximations lie in the interval (a, b): 

Xn=cp(xn_1)E (a, b) (n= 1, 2, ... ) 

(2) the process of successive approximations is convergent; that is, 
there exists 

and£ is the only root on the interval [a, b) of equation (17), and 
(3) estimate (15) is valid. 
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Proof. (1) Indeed, suppose 

X0 E [ ci, B] 

Then the equation 

x1 = cp (xo) 

is obviously meaningful. Uti Iizing the equation 

~ = cp (~) 

we get, on the basis of the mean~va lue theorem, 
- b a I x1-~ I= I (p (xu) -cp (~)I= I Xo-~ II cp' (xo) I~ q (B-a) < -;-

whence 
X1 E (a, b) 
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General Iy, if X11 _ 1 E (a, b) (n = l ,. 2, ... ) and I X,1 _ 1 -:; I < b-;-a, 
then 

is meaningful and 

I Xn-£ I= I cp (xn-1) -cp (~)I= I x,~-t-~ II q:>' (xn-1) I~ 

I 
b-a 

~q Xn-1-~1<-3-

Consequently, xn E (a, b) where n = 1, 2, 3, .... 
The proofs of assertions (2) and (3) are com p Jete ly analogous to 

the proof of Theorem 1. 
Note. Suppose that in a certain neighbourhood (a, b) of the 

root ~ of equation (17), the derivative cp' (x) preserves sign and the 
inequality 

I cr' (x) I ~ q < 1 
is valid. 

Then if the derivative cp' (x) is positive, the successive approxi~ 
mat ions 

X11 =cp(xn_ 1 ) (n= 1, 2, ... ), X 0 E (a, b) 

converge to the root ~ monotonically. 
However, if the derivative cp' (x) is negative, then the successive 

approximations oscillate about the root £. 
(1) Indeed, let O~cp'(x)~q< 1 and, say, 

Xo < £ 
Then 

x1 -1; = cp (x0 ) -cp (s) = (X0 "-S) cp' (s1 ) < 0 

where 1;1 E (x 0 , s), and 

J Xl-£ I ~ q I Xo- G l < I Xo- S I 
10 9616 
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Consequently 
Xu< XI<£ 

Using the method of mathematical induction, we obtain 

X0 < X1 < X2 < ... < £ 
(Fig. 34a). 

Fig. 34a 

A similar result is obtained when X0 > ~· 
Thus, if the derivative {p' (x) is positive, it suffices only to 

choose the initial approximation X0 belonging to the neighbour
hood (a, b) of the root 6 that interests us; a 1! the remaining 
approximations xn (n = 1, 2, ... ) will automatically lie in this 
neighbourhood and will monotonically approach the root £ as n 
increases. 

(2) Let -1 < -q ~ cp' (x) ~ 0 and, say, X0 < 6; X1 = cp (x0 ) E (a, b). 

We have 
X 1 -£ = cp (x0) -cp (£) = (x0 -6) cp' (s[) > 0 

that is, X1 >£and Jx~-sl < lxo-si-
Repeating these arguments for the approximations Xp x2 , ••• , 

we get 
X0 < X2 < ... < £ < ... < X 3 < X 1 

Thus, the successive approximations oscillate about the root £ 
(Fig. 34b). 

Fig. l4b .x, 
.r. 

Thus, in the case of a negative derivative cp' (x), if two appro
ximations X0 and X1 belong to the neighbourhood (a, b) of the 
root £,. all the other approximations xn (n= 2, 3, ... ) also belong 
to this neighbourhood; the sequence {x,J "strangles" the root £. 

Note that, obviously, 

I s-Xn] ~I Xn-Xn-11 

.that is, in this case the stabilized digits of the approximation X
11 

definitely belong to the exact root £. 
Example 1. Find the real roots of the equation x.__sinx=0.25 to 

thtee significant digits. 



4.8 Method of iteration 

Solution. Write the equation as 

x=sinx+0.25 

147 

We establish graphically that the equation has one real root £ 
approximately equal to X0 = 1.2 in the interval [1.1. 1.3] 
(Fig. 35). 

!! 

/ 
/ 

Fig. lS 

/ 

" j 
/ 

2 

Using the notation of Theorem 2, we put 

a= 1.1 and ~ = 1.3 
whence 

and 

Since 

and 

a= a-(~ -a)= 0.9 ~arc 52° 

b= ~+(~-a)= 1.5 ~ arc86° 

cp (x)= sin x + 0.25 

rp' (x) =cos x 

we have, for 0.9 < x < 1.5, 

I cp' (x) I~ cos 52° ~ o.62= q 

If we choose X0 E (1.1, 1.3), then all the conditions of Theorem 2 
will be obeyed and, hence, we will be assured that the successive 
approximations -

(n= 1, 2, ... ) 

(1) lie in the interval (0.9, 1.5) and (2) xn---+ ~ as n---+ oo. 
Choosing x0 = 1.2 and specifying, according to the hypothesis 

of the problem, the limiting absolute error 
1 10-" E=2· " 

we construct the successive approximations xn (n= 1, 2, ... ) until 
two adjacent approximations xn-I and xn coincide to within the 
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limits of error equal to 

We have 

1 
-; q e = 0. 51 · + · 10- 2 ~ 0. 0025' 

X1 =sin 1.2 + 0.25 = 0.932 + 0.25 =I .182, 
X2 =sin 1,182 + 0.25 = 0.925 + 0.25= 1.175, 
X3 = sin 1.175 + 0.25 == 0.923 + 0.25 = 1.173, 
x4 =sin 1.173 + 0.25 = 0.922 + 0.25 = 1.172, 
x5 =sin 1.172 + 0.25 = 0.922 + 0.25 = 1.172 

The fourth and fifth approximations coincide to within four 
significant digits. Therefore [see (.16").] 

I xo-sl ~ 0 '1
6~~:~~ 1 

=0.0016 

Since the limiting absolute error of the approximate root x5 (inclu
ding the rounding error) does not exceed 

E = 0.0016 + 0.002 < { · 1 o-a 
we can take it that 

6 = 1.17 + 0.005 

Note. The given equation 

may be written as 
f (x) = 0 

x= cp (x) 

choosing the function cp (x) in different ways. 

(18) 

( 18') 

The notation of (18') is by no means immaterial; in some cases 
1 cp' (x) 1 wi 11 prove to be small in the neighbourhood of the desi
red root £, in others it will be large. For the method of iteration, 
the most advaqtageous representation of (18') is that in which the 
inequality 

I cr' (x) I~ q < 1 (19) 

is valid, and the smaller the number q, the faster, generally 
speaking, wi 11 the successive approximations converge to the rootS· 

We give here one rather general technique for reducing equa
tion (18) to the form (18'), for which the validity of inequality · 
( 19) is ensured. Let the desired root 6 of the equation lie in the 
interval [a, b], and 

(20) 

for a~ x ~b. 1 > In particular, we can take for m1 the smallest 
1> If the derivative f' (x) is negative, then we consider the equation -f (x) = 0 

instead of f (x) = 0. 



4.8 Method of iteration 149 

value of the derivative f' (x) on the interval [a, b], which value 
must be positive, and for M1 the greatest value of f' (x) on the 
interval [a, b). Replace (18) by the equivalent equation 

x = x-lvf (x) (lv > 0) 

We can set cp(x)=x-lvf(x). 
We choose the parameter lv in such a way that in the given 

neighbourhood [a, b] of the root s the inequality 

0 ~ cp' (x) = 1-lvf' (x) < q < 1 (21) 

is valid, whence, on the basis of expression (20), we get 

0 ~ 1 - lvM 1 < 1 -lvm1 < q 

Consequently, we can choose 

and 
q= 1- ml < 1 

Ml 

Inequality (21) is thus valid. 
Example 2. Find the largest positive root 6 of the equation 

(22) 

Solution. A rough guess gives us the approximate value of the 
root X0 = 1 0; it is obvious that 6 < Xo-

Equation (22) may be written in the form 

x= 1000-x3 (22') 

or 1000 1 
X=---xt x (22") 

or 
x= V 1000-x (22"') 

,and so forth. The most suitable version is (22'") because by ta
king the interval (9, 1 0) for the main interval and setting 

we have 

cp (x) = V 1000-x 

cp' (x) = ----.:r-:7=-=-=1== 3V (1000-x)2 
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whence 

I q>' <x> I < V , 3~ = q 
3 9902 

Compute the successive approximations xn with one extra digit 
using the formulas 

V
.-

Xn+I = Yn (n=O, 1, 2, ... ) 

The values thus found are listed in Table 4. 
TABLE 4 

VALUES OF THE SUCCESSIVE APPROXIMATIONS Xn 

AND Yn 

n I x,, I y,, 

0 10 990 
1 9.96§55 990.03345 
2 9.96666 990.03334 
3 9.96667 

Since 1-q::::::: 1, we can put £ = 9.9667 to within an accuracy 
of 10- 4 • 

The method of iteration can also be used to compute the roots 
of equations given in the form of power series. 

Example l. Find the real root of the equation [2] 
x3 xo x7 x9 xil 

x--3 +w- 42 + 216- 132o + · · · 
x2n-l ... + (--l)n-I (n- 1)! (2n- 1) + ... = 0.4431135 

Solution. We have X= cp (x), where 

x3 x5 x7 x9 x11 

cp (x) = 0.4431135 + 3 -TO-+- 42-216 + 1320- · · • 

Neglecting all powers of x above the first, we determine an 
approximate value X0 of the root to be 0.44. Then 

X1 = (j) (0.44)::::::; 0.47, 
X 2 = cp (0.47)::::::: 0.476, 
x3 = cp (0.476)::::::: 0.4767, 
X4 = cp (0.4767) ::::::: 0.4 7689, 
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X5 ~ cp (0.4 7689) ~ 0.4 76927, 
X,;= cp (0.4 76927) ~ 0.4 76934, 
X;= cp (0.4 76934) ~ 0.476936 

Hence, ~ = 0.47693. 

t51 

We give another technique for accelerating the convergence of 
the process of iteration which may be useful in certain cases (7]. 

Suppose we have an equation 

x= cp (x) 

such that the inequality 

1 cr' (x) 1 ~ k > 1 

holds within the neighbourhood of the desired root £. Then the 
process of iteration will diverge for this equation. But if the 
given equation is_ replaced by the equivalent equation 

X= 1.p (x) 

where 1.p (x) = cp - 1 (x) is the inverse function, we get an equation 
for which the process of iteration converges since 

I ,P' (x) I= l cp' (~(x)) 1 ~ { = q < 1 

Example 4. The equation 

f (x) == X 3 -x-I = 0 (23) 

has a root ; E (1, 2) since f ( 1) = -1 < 0 and f (2) = 5 > 0. 
Equation (23) may be written as 

x= x3-l (24) 
Here 

cp (x) = x3 - I and cp' (X)= 3x2 

and so 
cp' ( x) ~ 3 for I ~ x ~ 2 

and, hence·, the conditions of convergence of the process of itera
tion are not fu Hilled. 

!f we write (2.)) as 

we will have 
x= V x+ 1 

~ (x) = V x + I and 1P' (X)= -----,3- 1
-. --

3 V (x+l)"~ 

(25) 

Whence 0 < '¢' (x) < , <: ~ for 1 ~ x ~ 2 and, hence, for 
. 3 V4 - 4. 

equation (2S I the process of iteration will converge rapidly. 
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4.9 THE METHOD OF ITERATION FOR A SYSTEM 
OF TWO EOUA TIONS 

Let there be given two equations in two unknowns:

f1(x, y)=O,} 
(1) F 2 (x, y) = 0 

whose real roots it is required to find to within a specified degree 
of accuracy. 

We assume that the system (1) allows only for isolated roots. 
We can establish the number of these roots and give their crudely 
approximate values by constructing the curves F 1 (x, y) = 0, 
F 2 (x, y) = 0 and determining the coordinates of their points of 
intersection. 

Let x = X 0 , y =Yo be the approximate values of the roots of 
system (1) obtained graphically or in some other way (say, by a 
rough guess)·-

We offer an iteration process which, under certain circumstan
ces, permits improving the given approximate values of the roots. 
To do this, represent (1) as 

x= ~~ (x, y), } 
, y = cp2 (x, y) (2) 

and construct the successive approximations according to the fol
lowing_ formulas: 

X1 = lf>1 (xo, Yo), 

x2= cpl (xl' Y~), 

Y1 = cp2 (xo, Yo)' 

Y2 = \:Pz (xl, Y1)' 
(3) 

If the iteration process (3) converges, that is, if there exist the 
limits 

G = lim Xn and 11 = lim Yn 
n-+oo n-+oo 

then, assuming the functions cp1 (x, y) and cp2 (x, y) to be conti
nuous and passing to the limit in the general-form equation (3), 
we get 

lim xn+I =lim cpl (xn, Yn), 
n-+CP n-+oo 

lim Yn+l =lim cp2 (xn, Yn) 
II-+ 'P n-+oo • 



4.9 Method of iteration for a system of two _equations UJ 

Whence 
s = cr1 (s, '11), '11 = cr2 (s, '11) 

that is the limiting values 6 and '11 are roots of system (2) and, 
hence, of system ( 1) as well. Therefore, taking a sufficiently large 
number of iterations (3), we get the numbers Xn and Yn which 
will differ from the exact roots· x = 6 and y = 11 of ( 1) by an 
arbitrarily small valu'e. The problem is thus solved. If the itera-' 
tion process (3) 'diverges, it cannot 

be used. !;'

8

1---Theorem. In a closed neigh-
bourhood R {a < x ~A; b ~ y ~ B} 
(Fig. 36) let there be one and only ..,..,.,,..,.,..,.'T'7'7"J~..,..,...,..,~ 

one pair of roots x = 6 and y = '11 of 
system (2). If: (1) the functions 
cp1 (x, y) and cp 2 (x, y) are defined 
and continuously differentiable in 
R; (2) the initial approximations 
X 0 , Yo and all succeeding approxi- o 
mations xn, Yn (n= 1, 2, ... ) belong 
to R; (3) the following inequalities Fig. 36 
are valid i-n R: 

I a:~ I + I ad~ I ~ q 1 < 1 , . 

l ocp1 j + I acpzl ~ q < 1 dy ay ~ 2 

then the process of successive approximations (3) converges to the 
roots x = 6 and y = '11 of system (2), that is, 

limxn=G and limyn=ll 

Note. The theorem holds true if Condition (3) is replaced by 
Condition (3'): 

I acpl l-~-l acpl I ~ q < i 
dx ay ~ 1 ' 

I 
acpz j + I acp 2 1 :::;:::: q / 1 ax oy ~ 2 "'-.. 

A rough proof of this theorem is given in [2]. A more general 
t~eorem is given in Sees. 13.10 and_ 13.11. 

Example. For the system [21 

f
f1 (x, y) 2x2 

•

3

-

1
xy-5x+

2

1 =
0

0, .} 

2 (x, y)==x+ og10 x-y = 
find the positive roots to four significant digits. 
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. Solution. Plot the graphs of the functions {1 (x, y) = 0 and 
f

2 
(x, y) = 0 (Fig. 37). The approximate values of the roots that 

interest us are 

!I 

2.2 
2 

f 

Fig. 37 
0 

To apply the method of iteration, write the system as 

.,. / x(y+5)-1 
X= V 2 ==cpl(x, y), 

Y=Vx+3log10 X==cp2 (X, y) 

We find the partial derivatives: 

l+3M 
acpl y + 5 acp2 X 

ax- 4 yx(y+
2
5).-l • ax= 2 Vx+3l?g10 x 

where M = 0.43429, 

--r==x==:::::- acp2 = 0 
4 yx(y+

2
5)-1 ' ay 

Restricting ourselves to the neighbourhood R {I x -3.5/ ~ 0.1, 
I y- 2. 2 J ~ 0.1} we have 

laacplj ~ ; 2.3+5 < 0.54, 
X 4 l/ 3.4(2.1:5)-1 

I acpll < 3.6 < 0.27, 
ay 

4 
Y/3.4(2.1

2
+5)-I 
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whence 

I 3·0.43 

\
a I +~ ~ < < 0.42, ox 2 y3.4+3 log10 3.4 

10~21=0 

1 a:: 1 + 1 a:: 1 < o. 54 + o. 42 = o. 96 < 1. 

.j
0J; [+ja:; 1.< 0.27 +0=0.27 < 1 

c 
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(4) 

(5) 

Thus, if the successive approximations (xn, Yn) do not leave the 
region R (this is easy to see as the computations progress), the 
iteration process will converge. 

The relative proximity of the sum (4) to unity permits assu
ming that the iteration process in this case will converge compa
ratively slowly. Begin computing the successive ~pproximations 
by the formulas 

_ .. f Xn (Yn+5)-1 
Xn+l- Jl 2 ' 

Yn+l = v xn + 31qgloXn (n=O, 1, 2, ... ) 

The corresponding values of the successive approximations are 
given in Table 5. 

TABLE 5 

VALUES OF THE SUCCESSIVE' 
APPROXIMATJONS x11 ANDy~ 

n I Xn I Yn 

0 3.5 2.2 
I 3.479 2.259 
2 3.481 2.260 
3 3.484 2.261 
4 3.486 2.261 
5 3.487 2.262 
6 3.487 2.262-

We can thus take £= 3.487 and 'Yl = 2.262. 

Note. In place of the above-considered process of successive ap
proximations (3), it is sometimes more convenient to use Seidel's 
process: 

xn+1=cp1(xn, Yn), 
Yn+l=fP:a(xn+l·, Yn) (n=O, 1, 2, ... ) 
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The ·method of iteration for general systems is considered in 
Sees. 13.8 to 13.11. 

4.10 NEWTON'S METHOD FOR A SYSTEM 
OF TWO EQUATIONS 

Let xn, · Yn be the approximate roots of the system of e·quations 
F (x, y) = 0, G (x, y) = 0 (1) 

where F and G are continuously differentiable functions. Putting 

we get 

X=Xn+hn, Y=Yn+kn 

F(xn+h,p Yn+kn)= 0, } 

G(xn+hn, Yn+kn)=O 

then from system (3) we have 

(2) 

h =- I 'F(xn, Yn) F~(xnt Yn)l (4) 
n J(xn,Yn) G(xn, Yn) G~(xn,Yn)' 

k =- 1 ,F~{xn, Yn) F(xn, Yn)l (5) 
n J (xn, Yn) G~ (xn, Yn) G (xn, Yn) 

We can thus put 

1 'F(xn, Yn) 
J (Xn, Yn) G (xn, Yn) 

(n=O, 1, 2, ... ) 

F~ (~n• Yn) I 
G~ (xn, Yn) ' 

F (xn; Yn) I 
G (xn, Yn) 

(6) 

(6') 

The initial ~pproximations X0 , Yo are determined very roughly. 
Example. Find the real roots of the system 

F (x, y) == 2x3 -y2-l = 0, 
G (x, y) == xy3 -y-4 = 0 (1) 
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Solution. Graphically we obtain crude approximations to the va
lues of the roots: 

Xo = 1.2, Yo= 1.7 

Substituting them into (1) we get 
F (1.2, 1.7) = -0.434, 
G(l.2, 1.7)=0.1956 

Compute the Jacobian 

1

6x
2 -2yl 

J (x, y) = y3 3xyz -1 

whence 

1

8.64 -3.40 I 
J = 4.91 9.40 = 97.910 

We compute h0 from formula (4): 

1 I ,..:._0.434 -~.40 I 3.389 
hu=-97.910 0.1956 9.40 =97.910=0.0349 

and from this, using (6), we obtain 

X1 = 1.2 + 0.0349 r= 1.2349 

Compute k0 from formula (5): 

1 18.64 -0.434 1-- 39. 
ko =- 97 .91() 4.91 0.1956 - O.O O 

whence, by (6), we get 

Y1 = 1.7-0.0390 = 1.6610 

Repeating this process with the roots obtained, we find X2 = 
= 1.2343, y2 = 1.6615 and .so on. 

Newton's method for general systems is considered in Sees. 
13 . 1 to 13. 7. 

4.11 NEWTON'S METHOD FOR THE CASE 
OF COMPLEX ROOTS. 

In practical situations (for--instance :when solving linear differen
tial equations) it ·may be necessary to improve the complex roots 
of a given equation 

f (z) = 0 (1) 

A method similar to Newton's may sometimes be used for this 
purpose: 
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Suppose that f (z) (z = x + iy, i2 =- 1) is an ana lytic function. 
in some convex 1 ) neighbourhood U of its simple isolated zero 

6 = s + irj (f (~) = 0, f' (b)* 0) 

which, generally speaking, is complex. Let zn be an approximate 
value of the root, which value lies in the neighbourhood U, and 
let 

be an improved value of the root. Using a Taylor series expansion 
at the point zn, assuming f (zn+ 1) ~ 0 to within t1z~, we have 

f (zn+l) ~ f (z,l) + ~znf' (zn) = 0 
whence 

(2) 

Thus, starting with a value Z0 , we can, step by step, obtain sub
sequent approximations of the root using the formula 

f (zn) 
Zn+ 1 =Zn-f'(zn) (n=O, 1, 2, ... ) (3) 

If zn E U (n = 1, 2, ... ) and the sequence {zn} converges, then 
the limit 

is a root of equation (1). Indeed, passing to the limit in (3) as 
n ~ oo, we have 

or 

Consequently 
f (6) = 0 

To estimate the error in the approximate value zn, assume that 

If' (z) I~ m1 > 0 for z E U 

Then for the given function 

W= f (z) 

1> That is, any two points in U are endpoints of a segment which is also 
in U. 
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there exists, in a sufficiently small R-neighbourhood of the root ~. 
a single-valued inverse function 

z= f- 1 (w) 

defined in a neighbourhood ) w) < p, the derivative of which is, as 
we know, 

dz 1 
dw = f' (z) (4) 

Assuming that If (zn) J < p we have 
f (Zn) f (zn) 

Zn-~=f- 1 (f(zn))-f- 1 {f(~))= s :t u-I(t)]dt= s f'(f~t1(t)) (5) 
f (\;) 0 

where t is a point ranging over the rectilinear segment between 
the points f (6) = 0 and f (Z 11 ) ('Fig. 38). 
Since ,It I < p, it follows that I f- 1 (t) I < R 
and, hence, 

If' u- 1 (t)) I~ m1 

From this, on the basis of (5), we get 
f (Zn) 

S 
ldtl lf(zn)l 

j Zn- ~ I~ If' (f-1 (t)) I ~ ---;n;- (6) 
0 

We give without proof the sufficient Fig. 38 
conditions for the existence of a root of 
equation ( 1) which follow from the Ostrowski theorem. 

Theorem. If a function f (z) is analytic in a closed R-neighbour-
hood of a point z0 , and ihe following inequalities hold: 

(l) lr :zo) \ ~ Ao, 

(2) I r (tZ0!) I ~ B 0 ~ ~ ' 

(3) /f"(z)f~C for l,z-zoi<R, 
(4) 2A 0 B0C = f-to ~ 1 

then equation (1) has a unique root 6 in the domain 1 z-z
0 
I~ R 

and Newton's process (3) defined by the initial approximation z
0 

converges to this root, that is, . 
~=lim Zn. 

/1-+r;J:) 

The rapidity of convergence of the process is characterized by the 
estimate 

1~- zn I< Bo ( f r- 1 

f-t~n- 1 
(7) 
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Example. Find approximately the _smallest, in modulus, roots of 
the equation 

f (z) ==ez-0.2z + 1 = 0 
Solution. Here 

f' (z)=ez-0.2 

Since f' (z) = 0 for z =In 0.2 ~-1.79 and 

f(-oo)= +oo, f(z) > 0, f(+oo)= +oo 

it follows that equation (8) does not have any real' roots. 

(8) 

For the initial approximation of the desired root 6 we· take the 
smallest, in modulus, root Z0 of the equation 

ez+ 1 = 0 

whence we can put 
Z0 = ni 

The succeeding approximations zn (n = 1, 2, 3, ... ) of the root 6 
are successively found from formula (3): 

f(z 0 ) • 0.2ni 5 . 
2618

. 
Z1 = 20 - f' (zo) = nt -""1.2 = 6 nt = . t, 

f (z1) 5ni 0.132-0.024i . 
Z2=Z1-f' (z

1
)=6 -l.868 +0. 5i=0.069+2.624t, etc. 

The results of the computations to within 0.001 are given in Table 6. 

TABLE 6 

IMPROVING COMPLEX ROOTS BY NEWTON'S METHOD 

nl Zn 
I 

ezn 

I 
f (Zn) , I f' (Zn) 11\z ~- f ('")-

n f' (zn) 

0 3.1421 -1 -0.628i -1.2 -0.524i 
1 2.618i -0.868+0.5i 0.132 -0.024i -1.068 + 0.5i 0.153+ 0.04Ci 
2 0.153+ 2.658i -1.030 + 0.54li -0.061 + 0.009i -1.230+ 0.54li -0.044- 0.012i 
3 0.109+2.646! -0.978 + 0.535i 0+0.006i -1.178+ 0.535i -0.002+ 0.004i 
4 0.107 + 2.650i -0.981 + 0.525i -0.002- 0.005i -1.181 + 0.525i -0.000- 0.004i 
5 0.107 + 2.646i -0.977 + 0.534i +0.002 + 0.004i -l.l77 + 0.534i 

To compute ez for z=x+iy we used the familiar formula 

ez =ex (cosy+ i sin y) 
Assuming 

we have 
6 ~ Z5 = 0.107 + 2.646i 

f (z 5 ) = 0.002 + 0.004i 
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Approximately taking it that 

ml =If' (zs) I ~ 1.3 

we obtain the error on the basis of (6): 

1~-z51~ lf~:) 1 =o.oo\ .. f 20 ~o.oo4 

f6t 

Since the left member of (8) takes on real values for real z, this 
equation also has the conjugate root 

~ ~ 0.107 -2.646i 

which is equal, in modulus, to the root ~· Indeed, we have 

f (~) = f (P = o 
Note. An alternative method of solving (I) is to reduce it to a 

system of two real equations. Setting 

Z= x+ iy 

in ( 1) and isolating the real and imaginary parts of the function 
f (z), we get 

f (z) == u (x, y) + iv (x., y)·= 0 

where u and v are real functions. From this we find that ( 1) is 
equivalent to the sy-stem 

u (x, y) = 0,} 
v(x, y)= 0 

(9) 

Improvement of the roots of a system of type (9) is considered in 
Sees. 4.9 and 4.10. Note also that this new method is suitable for 
the case when the function f (z) is nonana lytic. 
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Chapter 5 

SPECIAL TECHNIQUES FOR APPROXIMATE 
SOLUTION Of ALGEBRAIC EQUATIONS 

5.1 GENERAL PROPERTIES OF ALGEBRAIC EQUATIONS 

Consider the algebraic equation of degree n (n ~ 1) 

P (x) == a0X11 + a1xn- 1 + ... +a,= 0 

where the coefficients a0 , a1 , .•. , a,
1 

are real numbers and 

a0 =F 0 

The v~ria ble x wi 11 b~ considered complex in the geryera 1 case. 

(1) 

fundamental theorem of algebra. An algebraic equation of the 
nth degree, (1), [and, hence, also the polynomial P (x)] has exactly n 
roots, real or complex, provided that each root is counted according 
to its multiplicity [ 1J, t2]. 

We then say that a root £ of equation ( 1) has multiplicity s 
(that is, £ is an s)old root) if · 

p (£) = P' (£) = ... = p!s-1) (£) = 0, 
p!s) (£) =f-: 0 (2) 

The complex roots of equation ( 1) have the property of appearing 
in complex conjugate pairs. 

Theorem 1. If the coefficients of the algebraic equation ( 1) are real, 
then the complex roots of this equation are complex conjugate in pairs, 
that is if £=a+ i B (a, ~ are rea 1) is a root of (1 ), of tnultiplicity s, 
then the number £=a-i~ is also a root of thai equation and.has 
the same multiplicity s. 

Note that the moduli of these roots are the same: 

l£l=I~=Va2 +~2 

Corollary. An algebraic equation of odd degree with real coeffi
cients has at least one real root. 

It is easy to give a rough estimate of the moduli of the roots 
of equation (1 ). 
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Theorem 2. Suppose 

A=max{ja1 j, la2 1, ... , lanl} 

where ak are the coefficients of (1 ). · 
Then the moduli of all the roots xk (k = 1, 

the inequality 
A 

... , n) of ( 1) satisfy 

'l 
lxkl < 1+~ (3) 

That is, in the complex plane £0'fl 
(x =£+ill) the roots of this equation 
are located inside the circle 

A 
.Jxi<1+~=R 

(Fig. 39). 

Proof. Setting I xI > 1, we have 
from formula ( 1) Fig. 39 

I P (x) I~ I aoxn l-(1 alxn~ 1 1 +I a2xn- 2 1 +···+I ani)~ 
~laoJJx!n-A(ixln- 1 +lxJn- 2 + ... + 1)= 

=lao!lxJn-AI(x1 ~_:=-/ > (1aol-,x1~1) !xln 
Whence, if 

that is, if 

we find that 

A 
Jxj~l+ra;r 

1 p (x) I> 0 

(4) 

Thus the values of x which satisfy (4) are definitely not the 
roots __ of equation (1'). Hence, all the roots xk of ( 1) satisfy the 
reversed inequality 

Jxk] <I+ 1~1 
Corollary. I et an =I= 0 and 

B=max{]a0 j, ]al]. ... , ]an-1\} 

Then all the roots xk (k = 1, 2, ... , n) of equation ( 1) satisfy the 
inequality 

(5) 
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that is, the roots of ( 1) are located in the annulus 

r<lxi<R 
(Fig. 40). 

True enough, for, setting 

we have 

where 

1 
X=

y 

I 
P{x} = yn Q (y) 

Q (y) = anyn + an-IYn-I +. 0. +ao 
Fig. 40 t 1 1 The roo s y k = - (k = , ... , n) of 

- Xk 
the polynomial Q (y) satisfy, by virtue of our theorem, the fnequality 

I B 
IYkl=TXkT< 1+-ra,;j 

whence 
1 

Jxkl > B =r 
I+ra:r 

(k=l, ... , n) 

Note. The numbers r and R are the upper and lower bounds, 
respectively, of the positive roots of equation ( 1 )o 

Similarly, the numbers -R and -r serve as the lower and 
upper bounds, respectively, of the negative roots of equation ( 1 ). 

If 
X1 , X2 , • o o, Xn 

are the roots of (1), then the following expansion holds for- the 
left member; 

(6) 

From this, multiplying out the binomials in (6) and equating the 
coefficients of identical powers of x in the left and right mem
bers of (6), we get relations between the roots and the coefficients 
of the algebraic equation: 

(7) 
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The left members of (7) are the sums of combinations of the roots 
of equation (1) taken one at a time, two at a time, etc. 

Example 1. The roots x1 , X2 , X3 of the cubic equation 

x3 +px2 +qx+ r = 0 

satisfy the conditions 

x1+xz+x3=-p, } 
X1X2 + x1x3 + X2X3 = q, 
x1x2x3 -- r 

If multiplicities of the roqts are taken into account, the expan
sion (6) assumes the form 

P (x) = a0 (x-x1 )~X1 (x-x2)~Xz ... (x-xm)~Xm 

where x1,. X 2 , ••• , xm (m ~ n) are distinct roots of equation ( 1) 
and cx11 cx 2 , ••• , cxm are their multiplicities, and 

cx1 + CX. 2 + ... + cxm = n 

The derivative P' (x) is expressed as follows: 
P'(x)=a0 (x-x1)~Xt- 1 (x-x2)~Xz- 1 •• • (x-xm)~Xm-:I Q (x) 

where Q (x) is a polynomial such that 

Q (xk) =rf: 0 for k = 1, 2, ... , m 

For this reason, polynomial 
R (x) = a

0 
(x-x1 )~X1-I (x-x2)a~-I ... (x-xm)am-l 

is the greatest· common divisor of the polynomial P (x) and its 
derivative P' (x)_ It will be recalled that R (x) can be found by 
Euclid's algorithm [I J. Forming the quotient 

we get the polynomial 

t ( ) = p (x) 
X R (x) 

f (x) = A 0xm+ A 1xm-l + ... +Am (8) 

with real coefficients A0 = a0 , AP ... , Arn, the roots of which x1 , 

X2 , ••• , xm are d isti net. 
Thus, the solution of an algebraic equation with multiple roots 

reduces to that of an algebraic equation of lower deg-ree with dis
tinct roots. 

The total number of roots X1 , x 2 , ••• , XN of the equation 

P (x)-= 0 

.located in; the complex plane inside a simple closed contour r 
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(Fig. 41.) may be determined on the basis of the principle of the 
argument [4] which consists in the following: if a polynomial 
P (x) has no roots on a closed contour r, then the number of roots 
N of the polynomial inside the contour r is exactly equal to the 

Fig. 41 

where 

variation of Arg P (x) in a positive traver
sal of r, divided by 2:rr; that is, 

1 
N = 2n ~r Arg P (x) 

Each root is counted according to its mul
tiplicity. 

If the equation of the contour r is 
X= s (t) + i'll ( t) (0 ~ t ~ T) 

(t a parameter), then, to determine the 
number N, one constructs in the xy-plane 
a curve 

X= X (t), Y = Y (t) (0~ t ~T) (K) 

P (x) == P (s (t) + i11 (t)) = x (t) + iY (t) 

and X (t), Y (t) are real functions; then one counts the number 
of circuits N that the curve K makes about the origin. 

Example 2. Determine the number of roots of the equation 

P(x)==x3 -3x+1=0 (9) 

contained in the circle I xI < 2. 

Solution. Putting 
x= 2 (cost+ i sin t) 

we have 
P (x) = 8 (cost+ i sin t) 3

- 6 (cost+ i sin t) + 1 = 
-:--- (8 cos 3t -6 cost+ 1) + i (8 sin 3t-6 sin t) 

whence 

t 
I 

0 

I 
X 

I 
3 

I 
y 

I 
0 

I 

X= 8 cos 3t-6 cost+ 1, } 

Y = 8 sin 3t-6 Sin t 

TABLE 7 

Jt 
±-6 I 

n 
±-3 I 

Jt 
±-2 I 

2rt 
±-3 

-4.22 
I 

-10 
I 

I 
I 

15 

±5 
I 

±5.22 
I 

=F 14 
I 

=F 5. 22 

I 
5.n 

.L-
_j_ 6 

I 
6.22 

I ±5 
I 

(K) 

I 
±n 

I 
-I 

I 
0 
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Plotting the curve K (see Table 7), it is easy to see that the 
curve circles the origin three times (Fig. 42). Therefore, N = 3 and 
so equation (9) has three roots inside the circle I xI < 2. 

v 

Fig .. 42 

5.2 THE BOUNDS OF REAL ROOTS 
OF ALGEBRAIC EGUA TIONS 

In this section we consider polynomials of the type 

(1) 

with real coefficients a0 , aP •.. , a,1 • Our aim here is to establish 
the limits, as narrow as possible, for the positive and negative 
roots X1 , x~, ... , xm (1 ~ m ~ n) of the equation 

P (x) = 0 (2) 

The problem of the existence of these roots is not touched on here. 
It will be noted that one can restrict himself to finding the. upper 
limit R of only the positive roots of equations of type (2). Indeed, 
along with (2) let us consider the auxiliary algebraic equations 

p 1 (X) -. X'l p ( ~ ) = 0' 

p 2 (X) p ( -- X) = 0, 

p ~ (X) --- X 11 p (- +) = 0 

and let the upper bounds of their positive roots be RI> R2 and R3 

respectively. Then the number ~1 is clearly a lower bound of the-
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positive roots of equation (2), that is, all positive roots x+ of 
this equation, if they exist, satisfy the inequality 

~1 ~x+ <.R 

Similarly, the numbers -R2 and - ~ 3 are, respectively, lower and 

upper bounds of the negative roots of (2), that is, all negative 
roots x- of this equation, if there are any, satisfy the inequality 

1 
-R2 <. x- <.-rt; 

We now give some simple techniques (not all of which are pro
vided with proof) for finding the upper bound R of positive roots 
of equation (2). 

Lagrange's theorem. Suppose a0 > 0 and ak (k ~ 1) is the first 
of the negative coefficients 1 > of the polynomial P (x). Then for the 
upper bound of the positive roots of (2) we can take the number 

(3) 

where B is the largest absolute value of the negative coefficients of 
the polynomial P (x). 

Proof. Set x > 1. If in P (x) each of the nonnegative coefficients 
a1 , ••• , ak-i is replaced by zero, and each of the remaining coef
ficients ak, ak+ll ... , an is replaced by a negative number -B, 
then polynomial ('1) can only diminish its value and we will have 
the inequality 

Whence for x > 1 we have 
B xn-k+l 

P (x) > a0xn --- xn-k+l =--[a xk- 1 (x-I)-B] > 
x-1 x-1 ° 

xn-k+l > x=I [a0 (x-l)k-B] 

Consequently for 

we have 
P (x) > 0 

u If there is no such coefficient, i.e. all coefficients of P (x) are nonnegati
ve, then P (x) has ~o positive roots. 
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Thus all t.he positive roots x+ of equation (2) satisfy the ine
quality 

x+ < R 

5.3 THE METHOD OF ALTERNATING SUMS 

The idea of Lagrange's method may be generalized in the fol
lowing manner: let a polynomial· P (x) be arranged in descending 
powers of the variable x, its leading coefficient being a0 > 0. 
Represent P (x) in the form of an alternating sum: 

P (x) = Qt (x)- Qz (x) + Q3 (x)- Q4 (x) +· · · · +Q2m-1 (x)- Q2m (x) 

where Q1 (x) is the sum of the successive terms of the polynomial 
P (x) with positive coefficients beginning with a0xn and - Q2 (x) is 
the sum of the successive terms of the polynomial P (x) with negative 
coefficients! which terms adjoin the terms of the first sum, and so 
on; the last summand, ~ Q2m (x), either consists of terms with 
negative ·coefficients or is identically zero. 

Denote by ci(j= 1, 2, ... , m) positive numbers such that 

Q2j- 1 (c)- Q21 (c1) ~ 0 (1) 

(j = 1, 2, ... , m). Then for the upper bound of the positive roots 
of equation (2) of Sec. 5.2 we can take the number 

True enough, set 

Q 2j-·1 (x)- Q 2/ (x) = bF> xni + Ni> xnj-t + + bj/> xnJ-P+ 1-

-b<i> xnJ'-P-b<i> xnJ-p-1_ , -b(j> XnJ·-p-q+1 p+l p+2 • • • p+Q 

where 

and 

b<f> > 0 

Assuming x > 0, .we have 

(s= 1, 2, ... , p+q) 

(j = 1, 2, ... , m) 

Q2J-1 (X)-Q2j (X)= xnj-P+1 [(bii>xp-1 + bii>xp-2 + • .. + b<6>)-

(2) 

- (bb~1 + b~i~2-+- .•• + bb~q) J 
x xz ' xq (3) 

From (3) it is evident that the functions Qzj-l (x) -Q21 (x) (j = 
= 1, 2, ... , m) increase with increasing x. Hence, for x > c1 > 0, 
we have 
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whence for x > R we get 
m 

P (x) = ~ [Q 2i- 1 (x)- Q2 j (x)] > 0 
!= 1 

Thus all the positive roots x+ of equation (2) of Sec. 5.2 satisfy 
the condition 

x+<R 

Example. Determine the bounds of the real roots of the equation 

2x5 -100x2 + 2x-1 = 0 (4) 

Solution. Here a0 = 2 and A= max (100, 2, I)= 100. Therefore 
the upper bound R of the positive roots of equation (4) is, by The
orem 2 of Sec. 5.1, 

App!ying Lagrange's theorem and tak4ng into account that 

ak = a3 = -100 and B =max (100, 1) = 100 

we will get a much better estimate for the upper bound of the 
positive roots 

R= 1+ V1 ~0 = 1+Vso~4.7 
Finally, using the method of alternating sums, we find 

2x5 -100x 2 = 2x2 (x3 -50) > 0 

for x > Vso (.say, for x > 3.7) and 

2x-1 = 2 ( x-{) > 0 for x > 0.5 

Hence we can take 

R=max(3.7, 0.5)=3.7 

To determine the lower bound- r of the positive roots of (4), set 
1 

X=-
y 

Then equation (4) takes the form 

y6 -2y4 + 100y3 -2 = 0 

We successively get 
y5 -2y4 = y4 (y-2) > 0 for y > 2 

and 
l00y3 -2 = 100(y3 -0.02) > 0 for y > 0.3 
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Consequently 

and 
R1 =max (2, 0.3) = 2 

1 
r=p

1
=0.5 

To find the bound of the negative roots in equation (4) put 

X= -z 
Then 

2zo + 10z2 + 2z+ 1 = 0 

i71 

(4') 

Since the coefficients of equation (4') are positive or zero, this 
equation does not have any positive roots and so the given equa
tion (4) does not have any negative roots. 

5.4 NEWTON'S METHOD 

T_heorem (Newton]. If for x = c > 0 the polynomial P (x) and all 
its derivatives P' (x), P" (x), ... , p<nl (x) are nonnegative: 

Pk(c)~O (k=O, 1, 2, ... , n) (1) 

and p<n> (c)= n! a0 > 0, then R = c can be taken for the upper bound 
of the positive roots of the equation 

P (x) = 0 (2) 

Proof. With x > c, taking into account inequality (1), we have, 
on the basis of Taylor's formula, 

p<n> (c) 
P (x)= P (c)+P' (c) (x-c)-+ ... +-n

1
- (x-c)n > 0 

Hence, all positive roots x+ of equation (2) satisfy the inequality 
x+ ~c 

Note. In practical applications of Newton's theorem, the trial
and-error method is used (say, via the Horner scheme) to find 
a monotonic increasing sequence of positive numbers 

0 < C1 ~Cz~ • .. ~Cn-1 ~Cn 

for which the following inequalities hold true: 
p(n-1) (c1) ~ 0! 
p<n- 2) (cz) ~ 0, 

P'(cn_ 1)~ 0, 

P(cn)~ 0 
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Such numbers definitely exist since for a0 > 0 we have 
p<m>(x)-++oo (m:::::=o:- 1, 2, ... , n-1) 

as x--++ oo. We can finally take C=cn. 

Indeed, since 
p<n> (x) = n! a0 > 0 

the function p<n- 1> (x) is an increasing function and, hence, for 
x > c1 we have 

- p<n-1) (x) > p<n-1) (c1) ~ 0 

From- this inequality it follows that the function p<n-z> (x) is 
increasing in the interval [clt + oo) and therefore we get, for 
x > c2 ~ C1 , 

p<n-z> (x) > p<n-2) (cz) ~ 0 

Reasoning in this fashion consistent} y, we finally are assured that 
P (x) is an increasing function in the interval [c,1 _ 1 , + oo) and 
hence for X> Cn ~ Cn-l We have 

P (x) > P (en)~ 0 

Which ·means that x+ ~ C11 • 

Example. Consider the equation (given in the example of Sec. 5.3) 

P (x) = 2xr>-I00x2 + 2x-1 = 0 
Here 

P' (x) = 10x4
- 200x+ 2, 

P" (x) = 40x3
- 200, 

P'" (x) = 120x2 , 

prv (x) = 240x, 
pv (x) = 240 

Obviously P"' (x) > 0, prv (x) > 0, pv (x) > 0 for x > 0. 
We have 

I 

P"(x)=40(x3 -5)>0 for x~2 

We assume C1 = C2 = c3 = 2. Since 

P' (2)= 10·16-200·2+ 2 < 0 

we determine the sign of the number 

p' ( 3) = 10 . 81 - 200. 3 + 2 > 0 

We can take c4 = 3. We have 

P(3)=2·243-100·9+2·3-1 < 0 
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and' so we compute 

p ( 4) = 2. 1 02~- 100 ' 16 + 2 ' 4- 1 > 0 

Thus, c5 = 4, and the upper bound of the positive roots of the 
given equation is 

R=4 

The estimate via Newton's method is more exact than that given 
above on the basis of Lagrange's method, but less so than the es
timate obtained by the method of alternating sums (see example of 
Sec. 5.3). 

$.5 THE NUMBER OF REAL ROOTS OF A POLYNOMIAL 

After the bounds have been established of the positive and 
negative roots of an algebraic equation 

P(x)=O (1) 

where P (x) is a given polynomial, the question arises as to the 
number of real roots of the given equation on some known inter
val (a, b). 

A general picture concerning the number of real roots of equa
tion ( 1) on the interval (a, b) is given by the graph of the func
tion y= P (x) (Fig. 43), where the rpots 
xl' x2 , x3 are found as the abscissas ·of !I 
the points of intersection of the graph 
with the x-axis. 

We note the simple peculiarities 
of an integral polynomial. 

( 1) If P (a) P (b) < 0, then on the 
interval (a, b) there is an odd number 
of roots of P (x), counting multipli
cities. 

(2) If P (a) P (b) > 0, then on the 
interval (a, b) there are no roots of 
the polynomial P (x) or there is an 
even number of such roots. 

The question of the number of 
Fig. 43 

real roots of an algebraic equation on a given interval is solved 
completely by the Sturm method [1], [2). 

First let us introduce the notion of the number of sign-changes 
in a set of numbers. 

Definition. Suppose we have an ordered finite set of real numbers 
different {ron1 zero: 

(2) 
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We say that there is a change of sign for a pair of two successive 
elements ck, ck+ 1 of (2) if these elements have opposite signs, that is, 

ckck+l < 0 

and there {s no change of sign if the signs are the same; thus 

ckck+t > 0 

The total number of changes of sign in all pairs of successive 
elements ck, ck+ 1 (k= 1, 2, ... , n-1) of (2) is called the number 
of sign-changes (variations of sign) in (2). 

For a given polynomial P (x), we form the Sturm sequence 

P(x}, P1 (x)., P2 (x), ... , Pm(x) (3) 

where P 1 (x) = P' (x), P 2 (x) is the remainder, with reversed sign, left 
after the division of the· polynomia 1 P (x) by P 1 (x), P 3 (x) is the re
mainder. with reversed sign, after the division of the polynomial 
P 1 (x) by P 2 (x), and so forth. The polynomials P k (x) (k = 2, ... , m) 
may be found with the aid of a slightly modified Euclidean algo
rithm~ if the polynomial P (x) does not have any multiple roots, 
then the last element Pm (x) in the Sturm sequence is a nonzero 
real number. Note that the elements in a Sturm sequence can be 
computed to within a positive numerical factor. 

Denote by N (c) the number of sign-changes in a Sturm se· 
quence for x = c provided that the zero elements of the sequence 
have been cross~d out. 

Sturn\' s ·theorem. If a pol ynorriial P (x) does not have multiple roots 
and P (a)* 0, P (b)* 0, then the number of its real roots N (a~ b) 
on the interval a < x < b is exactly equal to the number of lost 
§ign-changes in the Sturm sequence of the polynomial P (x) when 
going from x =a to x = b, that is, · 

N (a, b)= N (a)-N (b) (4) 

Corollary 1. If P (0) =F 0, then the number N+ of positive .and. 
the number N _ of negative roots of the polynomial P (x) are 
respectively 

and 
N + = N (0)- N ( + oo) 

N _ = N (- oo)- N (0) 

Corollary 2. For all roots of a polynomial P (x) of degree n 
to be real, in the absence of multi pie roots, it is necessary and 
sufficient that the following condition hold: 

N (-oo)-N( +oo)=n· 
Thus, if 
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where a0 > 0, then all roots of the equation P (x) = 0 will be real 
if and only if [1]: (1) the Sturm sequence has a maximum num
ber of elements n + I, that is m = n, and (2) the inequalities 
P k ( + oo) > 0 (k = 1, 2, ... , n) hold true; thus the leading coef
ficients of all Sturm functions P k (x) must be positive. 

Example. Determine the number of positive and negative roots of 
the equation 

x4 -4x+ I= 0 

Solution. The Sturm sequence is of the form 

P (x) = X 4 -4x+ 17 

P1 (x)= x 3 -1, 
P 2 (x) = 3x-1, · 
P 3 (x) = 1 

whence 
N(-oo)=2, N(0)=2, N(+oo)=O 

Hence, equation (5) has 

N+=2-0=2 

pqsitive roots and 
N_=2-2=0 

negative roots. And so two roots of (5) are complex roots. 

(5) 

We can isolate the roots of algebraic equations via the Sturm 
sequence by p.artitioning the interval (a, b) containing all real 
roots of the equation into a finite number of subintervals (a, ~) 
such that 

N(a)-N(~)=l 

.-5.6 THE THEOREM OF BUDAN-FOURIER 

Since the construction of a Sturm sequence generally involves 
unwieldy computations, for practical purposes one usually confines 
himself to simpler particular techniques for counting the number 
of real roots of algebraic equations. 

Let us refine the counting of the number of variations of sign 
in a. sequence of numbers. 

Definition. Suppose we have a finite ordered sequence of real numbers 

( 1) 

where C1 =I= 0 and Cn =I= 0. 
On the one hand, we use the term lower number of variations of 

sign N of the sequence ( 1) for the nuniber of sign-changf!s in an 
appropriate subsequence that does not contain zero elements. 
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On the other hand, we use the term upper number of variations of 
sign N of a sequence of numbers ( 1) for the number of sign-changes 
in the transformed sequence ( 1) where the zero elements 

Ck=Ck+1= · · · =Ck+l-1=0 

(ck-1 -:=/= 0, ck+l * 0) are replaced by elements ck+i (i = 0, 1' 2, ... ' 
1-1) such that 

sgn ck+i=(-1)l-isgn ck+l (2) 

It is obvious that if (I) has no zero elements, then the number 
N of sign-changes in the sequence coincides in meaning with its 
lower N and upper N numbers of variations of sign: 

N=N_=N 

Generally speaking. N~ !!: 
Example 1. Determine the lower number and the upper number of 

changes of sign in the sequence 

1, 0, 0, -3, 

Solution. Ignoring zeros, we have 

N=2 
To count N by formula (2), form the sequence 

1, -e, e, -3, 1 
where e > 0, whence 

N=4 

Theorem (Sudan-fourier). If the numbers a and b (a< b) are 
not roots of a polynomial P (x) of degree n, then the number N (a, b) 
of real roots of the equation 

P (x) = 0 (3) 

lying be.tween a and b is equal to the minimal number 4N of 
sign-changes lost in the sequence of successive derivatives 

P (x), P' (x), ... ' put-I) (x), ptn> (x) ( 4) 

when going from x =a to x = b, or less than ~N by an even 
number: 

where 
N(a, b)=f:!..N-2k 

/:!.. N = I!_ (a)- N (b) 

and N (a) is the lower number of variations of sign in the se
quence (4) for x= a, N (b) is the upper number of variations of 
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sign in that sequence for x=b [k=O, 1, ... , E (
11
2N)J (see [1]). 

It is assumed here that each root of equation (3) is counted ac
cording to its multiplicity. If the derivatives P(k\ (x) (k = 1, 2, ... ,--n) 
do not vanish at x =a and x = b, then counting the signs is simp
lified, namely: 

tsN = N (a)-N (b) 

Corollary 1. If f:j.N = 0, then there are no real roots of equation 
(3) between a and b. 

Corollary 2. If f:j.N = 1, then there is exactly one real root of 
equation (3) between a and b. 

Note. To count the number of lost signs !J.N in sequence ( 4), we 
form two expansions using Horner's ·scheme: 

(5) 

and 

(6) 

Let N (a) be the lower number C?J variations of sign of the coef

ficients in expansion (5) and, respectively, N (b) the upper number 
of variations of sign of the coefficients in ex pans ion (6). Since 

ptk\(a) A = ptk\(b) 
rxk = -k-1-, Pk kl (k = 0, 1, 2, ... , n) 

it follows that the signs of. the numbers rxk and ~k coincide with 
the signs of sequence ( 4) when x =a and x =b. Therefore 

!J.N =!!_(a) -N (b) 

Example 2. Determine the number of real roots of the equation 

(7) 

in the interval (0, 2). 

Solution. Here N (0) is clearly the number of variations of sign in 
the sequence of numbers -

-3, 2, -1, 1 

that is, 

N (0) = 3 

12 9616 



178 Ch. 5. Special Techn's for Approx. Solut. of Algebr. Eqs. 
I 

The expansion of P (2 +h) is obtained by means of Horner's 
scheme: 

1 -1 2 +3 l:_ 
2 2 8 

4 I 5 I 
2 6 

3 [~] 
2 

I 5 I 
El 

Hence, N (2) is the number of variations of sign in the sequence 
of numbers 

5, 10, 5, l 
or N (2) =·O. 

From thiS-
llN = ty (0) -·N (2) = 3 

Thus, equation (7) has· three real roots or one real root in the 
interval (0, 2). 

Descartes' rule of signs. The number of posit,ive roots of an al
gebraic equation 

p (x) == aoxn + alxn-1 + ... +an= 0, (ao * 0) (8) 

a root of multiplicity m being counted as m roots, is equal to the 
number of variations in sign in the sequence of coefficien-ts 

(9) 

(where the coefficients equal to zero are not counted) or less than 
that number by an even integer. 

Descartes' rule js an instance of the application of the Sudan
Fourier theorem to the interval (0, +oo). Indeed, since 

p(k) (0) = k! an -k (k _· 0, 1' ... ' n) 

sequence (9) is, to within positive factors, a collection of deriva
tives p<k> (0) (k = 0, 1, 2, ... , n) written in descending order. There
fore, the number of variations in sign in the sequence (9) is equal 
to N (0), zero coefficients not being counted. On the other hand, 
the-derivatives P(k>(+oo) (k=O, 1, 2, ... , n) clearly have _one 
and the same sign and, hence, N( +oo) = 0. We therefore have 

~N = N (0)-N ( +oo) ~ N (0) 
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and, on the basis of the Budan-Fourier theorem, the number of 
positive roots of (8) is either equal to 11N or is less than !1N by 
an even integer. 

Corollary. If the coefficients of equation (8)· are different from 
zero, then the number of .negative roots of (8) (counting multiplicities) is 
equal to the number of nonvariations of sign in the sequence (9} 
of its coefficients or is less than that number by an even integer. 

The proof of this assertion follows directly from the application 
of Descartes' rule to the polynomial P (-x). 

Also, let us give a necessary criterion for the real ·nature of all 
roots of a polynomial. 

Hua's Theorem. If .an equation 
( 10) 

has real coefficients and all its roots are real, then the square of 
each nonextreme coefficient of the equation is greater than the pro
duct of two adjacent coefficients; that is, we have the inequalities 

a:>ak_ 1ak+ 1 · (k=1, 2, ... , n-1) 

Corollary. If for some k we have the inequality 

a~~ ak-1 ak+l . 

then the equation ( 1 0) has at least one pair of complex roots. 

Example 3. Determine the com position of the roots of the equation 

x 4 + 8x3 -l2x2 + 104x-20 = 0 (11) 

Solution. Since 
(-12) 2 < 8· 104 

it follows that equation ( 11) has complex roots and, hence, the~ 
number of real roots of the equation does not exceed two. In the 
sequence of coefficients of equation ( 11) ther.e are !1N = 3 variations 
of sign and 11P = 1 nonvariation of sign. We thus conclude, on 
the basis of Descartes' rule and the corollary to it and taking into 
account the presence of complex roots, 1hat equation (11) has one 
positive root, one negative root and a pair of complex roots. 

5.7 THE UNDERLYING PRINCIPLE OF THE METHOD 
OF LOBACHEVSKY -GRAEFFE 

Consider the nth degree algebraic equation 

aoxn + al XTI -1 + ... +an = 0 {1) 

where a0 -:=/= 0. Suppose that the roots X1 , X2 , ••• , xn of equation (1) 
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are such that 

(2) 

That is, the roots are distin-ct in modulus and the modulus of any 
one is much more than that of the following one. 1> In other words, 

I 
I 

I 
J 

I 

' ' \ 

I 

' 

.z-}f ........ -

" 

' ......... ....... _ 

r; we assume that the ratio of any two 
successive roots (in descending order) 

........ ... 

__ .,, ," 

... 
' \ 

\ 
\ 
I 
I 

I 
I 
I 

I 
I 

/ , 

is a quantity small in modulus, i.e . 

X2 = E1Xv ) 
X a= e2x2, 
...... 
xn =en -lxn -1 

(3) 

where \ ek I< e and B is a small qu
antity. For the sake of brevity we 
will call them separated roots (Fig. 
44). Fig. 44 

Now let us take advantage of the 
. relations between the roots and coefficients of equation ( 1) (Sec. 5.1 ): 

From· this, by .virtue of the assumptions (3), we get 

xl (1 +El)=-~, ) 

~·~· (.' ~~,). -. =:":_ ..... } 
X1X2 ••• xn (l +En)= (-1)"!!.!!.. Jl 

ao 

(4) 

where E 1 , E2 , ••• , En are quantities small in modulus compared 
to unity. Neglecting the quantities Ek (k= 1, 2, ... , n) in (4), we 

1> If the coefficients of (1) are real, then from Condition (2) it follows that 
all the roots of ( 1) are real. 
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get the approximate re'lations 
. a1 I 

X1=--, I 
ao I 

X X = Uz } 

• 1. 2 • ~0 .' • • • • •• 
(5) 

( l)n an I 
XlX2 ••• Xn= - -) ao 

Whence we find the desired roots: 

X--~ ) 
1- ao ' I 
X=-~ } 

• z. • • a~ •. (6) 

X=-~ I 
n an-1 } 

In other words, if the roots of equation ( 1) are separated, then they 
are determined approximately by the chain of linear equations 

a0x1 +a1 = 0, 
a1x2 +a2 = 0, 

an-1Xn +an=(} 

The accuracy of these roots depends on how small (in modulus) 
are the quantities ek in the relations (3). 

To separate the roots, use ( 1) to obtain the transformed equation 

(7) 

whose roots y1 , y2 , ••• , Yn are the mth powers of the roots x1 , 

X2 , ••• , xn of equation ( 1 ), that is 

Yk = x'kn (k = 1, 2, ... , n) (8) 

If the roots of equation ( 1 ), which we assume to be arranged in 
descending order of moduli, are distinct in modulus, the roots of 
equation (7) will be separated if m is a sufficiently high power, 
since 

f! ( X )m. ...::....!£.._ = _k_ - 0 as m ----+ oo 
!fk-1 Xk-1 . 

For example, let 
X1 = 2, X2 = 1.5, X3 = 1 

For m = 100 we have 

y1 =1.27·1030
, y2 =4.06·1017

, y3 =l 
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and, hence, 

h=3.2·10- 13 , 1!.2 =2.5·10- 18 

Y1 Yz 

Ordinarily, for the exponent tn one takes a power of the number 2, 
that is, we put m = 2P, where p is a natural number; the trans~ 
formation itself is executed in p steps, an equation being formed 
at each step (the roots of the equation are the squares of the roots 
of the preceding equation). · 

Approximating the roots Yk(k= 1, 2, ... , n) from formulas (8), 
we can determine the roots of the original equation ( 1 ). The accu· 
racy of the computations depends on the smallness of the ratio of 
moduli of successive roots in the transformed equation. 

The idea of this method for computing roots was suggested by 
Lobachevsky, and a practically convenient scheme of computation 
was advanced by Graeffe. 

The advantage of the Lobachevsky~Graeffe method lies in the 
fact that it does not require the roots to be isolated. It is only 
necessary to get rid of multiple roots by the device given in Sec. 5.1. 
The actual computation of the roots is uniform and regular. As we 
will soon see, the method is also suitable for finding complex roots. 
One inconvenience of the method is that it involves large numbers. 
Another is the absence of a sufficiently reliable check on the com~ 
putations, and· there are difficulties in estimating the- accuracy of 
the result obtained. 

Note that if the roots of equation ( 1) are distinct but the mo~ 
duli of some of them are nearly equal, the convergence of the Lo~ 
bachevsky~Graeffe method is extremely slow. In. this case, it is 
advisable to regard such roots as equal in modulus and to apply 
special computational techniques. 

5.8 THE Rd'OT-SQUARING PROCESS 

We will now show how one can easily set up an equation whose 
roots are the squares (taken with the minus sign) of the roots of 
the given algebraic equation. This latter procedure is used for 
reasons of convenience in order to avoid, as far as possible, the 
appearance of negative coefficients. The transition from roots 
xk(k= 1, 2, ... , n) to the roots 

Yk~-x~ 

will for brevity be C(llled root squaring. 
Let 

p (x) == aoxn +alxn-l + ... +a"= 0 

be the given equation, where a0 ':::fo 0. 

(1) 
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Denoting the roots of this equation by ~1 , x~:p ... , xn we have. 

P (x)= a0 (x-X1 ) (X-X2) ••• (x-xn) 
whence 

P (-x) = (-l)n a0 (x+x1 ) (x+xz) ... (x+xn) 

Consequently 
p (x) P (-x)= (-l)n a~ (x2 -xi) (x2 -xn ... (x2 -x~) (2) 

Setting 

we get, by formula (2), the polynomial 

Q (y) = P (x) P ( -x) 

whqse roots are the numbers 

y k = - xt (k = 1 , 2, ... , n} 
Since 

P (- x) = (-l)n [a0xtf-a1xn- 1 +a2xn- 2- ... + (-ltan] 

we have, •after multiplying out the polynomials P (x) and P (-x), 

P (x) P (-x) = (-l)n [a~xzn_(ai-2a0a2} xzn- 2 + 
+(a~- 2a1a3 + 2a0a4 ) y;n- 11 - ••• + ( __:_ 1 )n a~] 

Hence> the equation we are interested in is 

Q (y)==Aoyn+Alyn-l+A2yn-2+ • •• +~n=O 
where 

A 0 = ag, 
A1 = ai-2a0az, 
A 2 = a~-2a1a3 + 2a0a11 , 

We write more compactly 
k 

Ak=al+2 ~ (-l)sak-sak+s (k=O, 1, 2, ... , n) 
s=..l 

where it- is assumed that as= 0 for s < 0 and s > n. 
. Rule. In root squaring, each coefficient of the transformed equa
tion is equal to the square of the earlier coefficient minus twice the 
product of the adjacent coefficients plus twice the product of the 
next two coefficients, etc. If the required coefficient is absent, it is 
considered equal to zero. 
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. 5.9 THE LOBACHE.VSKY-GRAEFFE METHOD FOR THE CASE 
OF REAL AND DISTINCT ROOTS 

Suppose the roots X1 , x2 , ••• , xn of an nth degree equation with 
real coefficients 

( 1) 

are real and unequal in modu Ius. Arrange them in order of decreas
ing moduli: 

I X1 I > I Xz I > · · · > I Xn I 
Repeatedly applying the root-squaring process, we form the equatiem 

b oYn + blyn -1 + • . • + b n = 0 ( 2) 

· whose roots are the numbers 

(k= 1, 2, ... , n) (3) 

If p is sufficiently great, the roots y1 , y2 , ••• , Yn are separated 
and, on the basis of the resu Its of Sec. 5. 7, can be determined 
hom the chain of linear equations 

From this we get 

boY1 +bl = 0, 
b1Yz+ b2 = 0, 

2P/-~ 2vbk xk= + J- -yk= -b- (k= 1, 2, ... , n) 
k-l 

(4) 

The signs of the roots xk are determined qy a rough guess, by 
substitution into the given equation, or on the basis of the rela
tions between the roots and the coefficients of the equations. The 
process of root squaring usually continues until the doubled pro
ducts cease to affect the first main terms of the coefficients of the 
transformed equation. 

Rule. The process of root squarin,g is terminated if the coefficients 
of some transformed equation are equal, to within the accuracy of 
the computations, to the squares of the corresponding coefficients of 
the preceding transformed equation due to the absence of doubled 
products. 

Indeed, if the transformed equation corresponding to the power 
2P+l has the form 

and the relations 

(k = 0, 1, 2, ... , n) 
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hold, then we clearly get 

2 p +v---c;; 2v---t;-
'xkl= -= -

Ck-1 bk-1 

Thus, under the circumstances we cannot improve the accuracy 
of the root computations. 

Since, when applying the Lobachevsky-Graeffe metho9, the coef
ficients of the transformed equations generally grow rapid Jy, it is 
usefu 1 to isolate their orders by writing the coeffi·cients in powers
of-ten notation cx.lom, where JcxJ< 10 and m is an integer. It is 
advisable to use logarithms in computations requiring extreme 
accuracy (see [5}). 

Example. Use the Lobachevsky-Graeffe method to find the roots 
of the equation 

(5) 

Solution. The resu Its of the computations carried to four signifi
cant digits are tabulat~d in Table 8. 

TABLE 8 

COMPUTA T!ON OF REAL ROOTS BY THE LOBACHEVSK Y -GRAEFFE METHOD 

Power 

I 
xa 

I 
tZ 

I 
X 

I 
xo 

1 I 0 -3 1 

0 ~ 9 } 6 1 0 
2 I 6 9 1 

36 } 81 } -18 -I2 
4 1 18 69 I 

3. 24. 10Z } 4.761·103 } -1.38.10 2 -0.036·103 

8 I I. 86 · 102 4. 725·103 I 
3. 460· 104 } 2.233.107 } -0.945·104 0 

16 ·1 2. 515. J04 2. 233.107 I 
6.325·108 

} 4. 986· 1014 } -0.447 .JOB 0 
32 I 5.878·I08 4. 986· 1014 1 

3.455.1017 } 2 . 486~ 102
9 . } 

-0.010·1017 

64 1 3 .445· 101 7 2.486·1029 I 
I .I87 ·1036 } 6.I80·10°8 } 0 0 

128 1 I.l87·1035 6.180. 1058 I 
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Stopping with the 64th power of the roots, we have 

-x~4 + 3.445 · 1017 = 0, 
-3.445-1017 ·x~4 +2.486·10z9 =0, 

-2.486 · 10211
• x~ 4 + l = 0 

whence 

XI=+ 
6;/3.445. I 017

, - sv· 2.486 12 
X2 - + 3.445 · 10 , 

sv 1 -z9 x3 = + 2. 486 . 1 0 

Taking logarithms we obtain 

I 
log10 I X1 ] = 64 · 17.53719 = 0.27402, 

1 
log10 I X2 J = 

64 
· 11.85831 = 0.18528, 

1 -
log10 I x.~] = 

64 
· (-29.39550) = 1.54070 

and, consequently, 
X1 = + 1.879, 
X 2 = + 1.532, 
X3 = + 0.347 

In determining the signs of the roots, note that by Descartes' 
rule, equation (5) has one negative root and two positive roots, 1> 

and 
X1 + X2 + :c3 = 0 (6) 

Therefore, the negative root must be the largest in modu Ius and 
we finally get 

x1 = -1.879, 
X2 = 1.532, 
X 3 =0 347 

Relation (6) holds true within the specified accuracy. By way of 
comparison, we give the exact values of the roots obtained by 
Car dan's formu Ia: 

x1 = 2 cos 160° = -1.87938, 
X'"= 2 COS 40° = 1.53208, 
x

3 
= 2 cos 80° = 0.34730 

1) We take into account the fact that the eqt.ration P(x)~x3 -3x+1=0 
has positive roots since P (0) > 0 and P ( 1) < 0. 
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It will be no1ed that in our case the computation of roots was 
somewhat simplified because the extreme coefficients of the equation 
were equal to unity. Generally speaking, when using the Loba
chevsky-Graeffe method it is advisable first to transform the equa
tion so that the leading coefficient is equal to unity and the con
stant term is equa I to + 1 (see [5]). 

5.10 THE LOBACHEVSKY-GRAEFFE METHOD FOR THE CASE 
Of COMPLEX ROOTS ;li 

Let us now generalize the concept of separation of roots. 
Suppose the roots X11 X2, ... , xn of the equation 

aoxn + a1 xn - 1 + ... + an = 0 ( 1) 

satisfy the conditions 

I X1 I ~ I Xz I ~ · · · ~ I ,Y,n I ~ ] X m + 1 I ~ / X m + zl > · · · ~ I Xn ] ( 2) 

In other words, it is assumed that the roots of equation (1) can 
be divided into two categories ;; 
(groups): .z=¢+t7J 

and 

so that the moduli of the roots of 
the first category are very great 
compared with those of the sec
ond category (see Fig. 45, where 
the roots lie in the cross-lined 
regions, while the interior of the 
nonlined annulus is free of roots Fig. 45 
and constitutes a "desert area"). 

Write down the first m relations· between the roots and the 
coefficients of ( 1 ): 

x1 +xz+ ... +xm + (xrn+1 + ... +x,J =- a1' , ao 

x1x2+xzx3+ · · · +xm-1xm+(xmxm+1+ · · · +xn-1x,r)=a2
, ao 

X1Xz. · .xm'+(x1Xz. · .Xm-1Xm+1 + · · · +xn-m+1Xn-m+'2' · .xn)= 

= (-lyn am 
ao 

Neglecting the terms with relatively small moduli (they are in 
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l 
r 

J 

(3) 

From this it follows that the roots Xp X 2 , xm of the first 
category (with large moduli) are approximately the roots of the 
equation 

(4) 

Of the remaining unused n-m relations between the roots and 
coefficients of equati·on (I), we get 

X1X2 ••• Xm(Xm+l +xm+2+ ••. +xn)+ 

+ + + -( l)m+1am+l XzXa. · .Xm+1Xm+z • · • Xn-mXn-m+l· · .Xn- - ~, 

X1X2. · .Xm(Xm+lXm+z+ • • · +xn-1Xn)+.XzXa. · .Xm+1Xm+zXm+a+ • • • 

+x X - ( l)m+2 am+2 
· · • n-m-1· · · n- -~ ~' 

Dropping the relatively small (in modulus) terms, we get the 
approximate, relations 

. . . . . . . . . . . . . . .. . " . .. . . .. . . 

Whence, using the last relation in formulas (3), we find 

(5) 
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Consequently, the roots xm+ 1 , xm+2' .•• , xn of second category 
(with small moduli) are approximately the roots of the equation 

(6) 

Thus, under our conditions, equation ( 1) decomposes into two 
equations of lower degree, each one of which approximately de
termines the roots belonging to one of the categories. 

Arguing· by analogy, we conclude that if the roots of ( 1) can be 
split into p categor.ies 

so that the condition 

X1, Xz, · • ., Xm1' 

Xmt+l' Xmt+2' • · ·' Xmz' 

!x1l ~I Xzl ~- • -~ lxm1 1?>1 Xm 1+il ~~ Xm 1 +2l ~-··?I Xm~ ~~ 

~I Xmp-1 +1 J ~I Xmp-1 +zj ~. · · ~ J Xmp I 
holds, that is, the moduli of the roots belonging to lower catego
ries considerably exceed the· moduli of roots of higher categories 
(we may say that these roots are separated in the group sense), 
then the roots of each category can be determined in approximate 
fashion from the corresponding equations 

aoXm1 + a1Xm1 
-

1 + ... +am!= 0, 
am!imz+ amt+1xmz-1 + ... + amt+m2 = 0, 

(7) 

the powers of which are m1 , m2 , ••• , mP' respectively. In parti
cular, if the roots of (1) are completely separated, then equations 
(7) are linear equations; a pair of complex roots, in the absence 
of other roots of the same modulus,~ will be associated with 
a quadratic equation in (7). · 

We consider here only the simplest cases when equation (1), 
whose coefficients are considered to be real, has one pair of comp
lex roots or two pairs of complex roots with distinct moduli, the 
moduli of the real roots being distinct and different from the mo
duli of the complex roots. More general cases are discussed in 
Kry lov [ 5 J and Scar borough [ 6]. 
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5.11 THE CASE OF A PAIR OF COMPLEX ROOTS 

Suppose 
Xm=u+~v, } (I) 

Xm+ 1 = U-tV 

(it and v real, v =F 0) are complex roots of equation (1) of 
Sec. 5.1 0, and all the other roots xk (k =1= m, k =1= m + 1) of this 
equation are real and satisfy the condition 

\XI I > I Xzl > · · · > I Xm I= I Xm+l I > · · · :> I Xn I (2) 

Applying the root-squaring process, form the equation 

boyn + b1yn-1 + ... + bn = 0 
whose roots are 

(k=l, 2, ... , n) 

Given a sufficiently large natural p, the real roots YP ... , Ym-l• 
Ym+z• ... , Yn will be separated with a high degree of accuracy 
and may be determined from the linear equations 

whence we get 

boY1 + b1 = 0, 

bm-zYm-1 + bm-1 = 0, 
bm+1Ym+2 +bm+z = 0, 

zv-bk xk=+ -b- (k=Fm, k=Fm+l) 
k-1 

The root-squaring process is terminated when the doubled pro
ducts in- the coefficients bit ... , bm-1' bm+ 1 , ••• , bn vanish in the 
next step (to within the specined accuracy). As for the coefficient 
bm, it does not, generally speaking, include vanishing doubled 
products. It may even happen that these products dominate the 
square and the coefficient bm has a changing sign. This is a characte
ristic sign of the presence of complex roots or roots with equal 
modu 1i in equation ( 1) of Sec. 5.1 0, and the unusual behaviour of 
the coefficient bm indicates the position of such roots in the se
quence (2) of moduli. 

Note that the equation under consideration definitely has com
plex roots if the coefficient bm changes sign; thus, in~the case of 
real roots only, all the coefficients of the transformed ~quations 
will clearly be nonnegative. 

According to this general theory, the roots Ym and Ym+t• which 
correspond to the complex roots xm and xm+l• approximately sa-



5.11 Case of a pair of complex roots 

tisfy the quadratic equation 

bm -1Y2 + brny + bm+l = 0 

Note that the coefficient bm. is the middJe one. Since 

xkxk+t = uz + v2 = rz 
where 

r =I xk I= I xk+l 1 
is the common modulus of the complex roots, and 

YmYrn+l =X~P ·xk~I = (x,<x!l+t)zP= (rz)zP 

191 

then, by the property of the roots of a quadratic equation, we 
have 

And from this we determine the square of the modulus of the 
complex roots: 

(3) 

The easiest way to find the real part u of the complex roots is 
to use the relation 

X1 +x2+ · · · +xm-t +(xm+xm+t)+xm+2+ · · · +xn=- aa
1 

f 0 

whence 

and, consequently, 
a 1 1 

U=----
2a0 2 L/1 

11 =1= m 
·k=l=m+l 

X k (4) 

Knowing, by ·virtue of formula (3), the common modulus r of the 
complex roots, we find the coefficient v of their imaginary part: 

V= Vrz-uz (5) 

Using formulas (4) and (5), determine the desired complex roots: 

xm,m+l=u±iv 

It is also possible to seek complex roots in trigonometric form: 

xm, m+l = r (cos (j) + i sin cp) 
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Example. Find the roots of the equation [7) 
x4 +x3 -l0x2 -34x-26= 0 {6) 

Solution. The results of the computations, to four significant di
gits, are given in Table 9. 

TABLE 9 

COMPUTING COMPLEX ROOTS BY THE LOBACHEVSK.Y-GRAEFFE METHOD 

Power x• x3 xz X xo 

1 1 1 -10 -34. -26 

2~ } 
100 ) 1I56 } 
68 ~ -520 

-52 J 
2 I 2I 116 636 676 

44I \ 1.346-I04 l 4.045-105 } 
-239 J -2 .671·104 ( -I.568·105 

0.135·104 ; 

4 I 209 -1.198-104 2.477·I05 4. 570. 105 

4.368· 104 } I.416·l08 \ 6.135·1010 } 2.380-104 -1.035·108 ( 1.088·1010 

0.009-108 J 

8 1 6. 748·104 3.90-107 7.223·I010 2.088-104 

4.554· 109 
} 1 . 521 · 1015 I 5.216·1021 } -0.078-109 -9. 748· 10Hi ~ -0.016·1021 

0 J 

16 1 4 .476·109 -8.227 ·I01" 5. 200·1021 4. 360· 1022 

2.003·1019 } 6. 768-1031 I 2. 704·1043 } 0.002 ·1019 -4. 65~. I.031 f 0 

32 1 2 .oos: 1019 2.113· 1031 2.704-1043 I .90I·1045 

4. 02~. 1038 } 4 . 465 . 106 2 
\ 7 .3I2 ·1086 } -1.084-1063 ( 0 

0 J 

64 1 4. 020· 1038 -6.38-1062 7.312·1086 3.6I4·1090 

From Table 9 it is clear that in the fifth transformed equation 
(with 32nd powers of the roots, 25 = 32), the real roots x1 and x4 
(in descending order of moduli) are separated. These roots can be 
found from the two-term equations 

-x~2 + 2.005 · 1019 = 0, 
-2.704 · 1 043x:2 + 1.90 I · I 045 = 0 
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whence 

= 3
vl.901. 10a 

x4 ± 2.704 

Taking logarithms, we have 
I 

1og10 I X1 \ = 32 -19.30211 = 0.60319, 

l log10 I x<ll = 
32 

· (2.27898 -0.43201) = 0.05772 

Hence 
X1 = +4.010, 

193 

A rough guess convinces us that the root x1 is positive and the 
root x<l is negative. We thus finally get 

x1 = 4.010, x4 = -1.142 

Since the transformed coefficient of x2 changes sign, the given 
equation has complex roots X=X2 and X=X3 which are found 
from the three-term equation 

2.005 · 1019y2 + 2.113 · 1031y + 2. 704 · 10~3 = 0 
where 

y=-xaz 

By the general theory, the modulus of the roots 

r = I Xzl = I x31 
is found from formula (3): 

2 = 3v2. 704 . 1 oz~ 
' 2.005 • 

whence 
log10 r2 = 

3
1
2

- (24.43201-0.30211) = 0.75406 

and, therefore, 
r2 = 5.6763 

Setting 
X2 =U+iv, X3 =U-iV 

we get from 

the relation 
1 

u = 2 (-1-4.010 + 1.142) = -1.934 

·: >.~ coefficient of the imaginary part v is found from the formula 

v= Vr 2 -U2 = V5.6763-3.7404= VI.9359= 1.395 

13 9616 
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Hence 
X2 , 3 = -1.934 ± 1.395i 

Note that the roots xl' and X3 may also be found from the rela
tions between the roots and the coefficients of equation (6); name
ly, we have 

X1 + X 2 + X3 + X4 = -1 , 
X1X2X3X4 = -26 

l!ind from this, using the values of X1 and x4 found ·above, we get 

x2 +X3 = -3.869, 
X 2X 3 = 5.677 

And so x~ and X3 may be found as the roots of the quadratic 
equation 

x2 + 3.869x + 5.677 = 0 

whose solution yields 

X2 , 3 =-1.934 ± 1.391i 

5.12 THE CASE OF TWO PAIRS OF COMPLEX ROOTS 

Suppose equation (1) of Sec. 5.10 admits two pairs of complex 
roots: 

and 

with distinct moduli (u1 , V1 , U 2 , V 2 real and V1 =I= 0, v2 =1= 0); all 
other roots xj (j =I= k, j =I= k + 1, j :f:: m, j :f:: m + 1) of this equation 
are real, distinct in absolute value, nonzero (zero roots can be 
isolated beforehand), and different from the complex roots in mo
dulus; that is, 

l X1 I> I Xzl > · · · > I Xk~1l >I Xk J = lxk+l I>···> I Xm I= 
= I Xm+ 1 I > · · · > I Xn I > 0 {l) 

As usual, performing the root-squaring process in the equation at 
hand up to some power 2P, we get the transformed equation 

boyn + blyn-1 + ... +bn = 0 

whose roots are the numbers 

y i = - x7v ( j = 1 , 2, .... , n) 

For a sufficiently large p, it wi 11 be seen that in passing to the 
power 2P+ 1 some of the coefficients ci of the newly transformed 
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equation 
eozn + c1zn-1 + ... +en= 0 

will be (to within the specified accuracy) squares of the correspon
ding coefficients b i of the preceding transformed equation. Under 
our assumption (1), we finally get 

e i = b} for i = 0, I , 2, ... , k- 1 , k + 1, .... , m- 1, m + 1, ... , n 

and 
ek of::: b: and em =I= b'fn 

This enables us to establish the position of the complex roots. 
Note that a change in the signs of the coefficients bk and brn for 
different exponents 2P serves as a sufficient criterion of the pre
sence of two pairs of complex roots of equation ( 1) of Sec. 5.10. 

The real roots x1 of the equation under consideration are de
termined from the two-term equations 

(2) 

whence 2vl):"" X·=+ J 
J - - b;-1 

The complex roots xk, xk+ 1 and xm, xm+l are found respectively 
from the three-term equations 

(2') 

and 

(2") 

Let us introduce the notation 

'1 =] xk I= I xk+ll 
and 

Noting that 

and 

we can compute from equations (2') and (2") the squares of the 
moduli of the complex roots: 

and 

To determine the real parts u1 and U 2 of the complex roots, use 



196 Ch. 5. Special Techn's for Approx. Solut. of Algebr. Eqs. 

the relations between the roots and coefficients of equation ( 1) of 
Sec. 5.10. We have 

+ + + _ ( 1 )n -1 an -1 
XaXa ••• Xn X1X3 ... Xn • • • X1Xa .•• Xn-1- - ---a; 

and 

Dividing the first equation by the second, we get 

_!_+_!_+ ... +_!_=-an-t 
xl Xz Xn an 

Besides, 

whence, taking into account the relations 

Xk + Xk+l + Xm + Xm+l = 2u1 + 2u2 
and 

we have the following linear system of equations: 

(3) 

where a is the sum of the real roots and a' is the sum of the re
ciprocals of the real roots: 

0= ~ X· 
j:;t;k,k+l,m,m+l J 

and 

a'= L 
j:f;k,k+l,m.m+l Xj 

Finding u1 and U2 from system (3), we determine the coefficients 
vl and v2 of the imaginary parts of the complex roots from the 
formulas 

We finally get 

and 
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Example. Using the Lobachevsky-Graeffe method,, solve the equa
tion (7J 

x4 + 4x:!-3x+3= 0 (4) 

Solution. Applying the root-squaring process up to the 16th po
wer and carrying the result to four significant digits, we obtain 
the results as given in Table 10. 

TABLE 10 

COMPUTING TWO PAIRS OF COMPLEX ROOTS 
BY THE LOBACHEVSK Y -GRAEFFE METHOD . 

Powec I x4 

I 
xa 

I 
x2 

I 
X 

I 
xo 

1 1 0 4 -3 3 

-~} 16 l 
~f 

-2:} 

2 1 -8 22 -15 9 

64} 484 ) 225} 
-44 -240 ~ -396 

18 f 
4 1 20 262 -17) 81 

4-102 
\ 6.864-104 ) 2.924 ·104 

} 

-5.24·102 f 0.684· -10<1 ~ -4.244-104 

0.016-104 ! 
8 1 -1.24·102 7.564·104 -1.320-.104 6.561 -103 

1.538-104} 5.723-109 I 1.743-108 ~ 
-15.128·104 -0.003.109 i -9.927-108 f 

0 ) 

16 I -1.359-10S 5.720-109 -8.184-108 4.305-107 

It is readily seen that in the next transformation the middle 
coefficient will be equal to the square of the earlier value, and 
s9 we stop the root-squaring process. Since for the 16th power 
there are two negative coefficients among the coefficients of the 
transformed equation, equation (4) admits two pairs of complex 
roots: 

and 
Xa, 4= u2 + iv2 

which, respectively, satisfy the three-term equation~ 

X32 + 1.359 · 1 oo · X16 + 5. 720 · '-
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and 
5. 720. 1 og . X 32 + 8. 184 . 1 08 

• X16 + 4. 305 . 1 07 = 0 

From this we determine the squares of the. moduli of these roots: 

ri = 1-:;5. 720 · 1 ov = 4.072 
and 

Since 
1 1 

f2 = 0.2456, (z = 1.3574 
1 2 

it follows, on the basis of system (3), that to find the real parts 
U 1 and U 2 we have the system 

whence 

u1 +u2 = 0, 
0.2456u1 + 1.3574u2 = 0.5 

U 1 = -0.4497, 
U 2 = 0.4497 

Using the squares ri and r~ of the moduli of the roots, we deter~ 
mine the coefficients v1 and v2 of the imaginary parts of the roots: 

vl = vr ri-ui = 1.967, 

V2 = v-r~- U~ = 0. 731 

Thus, the roots of equation (4) are of the form 

and 
X1 , 2 = -0.45_0 ± 1. 967i 

X3 , 4 = 0.450 ± 0. 73li 

5.13 BERNOULLI'S METHOD 

Suppose we have an algebraic equation 

aoxn + al xn -l + ... + art = 0 

whose roots X1 , x2 , .•. , xn are distinct. 
On the basis of the coefficients ak (k = 0, 1; 

ruct a soMcalled difference equation 

(1) 

n) we const~ 

aoYn+i + alYn+i-1 + · · · + a11Yi = 0 (i = 0, 1, 2, ... ) (2) 

which is a recurrence relation relating n + 1 arbitrary successive 
terms of the nonterminating sequence 

(3) 
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The sequence (3) Yi = f (i) (i = 0, 1, 2, ... ) whose terms satisfy 
the difference equation (2) is called the solution of the equation. 
To construct a solution Yi• it is sufficient to specify n initial va
lues y0 , y1 , ••• , Yn- 1 ; the remaining terms Yn• Yn+ 1, ... can be 
found in a step-by-step manner from equation (2). 

Proof is given [8] in the theory of finite differences that if the 
roots x1, Xz, ..• , xn of an algebraic equation ( 1) are distinct, then 
any solution of the difference equation (2) is of the form 

Yi=e1x~+ezx~+ . .. +enx~ (i=O, 1, 2, ... ) (4) 

where e1 , C!., ... , en are arbitrary constants. Thus, equation (I) 
is the characteristic equation of (2). The constants eh e 2 , ••• , en 
can be found from the initial conditions: 

Yo=e1+ez+ ... +en, } 
Yl = e1x1 + e'lxz + ... + enxn, 

Yn-l = e1xq-l + e2x~-1 + ... + enx~-1 

(5) 

Theorem. Let the algebraic equation ( 1) have a unique maximum
modulus root x1 . Then the ratio of two successive terms Yi + 1 and Yi 
of the solution of the difference equation (2) tends (generally speak
ing) to a limit equal to x1 ; that is, 

lim Yi~1 =X1 
i-+oo Yt 

(6) 

Proof. Let 
(7) 

Assuming the roots xk (k = 1, 2, ... , n) to be distinct, we get from 
formula ( 4) 

and 

whence 
Cl+Cz(~)i+l +· .. +Cn (~)i+l 

Yi+l=X . X1 ,x1 

Yi 

1 

C1 +C2 (~Y+···+cn(~Y 
(8) 

If e1 =1=- 0, then, passing to the limit in (8) as i-+ oo and not
ing that by virtue of inequality (7) the limit relations 

(~y--o, ... , (~y~o 
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hold, we will have 

lim Yi+1 =X 
t ..... oo Yi 

1 

Note f. If in an inept choice of solution it appears that C1 =0 
and C2 * 0, then the limit (6) will be equal to the next largest 
(in modulus) root of equation (1). 

Note 2. If for the solution Yi the ratio Yi+
1 oscillates without 

Yt. 
t~nding to a limit, then we may suspect that (1) has complex 
roots which are largest in modu Ius. 

Note 3. Making the change of variable 
1 

X=
z 

in (1 ), it is possible, using Bernoulli's method, to find the least
modulus nonzero root of equation ( 1). 

Thus, as an approximation to the ·maximum-modulus root x1 
of equation (1), we can use the formula 

'where i is sufficiently large. 
In a practical application of the Bernoulli method, one can 

specify arbitrary numbers y0 , y1 , ••• , Yn-l and then, using the. 
formula 

I 
Yn+i=- a (anYi+an-1Yi-1 + .. · + a1Yn+i-1) (i = 0, 1, 2, . ·.) 

0 

compute the sequenc~ of numbers Yn, Yn+ 1, Yn+ 2 , ••• and the ra
tios ....f!.E._ , Yn+ 1 , Yn+z, ..•. If, as i increases, the ratio Yn+i 

Yn-1 Yn Yll+1 Yn+ i-1 

exhibit~ a tendency to approach some number s, the latter is ta
ken as the maximum-modulus root x1 of equation (1), otherwise 
it is extremely possible that the equation ( 1) has several maxi
mum-modulus roots, or (less probable) that the coefficient C1 = 0 
for the initial sequence of numbers y0 , YP ... , Yn- 1 • 

If a crude value a of the largest, in modulus, root x1 is known, 
then it is advantageous, in order to accelerate the convergence of 
the process, to put -

Yo=1, Y1=a, •.• , Yn-1=an-1 

Note that the Bernoulli method reduces to a repetitive sequ
ence of operations of the same type and therefore is very suitable 
for machine computation. 
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The initial values Yi (i = 0, I, ... , n-1) can, generally speak
ing, be taken in arbitrary fashion. One ordinarily takes Yo= y1 = ... 
... =Yn-z=O; Yn- 1 =1. Hildebrand [9] hass.uggested choosing Yi 
so that all the coefficients Ci in (4) are equal to unity. In that 
case, the process _!jJ_ definitely converges as i--+ oo provided there 

Yi-1 
is a unique maximum-modulus root of equation (1). 

The Bernoulli method can also be used to compute the complex 
roots of equation (1) [IO]. 

Example. Find the maximum-modulus root x1 of the equation 
xo+Sxt~-5=0 

solution. The appropriate difference equation is of the form 

Yi+r,=5(yi-Yi+4) (i=O, I, 2, ... ) (9) 

In arbitrary fashion we take the values 

Yo= 0, Y1 = 0, Y2 = 0, Ya = 0, Yi! = I 

By formula (9) we compute the values of Yi for i;:;:: 5. These values 
are listed in Table 11. 

i 
I 

5 
6 
7 
8 
9 

TABLE 11 

FINDING THE ROOTS OF AN ALGEBRAIC EQUATION 
BY THE BERNOULLI METHOD 

Yi 
I 

lli 

II 
i 

I 
Yi 

I 
___JJ_ 

Yi-1 Yi-1 

-5 -5 10 I 15,575 -4.992 
25 -5 11 -77,750 -4.928 

-125 -5 12 388,125 -4.99196 
625 -5 13 -1,937,500 -4.991948 

-3120 -4.992 

Terminating with y13 , we have 

X ""'Y1a_ 1,937,500=_4 991948 1 ,__,Y1z- 388,125 · 

whence, taking y12 into account, we can approximately put 

X1 = -4.99195 

In conclusion, it is worth noting that new methods of solving 
algebraic equations have recently appeared with convenient com
putational schemes (Lin's method, the method of N. V. Paluver, 
and others) [10]. 
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Chapter 6 

ACCELERATING THE CONVERGENCE OF SERIES 

6.1 ACCELERATING THE CONVERGENCE 
OF NUMERICAL SERIES 

We say that the series 

al + a2 + ... +an + ... (1) 

converges slowly if we have to take a large number of terms of the 
series in order to obtain the sum to the required degree of accu~ 
racy. For instance, suppose we have to find the sum of the series 

I 1 1 
S = 12 + 22 + ... + n2 + . . . (2) 

to within I0- 6 • For the nth remainder ·of the series we have 
00 

S
dx 1 

Rn < x2 =-;; 
n 

Thus, our accuracy will be assured if we take the sum of 1,000,000 
terms of the series, but this is impossible in any practical sense. 
Therefore, in solving this problem we regard the series (2) as a 
slowly convergent series. 

To find the sum directly of a slowly convergent series to a 
specified accuracy e is, generally speaking, an arduous task or 
practically impossible. Of importance, therefore, are transformations 
of the series which accelerate the convergence. We shall examine 
here the Kummer transformation [3], [4), which will be found to 
be useful in a number of cases. 

Let the series (1) converge and let the sum be A. We choose 
an auxiliary convergent series 

b1 + b2 + ... + bn + .. . (bn =F 0) (2') 

the sum of which, B, is known, a series such that 

lim 0l=q =F 0 
n-+ QC b, 

(3) 
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Then we have the obvious equation 

n=ol n:::=l n:=-1 

or 
oc 

(4) 
rz=::;l 

In particular, if an"'"' bn, then q = 1 and we have 

( 4') 
n=l 

Thus, finding the sum of the series (I) is rep laced, in the genera I 
case, by finding the sum of the series 

n=l 

The remainder of the series (5), RN, may be written as 
00 00 00 

RN= L (an-qbn) = ~ (1-q~) an= L enan 
n=N+l n=N+l n n=N+l 

b where en= l-q....!!..--+ 0 as n- oo. 
an 

(5) 

For this reason, in the genera J case, the series (5) converges 
faster than the original series (I). The main difficulty in applying 
the Kummer transformation consists in choosing a suitable auxiliary 
series (2'). 

We demonstrate the application of this transformation for the 
positive series ( 1) whose terms an are rationa I functions of an 
integral variable n; that is, 

- a0nP+a1nP- 1 -j- ... +ap 
an= ~ 0nq+~1nq_ 1 +···+~q (n=l, 2, ... ) (6) 

where p and q are nonnegative integers and a 0 > 0, ~o > 0. For 
convergence of a series with general term (6), it is necessary and 
sufficient,, that the inequality q ~ p + 2 hold true. 

In this case 

(at least!). 

1> We say that an is an infinitesimal of order not less than m with respect 
l -

to-: 
n 
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Consider the auxiliary series 

r;J:) 

s<ml = ~ --::-:--1 ~-:----:-
n=l n(n+1) ... (n+m) 

(m= 1, 2, ... ) (7) 

Since 

1 [ I 
n(n+1): .. (n+m) =--;n n(n+l) ... (n+m-1) 

(n+ 1) (n+~) ... (n+m)] 

it follows that 

N 

s~> = L ---,---~--, 
n (n'+ 1) .. . (n+ m) 

n=i 

Hence 

s<m) = Jim s<;> ·= - 1-
N ... oo mml 

(8) 

Utilizing Stirling's idea, represent the general term of the seri~s 
as defined by formula (6) in the form of a finite sum of inverse 
factorials 

a At + A2 + '+ , Am + an<m> 
n=n(n+I) n(n+l)(n+2) ·.· · n(n+I) ... (n+m) 

where A1 , A2 , ••• , Am are undetermined coefficients and a~m> is the 
remainder term. Select the coefficients A; (i = 1, 2, ... , m) so that 

if 

(m) _ 0 ( 1 ) an - n2+m 

lim ( ;n)m =C ¥= oo 
n-+oo _ 

n 

If c i= 0, then an is art infinitesimal of order exactly m with respect to _.!._ . 
·n 
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For this purpose it suffices to determine the coefficients A; suc
cessively from the formulas 

A1 = lim n (n + 1) am 

1 
l (9) 
f 

I 
) 

In accordance with the general schemet we take for the auxiliary 
series (2) 

B = ~ b = ~ [ A1 + Az + Am J = ~ n ~ n(n+1) n(n+l)(n+2) + · ·.· n(n+l) ... (n+m) 
n=l n=i 

= AlSto + A2s<z> + ... + Ams<m> = 1 ~11! + 2~221 +· ... + m~; I (10) 

It is obvious that 

and 

lim ~ = 1 
n-.~ bn 

r;J:) r;J:) 

S= Lan=B+L a~m> 
n=l n=i 

( 11) 

r;J:) 

Since the rapid convergence of the supplementary series ~ ahm> 
n=i 

is, genera Ily speaking, revealed only for a sufficiently large n, it 
is convenient in a practical sense to perform the indicated trans
formation beginning with some term ap+l of the series. Assuming 

p r;J:) ~ 

S= ~an+ ~ an=Sp+ ~ a,z 
n=l n=p+i n=p+i 

we have 
a;, 

S _ S + ~~ [ A1 + A2 + + Am + <m>] _ 
- P ~ n(n+l) n(n+1)(.n+2) ··· n(n+1) ... (n+m) an -

n=p+l 

+ Am ~ [ 1 _ 1 J + ~ <m> = 
• • · m J;,.; n (n+ 1) .. . (n +m-1) (n + 1) . .. (n +m) ~ an 

n=p+l n=p+l 
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n=p+l 
~ 

In particular, as m---+ oo, we obtain Stirling's expansion (taking 
into account that a~m> =+ 0): 

oo P I A 1 
L_an= ~an+ A1· p+I +-f · (p+ l)(p+.2) + · · • 
n=i n=l 

Am 1 + 
· · · +-;n· (p+I)(p+2) ... (p+m) · ·• 

Example. Find the sum of the series 
a;, I 

S= L. n2+1 ( 12) 
n=l 

to within 0.00 l. 
Solution. Setting 

I A1 + A2 + <~) 
n2 + 1 = n (n + 1) n (n + 1) (n + 2) an. 

we have 

A I. n(n+1)= l 
1 = Im z+ ' n-.oo n 1 

A2 = li~ l n2 I+ 1-n (n ~ 1)] n (n + 1) (n -1- 2) =;~moo (n~;~~+2) 
Hence 

n2 +I 

n3 +3n2 +2n-n3 -2n2 -n-2-n2-l n-3 
n (n+ 1) (n+2) (n2 + 1) = n (n + 1) (n+2) (n2+ l) 

On the basis of formulas (10) and (11) we get 
1 2 · a;, n-3 

S=TlT+ 2·2! + Ln(n+1)(n+2)(n2+l) (l2') 
n=l 

Since for n ~ 3 we have 
n-3 1 

n (n + I) (n + 2) (n2 + I) ~ 1l' 
it follows that 
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And from this it follows that the number of terms in the sum 
(12') may be taken N=IO; these summands must be computed to 
four decimal places in the narrow sense. We thus have 

S ~ 1.25 + (-0.1667) + (-0.0083) +O+ 0.0005 +0.0004 + 
+ 0.0002 + 0.0002 + 0.0001 + 0.0001 + 0.0001 = 1.0766 

Noting that the sum of the first four summands is exact, for the 
absolute error of the result we get the estimate 

~ < ~ ·10- 3 + 7. ~ ·10- 4 < 0.7·10- 3 

Rounding, we find 
s ~ 1.077 

with the limiting absolute error 

~=0.7-10- 3 +0.4·10- 3 = 1.1.10-a 

Note that for the remainder of the given series {12) we have 
the estimate 

00 00 

S 
dx sdx 1 1 

R N< x2 + 1 < --xz = N ~ 2 · 0 · qp 1 
N N 

_ whence N ~ 2000, which means that without the transformation 
we would need about 2000 terms of the series to attain the same 
accuracy. 

Note. We could also use the following series for an approximate 
computation of the sum of the series ( 1) with general term (6): 

oo I ns 2: ns = 945 ' etc. 
n=:l 

Generally speaking, 

~ _1 __ (-1)P-l. B2p(2n)2P 
~ n2P- 2 (2p)! 
n=l 

where Bn (n = 1, 2, ... ) are Bernoulli numbers [5], [6] defined by 
the symbolic formula 

(8 + 1}n-8n = 0 

in which, after expanding by the binomial theorem, we put Bn = Bn. 
In particular, we have 

I l I 1 5 
82=6• 84=-30' 86=42' 8a=-30' 81o=66 

(see Sec. 16.11 ). · 
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6.2 ACCELERATING THE CONVERGENCE OF POWER SERIES 
BY THE EULER-ABEL METHOD 

Consider the convergent power series 
r:n 

f (x)= ~ anxn 
n=O 

where f (x) is the sum of the series. 
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(1) 

Let the radius of convergence R of series ( 1) be finite and non
zero. Without loss of generality, we can take it that R. = 1.1> 

Write the series ( 1) as 

f (X) = a0 + Xcp (X) (2) 
where 

00 00 

cp (x) = ~ anxn-1 = ~ an+lxn (3) 
n==l n=O 

Multiplying both sides of (3) by the binomial 1-x, we get 
00 00 

(1-x) cp (x) = ~ an+lxn- ~ an+lxn+l 
n=O n=O 

(4) 

Assuming n + 1 = m in the second sum and noting that the sum 
does not depend on the summation index, we have 

Therefore 
00 00 

(1-x) cp (x) = ~ an+lxn- ~ anxn = . 
n=O n=l 

00 00 

= ao+ ~ (an+l-an) xn = ao + 1: 8anxn 
n=O n=O 

(n = 0, 1, 2, ... ) 

are finite differences of the first order of the coefficients an (for 
more on finite differences see Sec. 14.1). Thus from formulas (3) 
and (4) we derive 

00 00 

cp(x)=L an+lxn=laox+l 1 xL !1anxn-
n=O n=O 

1> Indeed, if 0 < R < oo and R :1= l, th~n, assumi~g t = ; , we get a power 

series in the variable t with radius of convergence p = 1. 

14 9616 
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and, hence, 

that is 

L a x L a xn =-0
- +-- 8a xn 

n 1-x 1-x n 
n=O n=O 

(5) 

This transformation of a power series is called the Euler-Abel 
transformation. Analogously, applying the Euler-Abel transforma-

oo 

tion to the power series ~ !J.anxn, we find 
n=O 

where 
8 2an = 8 (IJ.an) = 8an+ 1 -8an 

are finite differences of the second order of the coefficients an, whence, 
on the basis of formula (5), we get 

00 ( 00 ) a x !1a x "' a xn = _o + - _o + --""---~ 8 2a xn = 
~ n 1-x 1-x 1-x 1-x...::.... n 
n=O n=O 

Repeating the Euler-Abel transformation. p times in succession, we 
obtain 

where 
(n=O, 1, 2, ... ) 

are finite differences of the pth order of the coefficients an, and 
(1ka0 (k = 0, 1, 2, .. -.) are the successive finite differences of the 
coefficients an for n = 0. Thus 

p-1 00 

f ( ) ~""" /J. k xk ( X ) p "\:""" /j. JC"" 
X =t-o ao (1-x)k+l + T=x f::o Pan (6) 

where 8°a0 = a0 • Formula (6) is advantageously used when the finite 
~differences /j.Pan are of higher order of decay, as n---+ oo, than the 
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coefficients an. Thi_s occurs frequently. For example, if an= ~ , then 
we get 

11a =-I __ _!_=- -,..--1~ 
n n+l n n(n+l) 

That is, 11an decreases faster than an as n ~ oo. 
In particular, if an= P (n), where P (n) is an integral polyno

mial of degree p-1, then formula (6) yields the sum of the series 

(jxj<1) (7) 

in closed form, since f1PP (n) = 0. 
Formula (6) becomes meaningless when x = I. The Euler-Abel 

transformation may be modified to accommodate this case. Setting 
x=-t, we have 

00 00 

f (x) = ~an (-t)n = ~ (- lta,Jn = 
· n=O n=O 

p-1 r.() 

= ~ f1k [(- I )na ] - tk < -+- (_t_)P ~ f1P [(- 1 )na ] tn 
~ n n-O (1-f)k+l . \1 -t .£..,;. n 
k=O n=O 

Retu.rning to the earlier variable, we obtain 

00 

+ c ~x)p ~ (- J)n+p f1P [(- ltan] Xn (8) 
n=O 

Formula (8) is meaningful for x= 1 as well. 

Example 1. Find the sum of the series 

~ xn 
f (x) = ~ (n+ l) (n+2) 

n=O 
(9) 

to within 0.001 when x=-1. 
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Solution._,Apply the Euler transformation .twice (p = 2) to get 

l 

Hence 

a,1 = (n+ 1) (n-f-2) ' 
1 1 

11an=an+l-an= (n+2)(n+3) (n+1)(n+2) 
2 

(n+l)(n+2)(n+3)' 
2 

I:J.Zan = 8an+1-!lan =- (n+2) (n+3) (n+4) + 
2 6 

+ (n+ l) (n+2) (n+3) - (n+ I) (n+2) (n+3) (n+4) 

From this, on the basis of formula (6), we get 

1 l 2 1 t (-1) = 1:2. 2+ 1·2·3. 4+ 
00 

( 
l )2 ~ 6 + -2 ~ (n+ J) (n+2) (n+3) (n+4) (-It= · 

n= 0 . 

1 l 3 l 3 l 3 l 3 l 
=4+12+2. 24-2. w+2. 36o---r· 840+ 

3 l 3 l 3 l 
+2. 1680-2.3024 +2. 5040--... (lO) 

The series ( 10) is an alternating series with terms decreasing 
monotonically in modu Ius. Therefore, if we sto.p with the term 

3 l l 
2 . 3024 = 2016 

then the remainder R of the series will not exceed (in modulus) 
the first discarded term: 

Thus, taking two extra digits, we have 

f (-1) = 0.25000 + 0.08333 + 0.06250-0.01250 + 
+0.00417 -0.00179 + 0.00089-0.00050= 0.38610 

·with absolute error 

8 <5·_!_·10- 5 +3·10- 4 <4·10- 4 
2 
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Rounding this number to three decimals, we get the approximate 
value f (-1) = 0.386 with limiting absolute error 

8 < 4-10- 4 + 1·10-t~={ · 10-s 

The exact value of the sum is 

f(-1)=21n2-I =0.38630 ... 

It will be noted that if one computed the number f(-1) di· 
rectly, using the series (9), roughly forty-five terms of the series 
would be needed to attain the required accuracy. 

Example 2. Find the sum of the series 

S (x) = L, (n2 +n+ I) xn 
n=O 

Solution. We have 

Construct Table 12. 
TABLE 12 

TABLE OF FINITE DIFFERENCES 

n 

I 
p (n) 

I 6P (n) I ().Zp (n) 

0 1 2 2 
1 3 4 
2 7 

! 

Formula (7) yield.s-

for jx I< L 

S ( ) 1 + 2x + 2x2 
X = 1-x (l-x)Z (1-x)3 

6.3 ESTIMATES OF FOURIER COEFFICIENTS 

The Fourier trigonometric series of a given function 
f (x) (- rr < x < n) 1 ) is the series 

a; + L (an cosnx+bn sinnx) 
n:: I 

( 1) 

ll For the sake of simplicity of formulation we consider the function defined 
on the interval [- n, n]. The general case of the function cp (t) defined on the 
interval [a, b] may be reduced to ours by means of the linear substitution 

t= b+a + b-a x 
2 2n 
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the coefficients a,tt bn of which [Fourier coefficients of the function 
f (x)] are computed from the formulas 

:n; 

a1 = --k- 5 f (x) cos nx dx 
-:n: 
:n; 

bn = --k- S f (x) sin nx dx 
-:n; 

(n = 0, 1, ... ), (2) 

(n= 1, 2, ... ) (2') 

A sufficient condition for the existe·nce of a Fourier series of 
a function f (x) is the integrability of the function on the interval 
[- n, n]. In this case, the Fourier coefficients (2) and (2') have 
definite finite values. 

It may happen that the resulting Fourier series diverges or con
verges to a different function. We give without proof [ 1], [7]. the 
conditions under which a Fourier trigonometric series converges 
to a function f (x) at all points of continuity of the function. 

Convergence theorem. If a function f (x) is piecewise continuous 
and piecewise differentiab.le on the interval [- n, n], then its Fou
rier series converges on the whole number axis and its sum S (x) is 
a periodic function, with period 2n, equal to 

S(xo) = f(xo-O)tf~xo+O) (3) 

at any point x0 E (- n, n) and S ( + n) = 2 - 1 
[ f (----: n + 0) + f ( n - 0)] . 

- In particular, S (x0 ) = f (x0 ) if the function is continuous at the 
point x = X0 , that is, if f (X0 - 0) = f (X 0 + 0) = f (X0 ). 

If, besides, the function f (x) is periodic with period 2n, then 
its Fourier series converges for every value X 0 and has the sum (3). 

If the conditions of the convergence theorem are fulfiiled, then 
it is obvious that an--+ 0 and bn---+- 0 as n--+ 00. w~ give more 
exact estimates of the Fourier coefficients by imposing certain 
restrictions on the behaviour of the function ·f (x). 

Definition. We say that a function f (x) specified on the interval 
[- n, n] belongs to periodicity ·class (;<m> if: 

( 1) f (x) is continuous on [- n, n] together with its derivatives 
up to order m inclusive; 

(2) f<k> (- n + 0) = f<k) (n-O) for k = 0, I, 2, ... , m, that is, 
at the endpoints of [- n, n] the values of the function f ( x) must 
coincide with its first m derivatives. 

From .Conditions ( 1) and (2) it follows that a periodic continua
tion of f (x) belongs to the class c<ml (- 00. + 00 ) • 

. Lemma. If a function f (x) belongs to periodicity class C (m> on 
the interval [-n, n] (more briefly, f(x)EC<m> [--n, n]), then ·its 
Fourier coefficients an and bn are infinitesimals, as n---+ oo, of order 
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higher than m with respect to - 1
-, that is 1 n 

an=O (~~), bn=O (n~) 1~ 
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Proof. Integrate the right members of the following equations 
by parts m_ times; 

:n; 

an = + 5 f ( x) cos nx dx 
-:n: 
:n; 

bn = + 5 f (x) sin nx dx 
-:n: 

(n=O, 1, ... ), (4) 

(n= 1, 2, ... ) ( 4') 

Putting u = f (x) and dv =cos nx dx, we find du = f' (x) dx and 
v =_!__sin nx. Thus, by the formula for integration by parts-, we have 

n 

.:... an= _I [-
1 f (x) sin nx] :n: __ I s:n: f' (x) sin nxdx= 

n n nn 
. -:n: -:n; 

:n; 

= n~ 5 f' (x) cos ( ; + nx) dx 
-:n: 

Applying integration by parts once again and noting that 
f' (- n)=f' (n), we get 

an="~ {[ ~ f' (x)sin ( ~ + nx) I~" ++I(f"x) cos(]-· 2+nx )dx ]}= 
n 

=n~2 5 f"(x)cos (~ ·2+nx)dx 
-:n; 

and so forth. 
After an m-fold integration by parts we have, in formulas (4) 

and ( 4'), 

:n; 

an= n~m 5 J<m> (x) cos ( ~ .· m+nx) dx 
-n 

1
> The notation an= o (n~) means that n ~~ (at) =0. 

' nm 
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Similarly 
:rr; 

bn = n~m 5 f\m> (x) sin ( ; · m + nx) dx 
-:rr; 

The integrals 

and 

:rr; 

en=+ 5 rm) (x) cos ( ~ . m + nx) dx 
-:rr; 

3t 

e~ = +- s rm> (x) sin ( ~ . m + nx) dx 
-J-t 

are, to within sign, the Fourier coefficients of the continuous (by 
hypothesis) function f (m> (x). As is well known, the Fourier coef
ficients of a continuous function tend to zero as their numbers 
increase without bound, irrespective of whether its Fourier series 
converges or not. 1> Therefore 

en--+ 0 and e~--+ 0 as n--+ oo 

But since 

it follows that the Four'ier coefficients an and bn of the function 

f (x) are infinitesimals of higher order than n~ : 

b =0 (~1 ) n nm 

A. N. Kry lov used this resu It as the basis for a method of acce
lerating the convergence of the Fourier series. 

Note. If rm> (x) satisfies the conditions of the convergence theo
rem, then it is easy to prove that 

En= 0 ( +) and e~ = 0 ( +) 

1 ) This follows from the fact that for any piecewise continuous function f (x) 
with Fourier coefficients an and bn (n = 0, 1, 2, ... ) the Bessel inequality [7] 

a2 cp . 1 sn r:/) y-+ L (a~+b~)~ rr fl'(x)dx is valid. Hence the series~ (a~+b~) 
n==l -n n==l 

converges and a11 ->- 0, bn--+ 0 as n--+ oo: 



6.4 Accelerating convergence by Krylov's method 217 

In this case, a better estimate is obtained for the Fourier coeffi
cients of the function f (x): 

an=O (n,~+~) and bn=O(nm
1
+ 1 ) 

6.4 ACCELERATING THE CONVERGENC~ OF FOURIER 
TRIGONOMETRIC SERIES BY THE METHOD OF A. N. KRYLOV 

Suppose a function f (x) is piecewise continuous and .has piece
wise continuous derivatives Jli> (x) (i = 1, 2, ... , m) up to the mth 
order inclusive on the interval [ -n, n]. Then by virtue of the 
convergence theorem of Sec, 6.3 the function f (x) cah be repre
sented as a Fourier trigonometric series at all its points of conti
nuity: 

00 

f(x)=t+ L(ancosnx+bnsinnx) ( 1) 
n=l 

where an and bn are the Fourier coefficients defined by formulas (2) 
and (2') of Sec. 6.3. In the general case, the coefficients an and bn 
of the series ( 1) slowly approach zero; it is hard to use th'is series 
in any practical sense, all the more so is it inadmissible to diffe
rentiate the series (1) term by term; yet this is required in the 
solution of certain problems, in ·particular those involving the 
Fourier method. 

The underlying idea of Krylov's method [8] is that one takes 
out of the function .f (x) an elementary function g (x) (ordinarily 
a piecewise polynomial function) having the same discontinuities 
as f (x); its derivatives g<i> (x) (i = 1, 2, ... , m) up to the mth 
order inclusive have the very same discontinuities as the corres
ponding derivatives [li> (x) of the given function f (x) and, what is 
more, g (x) is such that 

f(i) (-n + 0)-g(i> (-n + 0) = fU> (n-0)-g<i> (n-0) 
(i=O, 1,2, ... ,m) 

In that case the difference 

q; (x) = f (x)- g (x) 

will belong to periodicity class c(m.l. 

Denoting the Fourier coefficients of the function q; (x) by an 
and ~n (n = 0, I, 2, ... ), we get 

f (x) = g (x) + [ ~0 + t, (an cos nx+ ~"sin nx)] (2) 

where cxn and ~n are infinitesimals, as n __. oo, of order higher 
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than m with respect to _.!_. that is, the series (2) will, generally 
n 

speaking, be a rapidly convergent series. This series can be diffe
rentiated term by term at least m-2 times. 

We give a practical demonstration of how the auxiliary func
tion g (x) is constructed from the given function f (x) [9]. To do 
this, on the interva I [ -2n, 2n J we construct recursively a sequence 
of functions a0 (x), a, (x) .... , am (x) having the property 

(3) 

(k = 0, 1, 2, ... , m) and such that the derivatives aJl (x) (i = 0, 
1, ... , k-l).are continuous on [-2n, 2n]. 

We define the function a0 (x) in the following manner: 

for -2n<x<0, 

for 0 < x < 2n, (4) 

for X=-2n, 0, 2n 

!I 

Fig. 46 
.:& 

Its graph is shown in Fig. 46. This function is odd and so its· 
Fourier series contains only the sines of multiple arcs: 

00 

00 (x) = ~ bn sin nx 
n=l 

where 

lt ( lt ) 2 n-x . 2 n-x cos nx n 1 
b =-5--smnxdx=- --- ·--j--Scosnxdx = 

n n 2 n \ 2 n o 2n 
0 0 

=- ---smnx =-2 ( n I . lrt) 1 
n 2n 2n2 o n 

Hence 

( ) _sinx+sin2x+ +slnnx+ 
<1o X - I 2 . . . n ..• (5) 

It is obvious that the function a0 (x) has a discontinuity at the 
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point x~U with a jump equal ton: 

U 0 ( +O)-a0 (-0) =-I- (- i) = n 
and so the function 

'\jJ(x)=a0 (X-X0 ) (-n~x~n, -n~x0 ~n) 

has the same jump at the point X0 as the function a0 (x): 

'\jJ (X0 + 0) -'ljJ (X0 -0) = n 
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The point of discontinuity is the only one on the interval [-n, nJ. 
We define the function a1 (x) by the formula · 

where c1 is a constant. 

X 

a1 (X)=c1 + ~ a0 (x)dx 
0 

Integrating the series (5) termwise, we obtain 

(6) 

(7) 

We choose c1 so that the constant term of series (7) is zero: 
00 

C1 + L ;2 =0 
n=l 

whence 
00 

C1=- L. ~·~ 
n=l 

~ 

The series I,~·~ is clearly the constant term of the Fourier 
n=l 

X 

series of the function ~ a0 (x) dx. From this, using the formula (4), 
0 

we have 

Therefore 
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Hence 

(8) 

and 

( r ~dX-:rtz =:rtZ_(:rt-X)2 for i J 2 6 12 4 
crl(x)=1 ox 

I -s n+x dx- nZ =~- (n+x)2 for l 0 2 . 6 12 4 

The graph of the function cr1 (x) is shown in Fig. 47. The func
tion cr1 (x) is continuous on the interval [-2n, 2n] but its deri-

Fig. 47 -------------- iiz ------------
.... 8 

vative, cr~ (x) = a0 (x), has. a discontinuity at the point x = 0, and 

(J~ ( + 0)- (J~ ( -0) = Jt 

The following functions are defined in the same way: 
X 

0'2 (x) = ~ CJ1 (x) dx + C2 , 

0 
X 

a a (x) = ~ a2 (x) dx + c3 , 

0 

X 

Gm(X)= ~ (Jm_ 1 (X)~x+cm 
0 

where the arbitrary constants C11 C2 , ••• , em are chosen so that 
the constant term of the corresponding Fourier series is zero; that 
is, the constants ck (k = 1, 2, ... , m) are successively found from 
the conditions 

ff r• + f "•-• (x) dx] dx = 0 
0 - 0 
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The functions ak (x) (k = I, 2, ... , m) and all the derivatives 
up to (k- 1 Hh order inclusive are continuous on the interval 
[-2n, 2n]. Here, since akk> (,r) = a0 (x), it follows that 

a1k>(+O)-ak'n(-0)=n (k=l, 2, , .. , m)· 

that is, the deri"vative of kth order of the function ak (x) has a 
discontinuity at x = 0 with jump n. Whence it follows that the 
function 'h(X)= ak(x-x0 ) (-n~x~n) obtained by shifting the 
function ak (x) has a discontinuity of only the kth derivative at 
the .point X= X0 : 

Now let 

X
(l) 

z ' 

... , 

.... ' 
be points of discontinuity of f (x), 

be points of discontinuity of f' (x), 

xim)' X.~m)' .. '' x;.r;:: be points of discontinuity of rm> (x) 

Note that some of these points may be repeated. 
We introduce the following notations for the corresponding 

jumps of the function and its derivatives: 

rn (xjl> + 0)- t(l>) (xJ'>-0) = hf> 
(l=O, 1, ... , m; i= 1; 2, ... , kl) 

We define the function g (x) (jump function) by the formula 

The function g (x) has the following properties: ~ 
(1) at the points xiv>, .xi0>, ... , xk~> it has discontinuities, and 

the jumps at these points are equal to the jumps of the function 
f (x) at the corres·ponding points: 

g (x~o> + O)-g (xt -O) = !!r> [ao (xj-xj + O)-
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(2) the derivative gU> (x) (l = 1, 2, ... , m) is discontinuous at 
the points x~>, xi£\ ... , xkt>; a !so 

l 
([) 

gtt> (xJZ> +0)-g<ll (xj1>-0) = h~ [at (xy>-x1' +0)-

h<!> 
-a (x(f)- x<!>- 0)] = - 1- n = h<.l> 

l I I J1 I 

that is, 
g<l> (X;+ 0)- g<l> (x1_;_0) = f<l> (Xj + 0)- f(l) (x;-0) 

(3) for x =foxY> the function g (x)· has continuous derivatives of 
all orders. 

Suppose 
cp (x) = f (x)-g (x) ( 10) 

By virtue of the first and second properties it fol!ows that 

q><l>(xY>+O)-cp(1>(xi>-0)=0 (l=O, 1, 2, ... , m) 

that is, 
cp (x) E c<m> [ -;;r, n] 

Thus·, the rapidly convergent Fourier series (2) can be used to 
expand the function f (x). Note that by using the expansions 

( 
<-o>) ~ sin n (x-xi0>) 

Cfo X- Xs = ~ n ' 
n-= I 

00 

( (1)) 
( <I>)_ ""cosn x-xs 

C11 X-Xs --.,:;...,. n·~ ' 
n-1 

00 • (2) 

( 
<Z>)- ,___,. srnn(x-x,) 

C1 2 X-Xs -- ~ n:> v 
n::::l 

it is easy to write the Fourier expansion of the function .g (x). 
What we obtain finally is that the Fourier series of the function 
f (x) consists of: (a) a slowly convergent part which is summable 
in elementary terms to the function g (x), and (b) a rapidly con· 
vergent remainder which is the Fourier series of the fu-nction 
cp(x)EC11111 

(- Jt, n]. 
Note. If the limiting values of the function f (x) or of its deri

vatives f' (x), ... , f<k> (x) (k ~ m) do not co inc ide at the endpoints 
of the interval [-n, n], i.e., 

f<L>(-n+O)+rl)(n-0) (l=O, I, 2 .. · .. , /{) 
.then the points x =- n and x = n are to be regarded as points 
of discontinuity of f (x) or, respectively, of the derivatives f([) (x). 
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Assuming that f (x) is periodically continued beyond the limits 
of the interval [-n, n] with period 2rr, we find that the jump 
of the derivatives at the points x =- n and x = n is one and the 
same and is equal to 

h(l) = rn (- Jt + 0)- fll> (n- 0) 

By the periodicity of the function at (x) we have 

at.(x + n) =at (x- n) 

On the interval [-n, n], the function afl>(x+n) admits two 
discontinuity points (x =- n and X= n) with one and the same 
jump n. And so we have to include only one endpoint, say X=- n; 
in formula (9). Indeed, by (9), the jump in the derivative gU>(x) 
at the point x =- n is equa 1 to 

h(l) 
g(t> ( -n + 0) -gU> (-n-O)=- [aU> ( + 0)-au> ( -0)] = h<l> 

n 

By the periodicity of g<l> (x), this derivative has the same jump 
at x = n as we 11. Consequently, when forming the diff~rence 

f (x) -g (x) = cp (x) 

where only the point x =- n is taken into account, the disconti
nuity of the lth derivative of the function cp (x) is removed both 
at the point x =- n and at x = n. 

Example. Using Krylov's method, accelerate the convergence of 
the Fourier series of the function (Fig. 48a) 

f ( x) = { X
2 + 1 for - n < x < 0, 

x2 for 0 < x < n 

!J -- ------ ________ l 

-rr 

Fig. 48et 

1 
nz ------ ,--r 

Fig. 48b 
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Solution. By virtue of the note, the function f (x) has points of 
discontinuity on the interval [-n, n]: X1 =-n, X;~=O, X3 =n. 
Computing the Fourier coefficients, we obtain 

ao= 1 +2;2' an=~(-lt, bn= { -~n for n odd, 
0 for n even 

Hence, the Fourier series of the function f (x) has the form 

(11) 

The convergence of ( 11) is poor since the coefficients bn = 0 ( ~) 
decrease slowly. From the function f (x) we isolate the jump func-
tiong(x) so that cp(x)= [f(x)-g(x)]EC(ml [-n, n]. ~· 

Let us compute the jumps hj0
) of zero kind at the points 

xi(j=l,2,3): 

hj0 ) =f(-n+O)-f(n-0)= (n2 + l)-:rt2 = 1, 
h~O) = f ( + 0) - f (-Q) = 0- } =- - } , 

h~O) = hiD) = } 

On the basis of formula (9) and taking into account the note, 
we get 

or 
g(X)=~. n-(x+n) +~. n+x =_!_ 

n 2 n 2 2 

for - n < x < 0 and 

( ) 
1 n- (x +n) 1 n-x 

gx=-n· 2 n·-2-=-2 

for 0 < x < n. 
Subtracting from f (x) the jump function g (x), we get the function 

I 
cp (x)= x2 + 2 

which is continuous on the interval [ -n, n] (Fig. 48b). Since 
r:J) 

O'o (x) = L sinnnx 
n=l 

and 
00 00 

( + ) ~ sinn(x+.n:) ~ (--J)n . 
a 0 X n = £... n = .i....J -n- s 111 nx 

n=l n=l 
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it follows that 
00 IX> 

1 2: ( -1)1t . 1 L I • g(x)=- --smnx-- -smnx= n n n n 
n=l n=l 

Hence· 
00 

1 n2 ~ ( -l)n 
f(x)=g(x)+ 2 +3 +4 ~~ cosnx 

n=l 

and the coefficients of the transformed Fourier series. have the 

order of decay 0 (~2 ). 
Note that if from f (x) we isolate the jump function g(x) to 

within the discontinuities of the derivative, then the remainder 
wi 11 be identically zero; that is, we get the exact sum of the 
series (10). 

Hote. The method of A. N. Krylov is also applicable to Fourier 
series of period T = 2l. Indeed, let a function f (x) be given in 
the main domain a -l < x <a+ l. Performing the linear transfor
mation 

l x=a+-t n 

we obtain the function F (t) = f (a+ ~ t ) of period 2rt defined in 

the standard domain -n < t < n. 

6.5 TRIGONOMETRIC APPROXIMATION 

Suppose we ilaye a convergent trigonometric series 

00 

~ (an cos nx+ bn sin nx) = S.(x) 
n=D · 

(1) 

whose sum is S (x) and not known. It is required to compute this 
sum to a preassigned degree of accuracy. 

'It is obvious that the faster the coefficients an and bn of ( 1) 
tend to zero, the smaller the· number of terms we have to take 
to ensure ·the . given accuracy. Therefore, it is best to accelerate 
the convergence of the series before computing the sum. The usual 
procedure is as follows: from the giverr series is extracted some 
trigonometric series, whose sum g (x) is known, such that the re-

15 96!6 
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maining series 
00 

~ (an cos nx + ~n sin nx) (2) 
n==O 

is more rapidly convergent than the original series. 
If 

00 

g (x) = ~ (an cos nx + bn sin nx) 
n=O 

then 
Cl:) 

S (x) = g (x) + ~(an cos nx + ~n sin nx) (3) 
n=O 

where· 

(n=O, 1, 2, ... ) 

In the simplest cases, we can use the earlier considered expan
sions for constructing the function g (x): 

-L si:nx = ao (x) = n-;x (0 <X< 2n), 
n=l 

12 (O~.x~2n), 

9 • • • • • • • • • ~' • • • • • 

Also useful are the following expansions [7] 
00 

L cos nx I ( 2 . x ) --=- n Sin-n 2 
n=l 

(0 < x < 2n), 

oo X 

2.: si::x = - S ln ( 2 sin ~ ) dx (0 ~ x ~ 2n), 
n=l 0 

C10 X X 00 

~ cos nx s 5 ( . x ) ~ 1 ~ ~ = dx ln 2 Sin 2 dx + ~ na 
n= I 0 0 n=l 

(0 ~x~ ~n) 

00 

where L ~3 = 1 . 202056903 .... 
n=l 
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Example. Find the sum of the series 

S (x)= I, n~ 1 sinnx 
n=l 

to within 0.001. 

Solution. The coefficients bn = n2 ~ 1 of the series have an order 

of decay 0 ( ~ ) since n ~r~ ( bn; ~) = 1. Let us accelerate the con

vergence of the given series. It is clear that 

n n( 1 ) 1 ( 1 1 ) 1 I n'+l =n' I+~, =n, l-n,+n•-:-··· =n-n•+'ln 

where 

Then 
IX> IXl IXl 00 

1: n . . ~ sin nx I, sin nx I, . --sm nx= --- --+ r smnx 
n=l n

2 + 1 n=l n n=l na n=l n 

But 
IX> "' 
~ sin nx _ ( ) 
~ -n- -O'o X 
n=l 

and ~ sin nx _ ( ) 
~ -ri3- -0'2 X 
n=l 

Thus 

S (x) = 0'0 (x) + 0'2 (x) + I, 'Vn sin nx 
n::l 

where Yn = na (n~+ l) 0 (~o) · 
IXl 

Let N be the number of terms of the series ! 'Vn sin nx which 
n=l 

must be taken so that the remainder RN satisfies the inequality 

I R N I = I £ 'Vn sin nx I < 0.001 
N+l 

Let us find the number N. We have 

I£ n'(n!+ I) sinnx I< j_: ~6 < ~ ~ = 4~4 
·· N+l N+l N 

I 
Solving the inequality 

4
N 4 < 0.001 we find that N = 5 suffices. 



228 Ch. 6. Accelerating the Convergence of Series 

Hence, to the given accuracy we have 

(0 < x < n) 
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Chapter 7 

MATRIX ALGEBRA 

7.1 BASIC DEFINITIONS 

A set mn of numbers (real or complex) arranged in a rectan
gular array. of m rows and n columns 

1 au a1z a1a 

A= az1 azz azs 

L aml amz ama amn _j 

(1) 

is called a matrix (of numbers). The rows and columns of (1) are 
termed the lines of the matrix. 

The numbers a if (i = 1, 2·, . · .. , m; j = 1, 2, ... , n) that compri'se 
the given matrix are called the elements (or entries) of the matrix. 
Here, the first subscript i denotes the number of the row of the 
element and the second subscript j denotes the numb~;r of its 
column. 

A matrix~ say (1), is often more compactly written as 

A= [aijJ (i = 1 ,-2, ... , m; j = 1, 2, ... , n) 
or 

A= [aijJm, n 

We say .that the matrix A has dimensions m X n, or that A is an 
m-by-n matrix (or an m X n matrix, or is of type m X n). 

If m::::;:: n, the matrix is called a square matrix of order n. If m-=/::= n, 
then it is a rectangular matrix. A 1 x n . matrix is called a row 
vector and an m x 1 matrix, a column vector. An ordinary number 
(scalar) may be regarded as a 1 x 1 matrix. A square matrix of 
the form 

l
o:l . 0 0 ... 0 l 

A·= ~ ~'. 0 .. : .. 0. 

0 0 0 ... an 

(2) 

is termed diagonal and is briefly denoted as [ct1 , · ct2 , ••• , ctnl · 



130 Ch. 7. Matrix Algebra 

If rxi = 1 (i = 1, 2, ... , n), the matrix (2) is called a unit matrix 
and is denoted by the letter E (or /); thus, 

I 1 0 0 0.1 

E= 0 0 0 

Lo o o I_j 

Introducing a symbol called the Kronecker delta, 

O··=j 0 if i=t=j, 
Lj \ 1 if i = j 

we can write 
E = [OuJ 

A matrix with all elements zero is calleci a zero matrix and is 
denoted by 0. To indica~ the number of rows and columns of a 
zero matrix, one writes omn· -

With a square matrix A= [au] n, n is associated a so-called 
determinant: 

det A= 

These are two distinct concepts: a matrix is an ordered set of 
numbers written in the form of a rectangular array; its determi
nant, det A, is a number that is determined by means of specific 
rules, namely: · .... 

(3) 

where the summation (3) is taken over all permutations (rxl' rx 2 , ••• , rxn) 
of the elements 1, 2, ... , n, and, consequently, contains n! sum
mands; x = 0 if the permutation is even and x = 1 if the permu-
tation is odd. · 

7.2 OPERATIONS INVOLVING MATRICES 

A, EQUALITY OF MATRICES 

. Two matrices A= [aii] and B = [bu] are considered equal, A= B, 
If they have the same dimensions, which is to say, if they have 
the same number of rows and columns, and the corresponding 
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elements are equal; thus, 

B. THE SUM AND DIFFERENCE OF MATRICES 

The sum of two matrices A= [ai1] and B = [bif] of the same 
dimensions is a matrix C = [ciJ] of the same dimensions with 
elements cij equal t.o the sums of the ~orresponding elements a;1 
and bii of the matnces A and B; that IS·, ci/ == aij+ bif· Thus, 

1 au+ bu · at2 + bl2 

A+B= a21
1

+b21 azz+bzz 

aln + b1n I 

a2n + b21l 

L amt + bm1 am2 + bmz • · ·. arnn + bmn .J 

·The following properties are derived directly from the definition 
of a matrix sum: 

(1) A+ (B +C)= (A+ B) +C, 
(2) A+B=B+A, 
(3) A+O=A. 
The difference of two matrices is defined analogously: 

1 
au-bn a1z -bn aln -btn l 

A-B= a,.·_:·b,: . a~,~~" .. ~ .. a:·~~'". 
L aml-bml am2--bm2 · · · amn-bmn ..J 

C. MULTIPLICATION OF A MATRIX BY A SCALAR 

The product of a matrix A= [ail] by a scalar a (or the product 
of a scalar by a matrix A) is a matrix whose elements are obtained 
by multiplying all the elements of A by the scalar a; that is, 

I aau aatz 

A a= aA = aa21 aa22 

From the definition of the product of a scalar by a matrix follow 
directly the properties: 

(1) lA=A, 
(2) OA = 0, 
(3) a (~A)= (a~) A,~ 
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(4) (a+~)A=cxA+~A, 
(5) a(A+B)=cxA+aB. 

Jfere, A anq B are matrices, and a and B are scalars. 
Note that if matrix A is square of order n, then 

det aA = cx;n det A 
The matrix 

-A=(-l)A 

is called the negative (additive inverse) of A. It is easy to see that 
if A and B have the same dimensions, then 

A-B=A+(-B) 

D. MULTlPLICA TION OF MATRICES 

Suppose 
r au a1z aln I 

A= a:n azz' a2n 

Lam! am2 amn_j 
and 

r bu biz . . . blq "l 

B = b21 b22 •• , • bzq 

L bPI bpz ... bj;q _! 

are matrices of dimensions m X n and p X q, respectively. If the 
number of columns of A is .equal to the number of .rows of B, 
that is, 

n=p (I) 

then for· these matrices is defined a product, matrix C of dimen~ 

sions m x q: 

[

C11 

C= Cn 
.. 
cml 

where 

c ij = ai1b1i + ai2b2i + ... + ainbnj (i = 1, 2, ... , m; j = I, 2, ... , cj) 

From the definition follows the rule for multiplication of matri
ces: to obtain the element in the ith row and jth column of the pro-
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duct of two matrices, multiply the elements of the ith row of the first 
matrix by the corresponding elements of the jth column of the second 
and add the products. 

The product AB is meaningful if and only if the matrix A con
tains as many elements in the rows as there are elements in the 
columns of matrix B. In particular, it is only possible to multiply 
square matrices of the same order. 

Example 1. 

A= [3 2 8 1] 
1 -4 0 3 , 
12 -11 

1 -3 
B= 

0 1 . ' 

AB= 

[
3 · 2 + 2 · 1 + 8 · 0 + 1 · 3 3 · ( -1) + 2 · ( -3) + 8 · 1 + I · 1 ] 

= 1·2+(-4)·1+0·0+3·3 1·(-1)+(-4)·(-3)+0·1+3·1 = 

[ 
11 OJ 

= 7 14 
Example 2. 

147
1 

: ~].I~ J = [~:: !~:::::~] = [~~] l 8 9 l3 7. 1 + 8. 2 .+ 9. 3 . 50 

A matrix product has the following properties: 

(1) A(BC)=(AB)C, (3) (A+B)C=AC+BC, 
(2) cx(AB)=(cxA)B, (4) C(A+B)=CA+CB 

where A, B and C are matrices and a is a scalar. 
Equations (1) to (4) are to be understood in the sense that if 

one of their members exists, then the other member also exists, 
and they are equal. 

The product of two matrices is generally noncommutative, 
AB ;of:= BA, as witness the examples: 

Example 3. 

A= [1 2] 
3 4 ' 

Then 

[ 
19 22] 

AB= 43 50 ' 

which is to say, AB:t=BA. 

B~ [~ :] 

BA = [23 34] 
31 46 
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What is more, it may happen that the product of two matrices· 
in a given order is meaningful while the product of the same mat. 
rices in the reverse order is quite meaningless. 

For example, if 

A~[! ; ~], B= u ! ~J 
then 

AB = [19 13 7] 
46 31 19 

but B A does not exist. 
When AB = BA, the matrices A and B are said to be commutative. 

Thus, for example, as is readily seen, the un~t matrix E is com
mutative with any square matrix A of the same order, and 

AE=EA=A 

Thus the unit matrix E plays the role of identity (unity) in mul
tiplication. 

If A and 8 are square matrices of the same order, then 

det (AB) = det (BA) = det A· det B 

This formula follows from the rule for multiplying determinants. 
To illustrate, for the matrices g1ven in Example 3 we have 

1
19 221 = 11 
43 50 3 

and 

1
23 341 = 11 
31 46 3 

!II; ~I 

!II~ ~I 
7.3 THE TRANSPOSE OF A MATRIX 

If in an m X n matrix 

A ~ I;::_ ~:~ : : : . ~:~] 
Lam! amz . . . amn 

we replace the rows by the columns, we get what is called the 
transpose of A: 

[au an amtl 
A'=AT= ~12. az?. amz 

. .. ' 

_aln azn ... amn 
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of dimensions n X m. In particular. the transpose of the row vector 

a = [ al a2 . . . an] 

is the column vector 

a'= 

Lan .J 

The transpose of a matrix has the following properties: 
(I) the transpose of a transpose is the original matrix: 

A"= (A')'= A 

(2) the transpose of a sum is equa I to the sum of the transpo
sed matrices of the summands, i.e., 

(A+B)'=A' +B' 
(3) the transpose of a product is equa I to the product of the 

transposes of the factors taken in reverse order: 
(AB)' = B' A~ 

Indeed, the element of the ith row and jth column of the mat
rix ( AB)' is equa I to the element of the jth row and ith cblumn 
of the matrix AB: 

ajlbli+ aj2b'!.i + ... + ajnbni 

This expression is obviously the sum of the products of the 
elements of the ith row of matrix B' by the corresponding elements 
of the jth column of matrix A'; that is to say, it is equa 1 to the 
common element of the matrix B' A'. If A is square, then, clearly,. 

det A'= det A 

The matrix A= [ aij] is called a symmetric matrix if it coinci-
des with its transpose, that is, if . -

A'=A (I) 

From equation (1) it follows that: (1) a symmetric matrix is square 
(m= n) and (2) the elements symmetric about the principal dia
gonal are equal, or 

The product 

C=AA' 
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is obviously a symmetric matrix, since 
C' = (AA')' =(A')' A'= AA' = C 

For example, 

ll 2 

4 5 
36] [3~ 4

] [ }2 + 22 + 32 ~ = 4·1+5·2+6·3 

= [14 32] 
32 77 

7.4 THE INVERSE MATRIX 

1·4+2·5+3·6] = 
42 + 52 + 62 

Definition 1. The inverse of a given matrix is a matrix such that, 
when multiplied on the right (postmultiplied) or on the left (pre
multiplied) by the given matrix, yields the unit matrix. 

We denote the. inverse of matrix A by A - 1 • Then, by defini
tion, we have 

(1) 

where E fs the unit matrix. 
Finding the inverse of a given matrix is called matrix inversion. 

DefinH ion l. A square matrix is termed nonsingular if the deter
minant is different from zero, otherwise it is called a singular 
matrix. 

Theorem. Every nonsingular matrix has an inCJerse. 

Proof. Suppose we have a nonsingu lar matrix of order n: 

[

au a1z • . • aln l 
a21 a22 ... aan 

A= 
• • • • It "" " 

anl an2 . . . ann 
where det A= L\ =1= 0. 

We form the so-called adjoint of matrix A: 

l
,... Au A2J . . . Anl -.j 

A= A.l2. ~22. :. : .An.2 

Aln A2n • • · Ann 

(2) 

where A.ii are the cofactors (signed minors) of the corresponding 
elements aii (i, j = 1, 2, ... , n). 

Note that the cofactors of the elements of the rows lie in the 
corresponding columns, that is, the transpose operation is per
formed. 
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Divid_e. all the elements of the last matrix by the value of the 
determinant of A (by ~ that is): 

I A 11 A21 Ant 
T T T 
A12 Azz An2 

A*= T L\ T (3) 

A In Azn Ann 
T T L\ _j 

We will prove that the matrix A* is the required inverse: 
A*=A- 1 • 

As we know, ( 1) the sum of the products of the elements of 
.a certain line (row or column) of the determinant by the cofactors 
of the elements is equal to the determinant, and (2) the sum of 
the products of the elements of a line of the determinant by the 
cofactors of the corresponding elements of a parallel line (row or 
column) is equal to zero; thus 

and 

where 

n 

-~ a;kA ik = oii~ 
k=l 

f 1 for i"= J, 
0
ii = \ 0 for i =I= j 

Using these properties, form the product AA* to get 
I A11 A21 Ant I 

ran a,. . . . ain 1 T T L\ 

A12 Azz An la21 a., ... a, T L\ 71 AA*= 
" ...... 

an! an2 . . . ann~ Atn Azn Ann 
L T T ~ 

Thus, AA*=E.· 

(4) 

(4') 

-

(5) 
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Formula (5) can be derived faster if we use the compact nota
tion 

A= [a;j] and A*= [A~;] 
Taking reiation (4) into account, we obtain 

[~ Aik] ' AA* = ~ aik L\" = [ 8ij] = £. 
R=J 

Similarly, we see that A*A =E. 
Hence, A*=A-1 , or 

A-1= _I [A··] 
~ Jl 

where 
.1 = det A 

(6) 

Note 1. The inverse A - 1 of a given matrix A is unique. What 
it more, every right inverse (left inverse) of A coincides with its 
inverse A - 1 (if such exists). 

Indeed, if 
AB=E 

then, premultiplying this equation by A - 1 , we get 
A- 1 AB=A- 1E 

or 

We similarly prove that if 

CA=E 
then C= A - 1 • 

Therefore, when verifying relation (I) one equation is sufficient. 
Note 2. A singular square matrix does not have an inverse. True 

enough: since the matrix A is singular, 

det A= 0 
From (1) we have 

or 
0=1(?!) 

which ,is impossible. The assertion is proved. 

Example. Find the inverse of the matrix 

[ 
1 2 3] 

A= -~ -: -~ 



7.4 Inverse matrix 

Solution. Since the determinant 

2 3 
.1= -2 -4 -5 

3 5 6 

the matrix A is nonsingular. 
Form the adjoint matrix 

2 3 
0 0 I =l=FO 
0 -1 -3 

A=[-~-~-~] 
2 1 0 

Divide all elements of A by .1 = I to get 

I 1 3 2l 
A-'= l-~ -: -~J 

The reader is advised to verify that we indeed have 
AA -I= E 

Below are some of the basic properties of an inverse matrix. 
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l. The determinant of an inverse mat nx is equal t(') the recipro
cal of the determinant of the original matrix. Suppose 

A- 1 A =E 

Taking into consideration that the determinant of a product of 
two square matrices is equal to the product of the determinants 
of the matrices, we get 

Hence 

det A - 1 det A= det E = 1 

det A-I=-
1
-· 

det A 

2. The inverse of a product of square matrices is equal to the 
product of the inuer~s of the factors taken in reverse order: 

(AB)-I = B-IA - 1 

Indeed, 
AB (B-- 1A -I)= A (BB-1) A -I= AEA - 1 = AA -I= E 

and 
(B- 1A - 1 ) AB = B-I (A - 1 A) B = B- 1£8 =B-IB= E 

Hence 8-IA - 1 is the inverse of AB. 
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In the more general case, 

(A1A 2 ••• Ap)- 1 = Ap-1 Ap-.:1 ••• A11 

3. The transpose of an inverse is equal to the inverse of the 
transpose of the given matrix: 

(A -1(= (A')-r 

Taking transposes of A - 1A = E, we get 

(A - 1 A)' =A' (A - 1)' = E' = E 

Whence, premultiplying the last equation by the matrix (A')-1 , 

we obtain 

or 

which is what we set out to prove. 

Note. The matrix equations 

AX=B and YA=B 

are easily solved by means of an inverse matrix. 
If det A =1= 0, then 

X=A- 18 and Y=BA- 1 

7.5 POWERS OF A MATRIX 

Let A be a square matrix. If p is a natural number, then put 

AA ... A=AP 
'--y----

p ttmes 

We also agree that A0 = E, whe~e E is the unit matrix. If mat
rix A is nonsingu-lar, we can introduce a negative power and de
fine it l;>y the relation 

A-P=(A-l)P 

The ordinary rules hold for powers of matrices .with integral 
exponents: · 

(1) APAq= AP+q, 
(2) ·(AP)q = APq. 

It is obviously impossible to raise a nonsquare matrix to a 
power. 
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Example t. Let 

Then 

Example 2. Find. 

Solution. We have 

. [a1 0 ... 0 l 0 eGg ••• 0 
A= ....... 

0 0 an 

[
a~ 0 ... 0 l 
0 a~ ... 0 

AP= ...... 
0 0 ... a~ 

r
o 1 o o~ 2 

0 0 1 OJ 
0 0 0 1 

Lo o o o 

[H n]·=[~ H ~][H n]=[~ H !] 
0000 0000 0000 0000 

24t 

If A and B are square matrices of one and the same order, and 
AB=BA, then the binomial formula holds true: 

p 

(A+ B)P= ~ C~AkBp-k 
k=O 

7.6 RATIONAL FUNCTIONS OF A MATRIX 

Suppose 

[xll xl2 ••• xln l 
X= x2.1 • 

·x22 .··.· ~~ J 
xnl xn2 ••• xnn 

is an arbitrary square matrix of order n. By .analogy with the 
formulas of elementary algebra we determine the integral rational 
functions of the matrix X: 

P (X)= A0 Xm+ A1xm- 1 + ... + AmE (right polynomial) 

P (X)= X mAo+ xm-1A1 + ... + EAm (left polpnomial) 

1 f) 96!6 
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where Av(v=O, I, ... , m) are mxn or, respectively, nxm 
matrices and E is a unit matrix of o·rder n. 

GeJierally speaking, P (X) =1= P (X). 
It is also possible to introduce fractional rational functions of 

the matrix X, defining them by the formulas 
R1 (X)= P(X) [Q (X)]- 1 

and 
R2 (X)= [Q (X)]- 1 P (X) 

where P (X) and Q (X) are matrix polynomials and det [ Q (X)J =¥= 0. 

Example. Let 

P(X)=X' + [: -:]x- [~ ~] 
where X is a variable matrix of order two. Find P ( [~ ~J). 

Solution. We have 

pu~ ~D= r~ ~r+ r: -:][~ ~1-r~ ~J = 
= [0 OJ [-1 OJ _ [0 I] = r-1 -I] -- o .. 0 + I 0 1 0 0 0 

7.7 THE ABSOLUTE VALUE AND NORM OF A MATRIX 

The inequality 
(1) 

between two matrices A= [au] and B = [b;j) of the same size means 
that · 

a;i~ bu (2) 

In this sense, just any two matrices are not always comparable. 
We use the term absolute value (modulus) of a matrix A==:: [aij] 

to mean the matrix · 
I A I= [jaijl] 

where 1 a;; I are the moduli of the elements of A. 
If A and B are matrices for which the operations A+ B and AB 

are meaningful, then 
(a) IA+Bl~IAI+JBI, 
(b) ABI~IAI·IBI, 
(c) I a A I= I a I I A I 

where a is a sea lar. 
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In particular, we get 

]AP!~\A\P 

where p is a natural number.-
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By the norm of a matrix A= [a1J] we mean a real number 11 A I! 
which satisfies the following conditions: 

(a) IJAII~O with 1\AII=O if and only if A=O, 
(b) II a A II= I a Ill A I (a a scalar) and, in particular, II-A II= II A II, 
{c) II A+ B II~ II A II +II B II, 
(d) II AB II~ II A 11·11 B II 

(A and B are matrices for which the corresponding operations are 
meaningful.) As a particu,Iar instance, for the square matrix we 
have 

II AP !I ~II A liP 

where p is a natural number. 
We note one more important inequality between the norms of 

matrices A and B of the same size. Using Condition (c), we have 

whence 

Similarly 

hence 

II Bll= II A+ (B-A) II ~II A 11+11 B-A II 

11 A-B II= liB-A~~~ II BJI-11 A II 

j[ A -B!I ~II A 11-ll BIJ 

IIA-BII~IIJBII-11 A Ill 
We call the norm canonical if the following two conditions hold 

true as well: ' 
(e) if A= [a1j], then 

I aij I~ II A II 
and for th~ scalar matrix A= [a 1] we have II A II= I all'' 

(f) from the inequality I A/ ~j B I (A and B are matrices) fol· 
lows the inequality 

IIAI\~IIBII 

In particular, II All= Ill A Ill· 
In the sequel, for any matrix A= [a,.] of arbitrary dimensions 

we will consider mainly three norms that are easily computed; 

(1) II A lim= max~ I au I (the m-norm), 
i i -

(2) II A Ill = m~x ~I a,.1 I (the l-norm), 
I t 

(3) II A l11e= Jrf~l ai; 1
2 (the k-norm). 

l, j 
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Example. Suppose 

We have 

IIAIJm=max(1+2+3. 4+5+6. 7+8+9)=max(6, 15, 24)=24, 
!lAIIt= max(I+4+7. 2+5+8. 3+6+9)=max(I2, 15, 18)= 18, 
II A Ilk = v }2 + 22 + 3Z + 42 + 52 + 62 + 72 + 82 + 92 = 

= v 1 + 4 + 9 + 16 + 25 + 36 + 49 + 64 + 8 i = v 285 ~ 16.9 

In particular, for the vector 

X= 

these norms have the following values: 

I\ X llm =max I X; 1, 
{ 

I! X lll = [ xl[ +I Xzl + · · · +I Xn J, 

II X Ilk = I X I = VI xt 12 + I x 2!
2 + · · · + [ xn 12 

(the absolute value of the vector). If the components of the vector 
are real, then we simply have 

II x !lk = V xi+ x~ + ... + x~ 
Let us verify the Conditions (a) to· (d) for the norms II A lim, 

II A lit and II A_ Ilk· 
It is immediately obvious that the Conditions (a) and (b) are 

fulfilled. Let us assure ourselves that Condition (c) is fulfilled as 
well. Let A= [aij] and B= [bij], A and B being of the same size, 
We have 

II A+ B llm = miax ~ Ja,.i + b;i I~ m~x { t I a;i I+~ I b,.J I} ~ 
~ m.ax ~I ai;! + m~x ~I b;, ! =!!A ffm +!I B.llm 

' I t I 

Similarly 

II A+ B !lt ~ ll A lit+ ll B !It 
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Furthermore, 

JIA+B\\k== v~t _lau+bif\2 ~ V~~.\a,.1 ! 2 +~ lbi1 \ 2 +2~,laii\\biJj· 
, I ~. I t, I t, J 

Applying the familiar Cauchy inequality 1) 

HI aiJII b,.j I~ v~ I a,jj 2
• ,1--f1-,-1 b-:--ij-:-1

2 

1> The proof of the Cauchy inequality follows: 

I,~, •sbs r,.;;; .~I "s I'·.~ I bs I' 

where as and bs (s = 1, 2, ... , n) are arbitrary complex numbers. Let '}.., be a 
real variable. We consider the obvious inequality 

n 

~ I asA+bseirp~ \2 ~ 0 (*) 
s= 1 

where fPs are some real . numbers. Denoting by as and bs the conjugates of as 
and bs, we have -

j a sA+ bselrp~ \2 = (asA+bselrp,,) (Cl's'}.., + bse- irps) = 
= asclsA2.+(asbse-i(/)s +asbse'(/)s) "'+bsbs== 
=I as 12 '}..,2+2 Re(asbse-iWs) "'+I bs r~ . 

The inequality (*) then becomes 

If we put 

then 

n n n 

A2 ~ I as 12 +2'}.., ~ Re(asbse-lrps)+ ~I bs 12 ~0 
s= 1 s= I s= I 

Re (asbse- irps) = Re {I asbs I e' arg (a~b~) ·e- i arg (asb~)} = 

= R e { I a sb s I} = jt.z sb s I = I a sb s I 
and, consequently, 

n n . n 

A2 ~lasl2 +2'}.., ~ lasbsl+ ~ lbsl2 ~0. 
s=l s=l s=l 

Since, by virtue of the inequality (*), t,he left member of thi~ inequa
lity is nonnegative for arbitrary real '}..,, the corresponding quadratic equation 
cannot have distinct real roots. Therefore the discriminant of the equation is 

{ 

n }2 n n s?i I asbs I - s~ las r~- s?i I bs 1
2 ~o 

that is 

(see over) 
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we get 

II A+. BIlk< -v b l 0 ;1 p~ + Y hI b;j 12 ~ H A Ilk+ II BIlk 

The Condition (c) is thus fulfilled for all three norms. 
Let us now verify it for Cond~tion (d). Suppose matrix A= [ai.] 

is of dimensions m' x n' and matrix B = [b;1] is of dimensions m" x ri". 
For the possibility of multiplication of the first matrix by the second, 
it is necessary that m" = n', and the matrix AB will have the dimen
sions m' x n". 

We have 

Jl AB lim= m~x .f I ± a;sasj I < 
t J= 1 s= 1 

< m~x { .~ f I a is II bsj 1} = 
t J=1 s==1 

= m~x { f I ais I ~ I bsf 1} ~ 
t s=1 J=1 

:(; m~x {,~ I a,, 1·11 B IJ,.} = 

= m~x {,~ I a,, I} ·II B //m = IJ A lim ·II B lim 
Similarly 

IIAB //1 = m~x ,~I ,~a,Ail ~ 
:;:;;; m~x {.~ f I a;s \\ bsj 1} = 

1 L= I s= I 

=m~x {,~ jb,1 / ,~ ja,,l}~ 
:(; m:x t~. I bsj /·II An,}= 

n' 

=II A !It· m~x ~ [ bsj I= [l A llt·l\ B \It 
1 s= I 

whence, a! I the more so, 

I 
n 12 f n }2 n n 
s~ asbs ~ ls~ I asbs I ~5~1 I as r~ · 5~1 l bs 12 

If the numbers as and b5 are real, then we simply get 

(~ a,b,)
2

<,~ a;. ~1 bi 
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Furthermore, 

IIABII.={,~ ~~I'~ a,,b,jr~ (,~ tl L~[a,,l[b,, I}' 
Applying the Cauchy inequality and taking into ·account that 

m" = n', we obtain 

II AB 11. ~ ~ ~~ 1~1 { ~~ I a,, I'· ~-~ I b,i I' } = 

= {,~~~[a,, I'· 1~1 #I [btj I'~ VII A IIi· II Bll:~ II A 11.-11 B II. 

Hence, Condition (d) is fulfi lied for the norms under considera
tion. 

We will now show that the norms II A lim• II A lit and II A 1/k 
are ·canonical. · 

If apq is the largest, in modulus, element of the matrix A= [aij] · 
of dimensions m' x n', then we obviously have 

II a II~~ I apl I+ ... +I apq I+ ... +I apn' I~ ! apq I, 
II A lit~ I a1q I+ ... +I apq I + ... +I am' q I~ I a.pq I 

and 

Thus 
I au I ~ I apq I ~ II A lIs 

Besides, if A=[a11 ), then 

(s~m. l, k) 

') U A lim= II Alit= II A Ilk= I au I 
Furthermore, if IAI~/B[, where A=[aij] and B=[bu], then 

I ai1 j ~I bij 1. From the definition of the norms II A lim• II A liz and 
II~ I k it is obvious that the inequalities 

II A lis< ll B lis (s = m, l, k) 

hold true. 
Besides, for any one of the norms we have 

II A lis= Ill A Ill~ (s=m, t, k) 

Thus, Condition (f) is also fulfilled. 
We have thus proved that the norms II A 1\m• II A Ill and 11 A lik 

are canonical. 
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Note that if matrix E is a unit matrix of order n, then 

I[ E lim= II E lit= 1 
and 

IIEllk=Vn 
7.8 THE RANK OF A MATRIX 

Suppose we have a rectangular matrix 

[

au al2 . . . aln-, 

A = az.1 • a~z .' ·• · . az.n 

L aml amz • · · amn _j 

If in this matrix we choose in arbitrary fashion k rows and 
k columns, where k ~min (m, n), then the elements at the inter
sections of these rows and columns form a square matrix of order k. 
The determinant of this latter matrix is called a minor of kth 
order of the matrix A. 

Definition. The rank of a matrix is the order of the nonvanishing 
minor of greatest order of the matrix. In other words, a matrix A 
has rank r if: 

(1) there is at least one minor of rth_ order different from zero; 
(2) all minors of A of order r + 1 a,nd higher are equal to zero. 
The rank of a zero matrix, that is, one consisting of zeros, is 

taken to be zero. The difference between the smallest of the num
bers m and n and the rank of the matrix is termed the nullity 
of the matrix. If the nullity -is zero, then the rank of the matrix 
is the largest of possible ranks for the given dimensions. 

When determining the rank of a matrix it is useful to abide 
by the following rules: 

( 1) go from rp inors of sma II orders (beginning with m\inors of 
order one, that is, with the elements of the matrix) to minors of 
larger orders; 

(2) suppose we have founp a nonzero minor D of order r, then 
we have only to compute the minors of order (r + 1) bordering 
the minor D. If all these minors are zero, then the rank of the 
matrix is r; but if even one of them is nonzero, then this opera
tion has to be applied to it, and then the rank of the matrix is 
definitely greater than r. 

Example. Fi_nd the rank of the matrix 

'2 -4 3 I 01 
1 -2 1 -4 2 
0 1 -1 3 1 

4 -4 5 __] 



1.9 L.imit of a matrix 249 

Solution. The second-order minor in the upper left-hand corner 
of the matrix is zero. However, the matrix contains nonzero minors 
of the second order, as for example · 

D=l=~ ~~~0 
and the third-order minor bordering it: 

2 -4 3 

and 

D' = 1 -2 1 = 1 
0 1 -1 

both fourth-order minors bordering D' 

2 -4 3 2 -4 
1 -2 1 -4 

=0, 
1 -2 

0 1 -----:-1 3 0 1 
4 -7 4 -4 4 -7 

are equal to zero: 

3 0 
1 2 

~1 1 =0 

4 5 

Hence the rank of the matrix is three, and the nullity is 4-3 = 1. 

7.9 THE LIMIT OF A MATRIX 

Suppose we have a sequence of matrices 

Ak= [a/f1
] (k= 1, 2, ... ) (1) 

of the same dimensions mxn(i= 1, 2, ... , m; j= 1, 2, ... , n). 
By the limit of the sequence of matrices Ak is meant the matrix _ 

A= lim Ak = [ lim ajf>] (2) 
k~oo k-+oo 

A sequence of matrices having a limit is called a convergent se
quence. 

Lemma 1. For a sequence of matrices Ak (k = 1, 2, ... ) to con
verge to the matrix A it is necessary and sufficient that 

II A-AkJl--)-0 ask---+ oo (3) 

where \\A\\ is any canonical norm of A. Here 

Indeed, if 

then 

whence 

lim II Ak II= II A II 
k~oo 

Ak -~A= [a;i] 

I au-aJj> I< e for k > N (e) 

I A-Akl < e/ 
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where I is an m x n matrix all elements of which are unity. By 
the properties of the norm we have 

II A- Ak II< e II I II for k > N (e) 
hence, 

lim I!A-Akl\=0 
k ~ 00 

(4) 

Conversely, let Condition (3) be valid. Then for k > N (e) we 
have 

and hence 

that is, 

Besides, if Ak-+ A, then we have 

Ill A 11-!1 Ak 1// <!I A- Ak I]-+ 0 as k--+ oo 
Therefore 

lim ll Ak ll =II A 11 
k -+ 00 

Corollary. The sequence Ak---+ 0 as k--+ oo if and only if 

lim II Ak ll = 0 
k -+ 00 

where II Ak II is some canonical norm. 
It is easy to see that if 

lim Ak =A and lim Bk = B 
k-+CJJ h-..~ 

then 
(a) lim(Ak+Bk)=A±B, 

k-+ 00 

(b) hm (AilBk) = AB, 
k -+ 00 

(c) lim A;;1 =A - 1 (det A =F 0) 
k -+ 00 

on the assumption that the corresponding operations are meaningful. 
In particular, if C, is a constant matrix such that the multiplica
tions C Ak and AkC (k = I, 2, ... ) are possible, then 

lim CAk= CA 
k-..~ 

and 
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Lemma 2. For the convergence of a sequence of matrices 
Ak (k = I'· 2, ... ) it is necessary and sufficient that the generalized 
Cauchy test hold, namely: for any .e > 0 there must be a number 
N = N (s) such that for k > N, ... p > 0 

II Ak+p-Ak II< e (5) 

where II II is any canonica 1 norm. 
Indeed, if inequality (5) is valid, then for every element af'f> of 

matrix Ak the Cauchy test (see Sec. 3.4) will hold, and hence 
there exists 

lim Ak = [ lim ajj>] 
k_,. 00 k _,. 00 

Conversely, if there exists 

then by Lemma 1 
IIA-Akll-+0 as k-+oo 

and, thus, the inequality (5) holds true. 

7.10 SERIES OF MATRICES 

Using the concept of a limit of a matrix, we can introduce 
series of matrices (matrix series): 

(1) 

where Ak are matrices of the same dimensions. 
If the limit (1) exists, then the matrix series is convergent, and 

the matrix obtained in the lim it is termed the sum of the series. 
If the limit (1) does not exist, the matrix series is divergent and 
no sum is assigned to it. 

A necessary condition for the convergence of a matrix series. 

Theorem 1. If the matcix series ( 1) converge,s, then 

lim Ak= 0 
k ..... 00 

Proof. Let 

If the series (1) converges, then there exists the finite limit 

S=limSk 
k_,.oo 
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We have 

whence 

lim Ak=Iim Sk-1im Sk_ 1=S-S=0 
k-..rp k-'P k-+(/; 

The matrix series ( 1) is called absolutely convergent if the following 
series converges: 

(2) 

Theorem 2. An absolutely converg~nt matrix series is a convergent 
series. 

Proof. Let 
(k= 1, 2, ... ) 

Then 

.~,I A• I=[.~, I a)}' I] 
Since the matrix series (2) converges, then, by definition, each 

of the numerical series 
00 

~ 1 al1) I (i = 1, 2, ... , m; i = 1, 2, .... n) 
k=l 

is convergent. From this it follows by a familiar theorem of the 
(X> 

theery of series that a 11 the series ~ aii (i r=:= 1, ... , m; i = 1, ... , n) 
k=l 

converge, and converge absolutely; that is, there is a limit 
N 

S= lim SN= lim ~ Ak 
N ....,. oo _ N -+Ill> k= 1 

and hence, the matrix series (1) converges. 
For a rough ana lysis of the convergence of the tnatrix series ( 1) 

we can take advantage of the sufficient condition given below. 

Theorem 3. If II A II is any canonical norm and the numerical 
series 

00 

~ II Ak II (3) 
k=l 

converge$, then the matrix series (I) also converges, and converges 
absolutely. 

Proof. Let 
(k= 1, 2, ... ) 
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We consider the numerical series 

(4) 

(i = 1 , 2, ... , m; j = I , 2, ... , n). Since 

I aJJ> I ~ II A k II 
it follows that each of the series (4) converges, and converges 
absolutely. Hence, the matrix series 

i: Ak = [ i; aJj>] 
k=-l k=l 

by definition converges, and converges absolutely. 
Very important in applications are matrix power series: right

hand, 

(5) 

and left-hand, 

{5') 

where X is a square matrix of order n. In the first case, Ak are 
m x n matrices or sea lars (for instance, Ak may be row vectors); 
in the second case, Ak are n X m matrices or scalars (for instance, 
Ak may be column vectors). 

Theorem 4. if r is the radius of convergence of the scalar po-
wer series 

(6) 

where II Ak II (k = 0, 1; 2, ... ) is some canonical norm, then the 
matrix power series (5) and (5') definitely converge for 

II X II< r (7) 

In particular, the matrix power series 

with numerical coefficients ak (k = 0, 1, 2, ... ) converges for 

IIXII<r 



254 Ch. 7. Matrix Algebra 

where r is the radius of convergence of the power series 

Proof. Since 

1\ AkXk II ~II AkJIIJ X w 
then, wh~n inequality (7) holds, the series 

00 

~ 1\ AkXk II 
k=O 

£on verges. Consequently, by Theorem 3, the power series (5) also 
converges. 

Similar reasoning holds true for the series (5'). 
The second assertion of the theorem follows from the fact that 

if ak is a scalar. then 

II ak ll =I ak I 
Theorem 5. The geometric series 

A+AX +AX2 + ... +AXk+ . .• 
and 

A +XA +X2A + ... +XkA + ... 
where X is a square matrix, converge if 

·IIXJI< I 
Here 

eo 

~ AXk=A(E-X)-1 
k=O 

and 
00 

~ XkA = (E -X)- 1 A 
k=O 

(8) 

(8') 

(9) 

Indeed, by Theorem 4, given the condition (9), the geometric 
series (8) converges, that is, there exists a finite matrix 

Consider the identity 

A {E +X+ X 2 + ... +Xk) (E-X)= A (E -Xk+ 1 ) (10) 

Passing to the limit ask-+ oo jn (10) and noting that by virtue 
of Condition (9), 

X k+ 1 -+ 0 as k -+ oo 
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we will have 
S (£-X)= AE =A 

In pa~ticular, assuming A= E in ( 11 ), we get 
S1 (£-X)=£ 

where 

From this 
de~ S1 • det (£-X)= det E = 1 

Since det S1 is finite, it follows that 

det (£-X) =F.O 
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( 11) 

and, consequently, the matrix E-X is nonsingular, which means 
it has an inverse, (£ -X)- 1 . 

Multiplying both members of (11) on the right by (£-X)- 1 , 

we finally get 
00 

S= ~ AXk=A(E-X)-1 
k=O 

In a similar manner we prove that 
00 

~ XkA = (E -X)-1A 
k=D 

for 

IJXIJ <I 
Corollary. If I!, X II< I, then there is an inverse matrix 

00 

(E-X)- 1 = ~ Xk 
k:D 

What is more, if II E 1\ = I, then 

!I(£-X)-1ll~i:lfXIJk= 1-I~X!I 
k=D 

Note. If II X ll < I, then it is easy to estimate the norm of the 
remainder of the matrix series, (8). 

We have 

Rk-== 11 A (E -x)- 1 -A (E +X +X2 + ... +Xk) 11 ~ 11 A l! II Xk+ 1 + 
+Xk+2 + .. -II~ II A II (II X W+1 + ll X W+2+ ... ) =II AI ~~~~)1~-l-1 
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Similarly for the series (8') we have 

Rk=\1(E-X)- 1 A-(E+X+X2 + ... +Xk)AII~ II ~~~~~~~~+
1 

Matrix series make it possible to determine the transcendental 
functions of a matrix. For example, it is assumed that 

(12) 

and it is possible to prove that the series (12) converges for an 
arbitrary square matrix X~ 

7.11 Partitioned matrices 

Suppose we have a matrix· A. We partition it into matrices 
of lower orders (sub matrices, or blocks) using horizonta 1 and ver
tical partitions that run through the whole matrix. For example, 

where the blocks are the submatrices 

Then A may be regarded as a supermatrix whose elements are 
blocks (submatrices): 

A matrix partitioned into submatrices, or blocks, is called a par· 
titioned matrix. Quite naturally, the partitioning ~f a matrix may 
be done in a variet_y of ways. A special case of partitioned mat. 
rices are the quasidiagonal matrices 

r~~ 

A= -n. 
L -g~ 
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where the blocks Ai (i = l, ... , s) are square matrices of (gene
rally speaking) different orders, all other elements being zeros. 
Note that 

det A= det A1 •.• det As 
Another important special case of partitioned matrices are 

bordered matrices 

lr An-1 Un 
1 

An= 1-----7--1 

vn ann 
·-----'-----'- _j 

where 
ra11 a12 

An-1 = a21 a22 
a1, n-1 l 
a.2. ~-~ • 

an-'- 1, n-l_j 

is a matrix of onier n-1; 

' r~1, n l U _ 2,n 

n-... " . • 

can-1, n 

is a column matrix; 

Vn =·[an, 1 an, 2 ~ .. an, n-l1 Is a row matrix and ann is a scalar. 
Let us agree to use the term conformal to designate partitioned 

matrices of the same dimensions and with the same partitioning. 
Partitioned matrices are convenient in that operations involving 
them are carried out formally by the same rules used for ordinary 
matrices. 

A. THE ADDITION AND SUBTRACTION 
OF PARTITIONED MATRICES 

If the partitioned matrices 

_ [Au A12 • • • A1q1 
A- ....... . 

AP,1 Ap2 •.• Apq 

and 

17 9616 

(l) 

(2) 
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are conformal, that is, p = r, q = s and the blocks Aij and Bii 
have the same dimensions, then 

A+ B = l~~~ ~ ~n. A.u ~ .B1.z ~ · ~ ~ 1~ ~ ~~q.l 
A pl + B pl A pz -j- B P2 . , • A pq + B pq J 

Indeed, in order to add the matrices A and B i1 is necessary 
to add the corresponding elements, but it is obvious that the same 
thing is achieved if we add the corresponding blocks (submatrices) 
of these matrices. 

Subtraction of partitioned matrices is performed analogously. 
If A is the partitioned matrix (1) and a is a scalar, then we 

have 

B. THE MULTIPLICATION OF PARTITIONED MATRICES 

Suppose the partitioned matrices A and B have the structure 
given in (1) anrl (2), respectively, and q=r. 

Assume that all the blocks Aij and B1k (i = I, 2, ... , p; 
j= I, 2, ... , q; k= I, 2, ... , s) are such that the number of 
columns of block Ai1 is equal to the number of rows of block B;k· 
In the special case when all blocks Aij and 8 11 are square and 
have the same order, this assumption is definitely fulfilled. Then 
we can prove that the product of the matrices A and B is the 
partitioned matrix 

r
cu cl2 ... c1sl 

c = ~ 2~ ~ 2~ : • : ~ 2~ 
L C pl C P2 • • • Cps 

where Cik=Ai1B1k+Ai2Bzk+ ... +AiqBqk (i=l, 2, ... , p; 
k = 1, 2, ... , s), that is, the matrice~ A and B are multiplied 
together as if the blocks (submatrice0) were numbers (2]. 

Example. Multiply the partitioned matrices 

A = rl ~~~--2 ----------,-~~--1 ___,.. I 

2 p Q 
__ ...;._ __ -----... ___ ......., .J 
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and 
r 

1~~~1- 2 ~ 
"1 

t 

I I B= 2 R s 
+ 
t 

I I 1 T u 
L .J 

, to get a matrix of the form 

r I ~I~ I l .-2---+ 

AB= t 

I PR+QT I 2 PS+QU 
L .J 

Addition and multiplication of quasidiagonal matrices are 
especially simple. If 

_j 

and the orders of the matrices Ai, B; (i = 1, 2, ... , s) are the 
same, then we clearly have 
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'and 
-, 

AB= 

7.12 MATRIX INVERSION BY PARTITIONING 

Suppose for a given nonsingular numerical matrix A it is re
quired to find the inverse A- 1

• Partition A into four submatrices: 

A= [a11 (r, r) a12 (r, s)] 
- a 21 (s, r) a 22 (s, s) 

The orders of the submatrices are indicated in parentheses; and 
r+s=n, where n is the order of matrix A. We seek the inverse 
A - 1 also in the form of a four-block matrix, 

[ ~11 (r, r) ~12 (r, s)J A-1_ 
- ~ 21 ( s, r) ~ 2 2 ( s, s) 

Then, since A - 1A = E, by multiplying the matrices we get 
four matrix equati_ons: 

~uau + ~i2a21 = E,,} 
~uccu + ~12a22 = 0, 

~2lcc.11 + ~22cc.21 = 0' 
~21cc.12 + ~22a22 = Es 

where E,. and Es are unit matrices of appropriate orders. Solving 
this system, we determine the blocks of matrix A - 1 • In solving (l ), 
we use the method of eliminating unknowns. Postmultiplying the 
first equation of ( 1) by ~1la12 and subtracting the second equation 
of the system from the resl.Jlt obtained, we have 

whence we find 

and 
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Similarly, from the third and fourth equations of .( 1) we get 

~22 = {~'-22-a2t~1lal2)- 1 

and 

26f 

It is of course assumed here that the corresponding operations 
are meaningful. We iQtroduce the matrices 

X= CXil.1cx,l2' 

e = a22 -a21 
(2) 

Then the formulas for the blocks ~ij (i, i = 1, 2) may be writ
ten more simply: 

~11 =aii1 +X8-1Y, 
~J2 = -x8-1, 

~21 = -8-~Y, ~22 = 8- 1 

Formulas ( 1) determine the blocks of matrix A - 1 provided that 
a.-;l and 9-1 exist. It is convenient to arrange the computations 
in the following scheme (4]: 

I cx,21 I a22 

X =au1au I cx,-1 
11 I cx,12 

8-1 
I Y = a21au1 Ia =a,-Ya,, 

and 

A-~= [au'+ xa-•v 1-xa-•] 
-8-1Y I 8-1 

This method is useful if matrix a 11 is readily invertible. 

Example t. Invert the matrix 

[ 
1 0 3 -4] 
0 1 5 6 

-3 4 0 2 
-5-6 2 0 
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Solution. Set 

all= [~ ~]. [3 -4] 
Ct12=- 5 6 ' 

[-3 4] 
Ctn= -5 -6 ' a.,=[~ ~J 

Using the above scheme, we have 

-3 4 ·0 2 
-5-6 2 0 

X 
3 -4 1 ~I 3 -4 
5 6 0 5 6 I 
16 34 -3 -4 -11 -34 

-47 -11 -5-6 47 16 

y 9 
Whence 

-} __ 1 [3 -41 [ 16 34] __ 1 [ 236 
XB -1422 5 6J -47 -11 -1422 -202 

146] 
104 ' 

1 r 16 34
1 
r-3 e- 1 

Y = 1422 -47 -11 -5 
4

1 
1 r-218 -140

1 -6 = 1422 196 -122 ' 

1 r 236 146J r-3 xe- 1
Y = 1422 -202 lo4 -5 

4

1 
1 r-1438 68

1 -6 = 1422 86 -1432 

As a check, we compute the product xe- 1Y in two. ways: 
xe- 1Y = (xe-1 ) y ~nd ye- 1Y = x (9- 1Y) 

By the general scheme we have 

I 
-16 681-236 -146] 

1 86 -10 202 -104 
A-

1
=1422 218 1401 16 34 

L -196 122 -47 -11 

A particular case of the foregoing method is the so-called meth
od of bordering. Essentially it is this. Suppose we have a matrix 
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We form the following sequence of matrices: 

Sl=[an]: 

S, = [all 
a21 ~']' a22 

[all a12 a"] [ S I a,] Ss= a· a22 
- 2 a 

21 a23 - 23 ' 

a31 a32 a 33 a31 a321 a33 

[all al2 a13 

a
14
] ~ a

14
] S, = a21 a22 a23 a2iJ = s3 a2iJ 

a31 a32 a33 a34 a34 

a41 a42 a43 au La41 a42 a431 a"" 

and so on. Each matrix is obtained from the preceding one by 
bordering. The inverse of the second of these matrices, s-1

, is 
found directly: 

where 

Then, applying S;-1 to S3 by the foregoing scheme of computa
tion, we get S;-1; then we use S-;1 to get S41, and, finally, S;1 =A - 1. 

The method of bordering cannot be applied if one of the inter
mediate matrices S; is singular. The situation can, however, be 
rectified by an interchange. of the rows of the matrix [5]. 

Example .2. Find the inverse of the matrix 

Solution. Here 

- [~ -~ ! 
A- 3 1 0 

1 -2 5 
-!] 

Sfl= [1 4] =S~l 
0 -1 
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The scheme for comp~ti~g S31 is as fo11ows: 

13 I I 0 

X ~~~~ -il 1 
e-1 -~!3 11 J-36 

y 8 

[ 13 _143] 
xe-'Y= -~; 36 

11 
T2 

Hence 

r 1 1 

131 l-12 
.36 36 

Sa'= ~ 1 

-1:2 -12 

11 l -36_j 12 36 

The following scheme can be used to compute S;-1
: 

I 1 -2 5 I 1 

4 1 1 13 
3 9 -12 -

36 36 

X 
2 1 1 1 

-1 3 4 -12 -12 

1 1 11 1 2 -g- T2 36 36 

~, _ _!_ 31 I~ I 22 
22 6 T8 9 e-1 

y 8 

r 1 31 7--, 
-33 99 99 

31 7 
-22 66 66 

1 31 7. 
L 132 -396 - 396_] 
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Hence 

5 15 19 2..., 
-44 44 44 -·rr 

9 17 I 3 
44 44 44 -TI 

S4t=A-1= 4 10 2 :::::::J 

44 44 -44 22 

3 -:!-~I 9 
44 22_j 

[ 

-5 15 
1 9 17 

= 44 4 10 
3 -31 

19 -8] 
-12 

-2 2 
-7 18 

7.13 TRIANGULAR MATRICES 

Definition. A square matrix is called triangular if the elements 
above (below) the main diagonal are zero. For example, 

[
tll tl2 . . . tlnl 

T ~ 0 t23 • • • t2n ..... 
0 . 0 tnn 

where til= 0 for i > j is an upper triangular matrix. Similarly, 

T 1 = t2~ • t 2~ : • : 0 l
~tll 0 ... 0 l 

tnl tn2 •' · t~n 
where tii= 0 Ior j > l is a Jower triangular matrix. 

A diagonal matrix is a particular case of both an upper and 
lower triangular matrix. The determinant of a triangular matrix 
is equal to the product of its diagonal elements, namely, if T= [tii] 
is a triangular matrix, then we obviously have det T = t11 t 22 ••• tnn· 
Therefore, a triangular matrix is nonsingular only when all its 
diagonal elements are nonzero. 

It can be proved that ( 1) the sum and product of triangular 
matrices of the same dimensions and the same structure (that is, 
upper only or lower only) are also triangular matrices of the same 
dimensions and general structure; (2) the inverse of a nonsingular 
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triangular matrix is also a triangular matrix of the same dimensions 
and structure. Utilizing this circumstance, we can readily invert 
a triangular matrix. 

Example 1. Invert the matrix 

A=[: 
0 

~] 2 
2 

Solution. Set 

[Ill 0 

·U A- 1 = t t 22 21 

,f 31 t32 
Multiplying the matrices A and A -1., we get 

tll = 1' 
tll + 2t21 = 0, 

. 2t22 = 1 

whence we successively find 

Consequently 

I 
t21=-2' 

1 
t32=-3, 

1 
t22 =2' 

1 
t33=3 

A-
1 =[-} f ~] 

0 -3 3 

The following. important theorem holds true [3]. 
Theorem. Any square matrix 

wUh nonzero principal~diagonal minors 

L\1 =au =fo 0, _L\2 =I au a121 =F 0, ... ' L\n =I A I =fo 0 
an a22 

may be represented as a product of two triangular matrices of di(je-
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rent structure (lower and upper); this expansion will be unique if 
the diagonal elements of one of fhe triangular matrices are fixed 
beforehand (say by putting them equal to 1). 

We otpit the proof but indicate a method for finding the ele
ments of the desired triangular matrices. Let 

A= T1T2 
where 

is a lower triangular matrix of order n; 

(1) 

(2) 

T 2 = [cif], cii= 0 when i > j (3) 

is an upper triangular matrix of order n. Multiplying together these 
matrices we get, by formula (1), 

(i, i=1, 2, ... , n) (4) 

Due to Conditions (2) and (3), system (4) becomes 

(j = 1, 2, ... , n) ( 4') 

and 
i 

~bulki=au for i<j (i= 1, 2, ... , n-1) (4") 
k=l 

Because of their peculiar structure, the systems (4') and (4") are 
readily solved to within the diagonal elements bu and cu. For the 
sake of definiteness, we can put cii = 1 (i = 1, 2, ... , n). 

Example 2. Represent the matrix 

A=[-!-~ I!] 
as a product of two triangular matrices T 1 and T 2 • 

Solution. A= T1 T2 • We seek T1 and T2 in the form 

[
t11 0 0 J [1 r

12 
r

13
] T1 = !21 t 22 0 and T 2 = 0 1 r23 

t 31 t 32 t 33 0 0 1 
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whence 
tll = 1, 
( 21 =-1, 
t31 = 2, 

tllrl2 = -1, 
t2lrl2 + t22 = 5, 
t:nr12 + t3e = 4, 

tllrl3 = 2, 
t2lrl3+t22r23=4,. 
t3lrla + ta2rz'J + fa3 = 14 

Solving the system, we get 

Thus 

and 

t11 =1, t21 =-1, 
t22=4, t..~2=6, 

r12 =-1, 

[ 

1 0 
T 1 = -1 4 

2 6 

f3L = 2, 
t33 = 1, 

3 
r2a=2 

~] 

n 
Using the representation· of a square matrix A ( det A+ 0) as a 

product of two triangular matrices, we can indicate another method 
for computing the inverse A- 1 ; namely, if 

A=T1T2. 
then 

A- 1 = T;1 T~ 

We thus see that finding the inverses of triangular matrices is 
a comparatively simp-le· affair. 

7.14 ELEMENTARY TRANSFORMATIONS OF MATRICES 

The following matrix transformations are called elementary: 
(1) interchanging two rows or columns; 
(2) multiplying all elements of one· row (column) by the same 

nonzero number (scalar); 
(3) ·adding mu ltip Jes of the elements of a row {column) to the 

elements of another row (column). 
Two matrices are termed equivalent if one is obtained from the 

other via a finite number of elementary transformations. Such mat
rices are not, generally speaking, equal, but, as may be proved,· 
they have the same rank [9]. . 

It is easy to see that every elementary transformation of a 
square matrix A is equivalent to multiplying A by some nonsingular 



7.1S Computation of determinants 269 

matrix. Then, if the transformation operation is performed on rows 
(columns) of A, the multiplier must be a postmultiplier (premulti
p lier) and be the result of applying the corresponding elementary 
transformation to the unit matrix [6]. For example, if in the matrix 

A = r ~:: ~:: ~~:] l a31 aa2 a33 

we interchange the second and third rows, we get the equivalent 
matrix 

A = [~: . ~:: ~::] 
a21 a22 a23 

The same matrix A is obtained if we interchange the second and 
third rows in the unit matrix 

[

1 o o-
E= o 1 oj 

0 0 1 

and postmultiply the resulting matrix 

E~ rg ~ ~J 
by the matrix A, that is A= EA. 

Other elementary transformations are carried out in a similar 
manner. Note that if in the equation AA - 1 = E we perform iden
tical transformations of the rows of the matrices A and E until A 
becomes a unit matrix, then we will have EAA -l = E, where E. is 
the transformed unit matrix. Then, since E A= E, we get A -l = E, 
that is to say, the inverse matrix A - 1 is a transformed unit mat
rix. This is the basis of the method of computing an inverse by 
means of row transformations (4]. 

7.15 COMPUTATION OF DETERMINANTS 

Elementary matrix transformations offer the most convenient 
method for computing the determinant of a matrix. Suppose7 for 
example, we have 

[a" G12 a,.] 
. . L\n = ~2~ a22 ••• a2n (1 )'· 

..... 
anl an2 ••• ann 
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Assuming that au =F 0, we have 

r 1 al2 aln 
.., 

~n =au 
au 

a22 a2n au . -. 
an1 

an2 ... ann .J Lan 

Here, subtracting from the elements ail of the jth column (j ~ 2) 
the corresponding elements of the first column multiplied by a11, 
we get 

r 1 0 0 I 

a2f am am 
an 22 2n 

~n=au = all~n-1 

ani a<I) am 
Lan n2 nn _j 

where 

nm 
22 

au> 
23 ... au> 

2n 

~n-1 = 
am 

32 
am 

33 ... am 
3n {2) 

am 
n2 am n3 ... am nl1 

and 

(i, j = 2, 3, ... , n) 

Apply the same technique to the determinant L\n_1 • If all the 
elements 

ag- 1> =FO (i = 1, _2, ••. , n) 

we finally obtain 

(3) 

If in some intermediate determinant L\n-k the upper left ele
ment aJ/21. k+l = 0, then it is necessary to interchange the rows or 
columns of the determinant L\n-k so that the element we need is 
nonzero (this is always possible if the determinant L1 =fo 0). Of 
course we must take- into consideration the change in the sigrt of 
!ln-k· We can give a more general rule. Suppose the determinant 
Lin~ det [a;1] is transformed so that apq = 1 (ap~ is the principal 
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element), that is, 

. . ~ . . . . . .. 

!J./1 = ... . • . . 

Then 

Xn = (- 1)i+q ~n-1 

where ~n _ 1 = det [ aW] is a determ·inant of the (n -1 )th order ob
tained from ~n by deleting the pth row and the qth column with 
a subsequent transformation of the elements via the formula 

Thus, each element afP of the determinant ~n-l is equal to the 
corresponding t;lement aii of the determinant Lin diminished by the 
product of its "projections" aiq and avJ by the discarded column and 
row of the original determinant. The proof of this proposition fol .. 
lows readily from the general properties of determinants [7]. 

Example. Eva I ua te 

3 1 -1 -2 11 r 

-2 3 4 3 
!J.& = 1 4 2 3 1 

5-2 -3 5-1 
-1 1 2 3 2 

Solution. Taking au,= 1 for the principal element, we have 

. J -2 -3·3 3 -1·3 

I 
1 -3·1 4 -i·l 

L\5 = (-1)1+1> 5 -3·(-1) -2 -1·(-1) 

-I --3·2 1 --1·2 

1 -(-1)·3 4 -2·3 I 
2 -(-I)· r 3 -2·1 

-3 -(-1)·(-1) 5 ~2·(-1) = 
2 -(-1)·2 3 -2~2 1 

j-11 0 4 -2 

=I -2 3 3 ~ 

I 
8 -1 -4 7 

-7 -1 4 -1 
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Now taking aM= 1 for the principal element and applying C! 
similar transformation, we obtain 

-15 6 10 -15 3 10 
22 -22 -25 =2 22 -11 -25 -

-9 2 7 -9 111 7 

=2·(-1)3+21 12 -11 I= 446 
-77 52 

Note that the number of mulUplications and divisions required 
in the computation of an nth-order determinant is (8] equal to 

n-1 
- 3-(n2 +n+3) 
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Chapter 8 

SOLVING SYSTEMS OF LINEAR EQUATIONS 

8.1 A GENERAL DESCRIPTION OF METHODS 
OF SOLVING SYSTEMS OF LINEAR EQUATIONS 

Methods of solving systems of linear equations are divided mainly 
into two groups: ( 1) exact methods, which are finite algorithms for 
computing the roots of a system (such, for example, are Cramer's 
rule, the Gaussian method, the method of principal elements, the 
method of square roots, etc.), and ( 2) iterative methods, which 
permit obtaining the roots of a system to a given accuracy by 
means of convergent infinite processes (these include the method 
of iteration, the Seidel method, the method of relaxation, and others). 

Because of unavoidable rounding, the results of even the exact 
methods are approximate, and error estimates of the roots are, in 
the general case, involved. In the case of iterative processes we 
have the added error of method. 

It wi 11 be noted that the effective use of iterative methods de
pends essentially on the apt choice of the initial ap.proximation 
and the speed of convergence of the process. 

8.2 SOLUTION BY INVERSION OF MATRICES. 
CRAMER'S RULE 

Suppose we have a system of n linear equations in n unknowns: 

G11X1 + a 12X2 + ... + a 1nXn: b1 , ) 

a~?.l X1 + a22X 2 + ... + a 2nXn - b2 , 

....... It • " " ••• ,.. 

an1X1 + an2X2 + · · · + annXn = bn 

( 1) 

Denote the matrix of the coefficients of (I) by 

A=[~::-~~: : .. · ~:~] 
anl an2 ••• ann 

(2) 

18 9616 
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the colunm of its constant terms by 

lbl I 

bz 
b=" . 

LbTT_j 

and the column of the unknowns (the desired vector) by 
rxl I 

Xz 

X= 

LXn __l 

(3) 

(4) 

Then the system (I) can be corn pact ly written in the form of a 
matrix equation: 

Ax=b (5) 

The set of numbers x1 , X2 , ••• , xn (or, briefly, the vector x) which 
reduce (l) to an identity is called the solution set of the system, 
and the numbers x1 are termed the roots of the system. 

If. the matrix A is nonsingular, that is, 

det A= 

au al2 . . . aln 
a21 a22 • • • azn 

(6) 

then (1), or the matrix equation (5) equivalent to it, has a unique 
solution. 

Indeed, provided det A =F·O, there is an inverse m_atrix A - 1 . 

Premultiplying both members of (5) by the matrix A - 1 , we obtain 
A - 1 AX= A -Ib 

or 
(7) 

Formula (7) plainly yields a solution of (5) and since every solu
tion is of the form (7), the solution is unique. 

Example t. Solve the system of equations 

3X1 -X2 = 5, } 
-·2X1 +xz+X3 = 0, 

2X1 - Xz + 4x3 = 15 



8.2 Solution by inversion of matrices. Cramer's ru1e 

Solution. Write the system in matrix form: 

[ -~ =: IJ [=:J = UJ 
The determinant of matrix A of the given system is 

3 -1 0 
det A = -2 1 1 = 5 =f= 0 

2 -1 4 

Computing the inverse matrix A -I, we obtain 
r 1 i_ _..!_ 1 

5 5 
12 3 

A-I= 2 5 -5 

0 _!_ 1 
L 5 5 _j 

whence \., r, r 1 _.:!._ II r 5' r 21 
5 -5 

2~ 3 
0 I Xz 5 -5 -

o_!_ 1 
15 3 x3 5 _! L L _j L 5 _j L _! 

Thus, xi= 2, X2 = 1, X3 = 3. 
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A great deal of time is required to find the inverse A -l of a 
matrix A of order n > 4 directly. For this reason, formula (7) is 
rarely used for practical purposes. 

Using formula (7), it is easy to obtain formulas for the unknowns 
of the system ( 1 ). As we know (see Sec. 7 .4), 

A- 1 -J... A -L\ 

where 

is the adjoint of A (A;1 are the cofactors of the elements ai1). 
Therefore 
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or 
r x

1 
1 r ,1

1
1 

Xz .12 
1 

=~ (8) 

where 

are the determinants obtained from the determinant .1 [formula (6)} 
by rep lacing its ith column by the column of constant terms of 
system (1). From- equation (8) we get Cramer's formulas: 

(9) 

Thus, if the determinant of system ( 1) is nonzero, ~ =1== 0, then 
the system has a unique solution x defined by the matrix formula 
(7) or by the scalar formulas (9) equivalent to it. 

Example 2. Solv·e the system of linear equations 

2x1 +X2 -5x3 +X4 =8, } 
X1 -3X2 -6X4 = 9, 
2x2-x3 + 2x4 = -5, 

X1 +4X2 -7x3 +6x4 =0 

~olution. The determinant of this system is 

2 1 -5 1 
1 -3 0 -6 

.1 = 0 2 -1 2 = 27 * 0 

1. 4 ~7 6 

Computing the supplementary determinants, we get 

8 1 -5 l 
9 -3 0 -6 

.11 = -5 2 -1 2 = 81, 

0 4 -7 6 
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·2 8 -5 
1 9 0 -6 

/)..2= 0 -5 --1 2 = -108, 

1 0 -7 6 

2 1 8 1 . 
1 -3 9 -6 

!13 =, 0 2 -5 2 =-27, 

1 4 0 6 

2 1 -5 8 
1 -3 0 9 ll4.= 0 2 -l -5 =27 

1 4 -7 o, 
whence 

xl =i=~~=3, 
~2 108 

X2 =-;I= -r;:r = -4, 

Xs=~s= -~= -1, 

X4=t=~;= 1 

Thus 1 the solution of a linear system (1) in n unknowns reduces 
to evaluating the (n + 1 )th determinant of order n. If n is great, 
evaluating the determinants is a laborious operation. For this reason, 
direct techniques have been elaborated for finding the roots of a 
linear system ?f equatio~s. 

8.3 THE GAUSSIAN METHOD 

The most common technique for the solution of systems of linear 
equations is via an algorithm for the successive elimination of t,he 
unknowns. This method is called the Gaussian method. For the sake· 
of simplicity, we confine ourselves to a system of four equations in 
four unknowns: 

( 1 ) 
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Let the leading element a11 =F 0. Dividing the coefficients of the 
first equation of ( 1) by a11 , we get 

(2) 
where 

alf 
b ·=- (j'> I) 

lf an 

Using equation (2), it is easy to eliminate the unknown x1 from 
the system (I). To do this, subtract (2) multiplied by a21 from the· 
second equation of (I), subtract (2) multiplied by a31 from the third 
equation of (1), and so on. We finally get a system consisting of 
three equations: 

( 1 ') 

where the coefficients aw (i, j ~ 2) are computed from the 
formula 

aw = a;j-ailblj (i, j ~ 2). 
Now, dividing the coefficients of the first equation of (1') by the 

leading. element a~~>, we get the equation 

(2') 
where 

Eliminating X 2 in the same way that we eliminated x1 , we arrive 
at the following system of equations: 

a<z>x +a<2>x -a< 2>} 33 3 34 4- 35' 

a~~ X3 + a~~ x4 = a~~ 
(1") 

where 
{i, j~3) 

Dividing the coefficients of the first equation of ( 1") by the 
leading element a~~, we get 

(2'') 
where 

(2) 

b<2~ - !!21._ (J. > 3) 
3J- (2) 

a33 

Now, eliminating x8 in the same fashion from ( 1''), we get 
a~~ X4 = a~W ( 1 '") 
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where 
(i, j~4) 

whence 

(2''') 

The remammg unknowns are successively determined from the 
equations (2"), (2') and (2): 

X3 = b~~>- b~~ X4 , 

X2 = bW -b~~> X4 -bi~>x3 , 

x1 = b15 -b14 x4 -b13 X3 -b12X2 

Thus, the process of solving a linear system of equations by the 
Gaussian method reduces to the construction of an equivalent system, 
(2), (2'), (2"), (2'") having a triangular matrix. A necessary and 
sufficient condition for using this method is that all the leading 
elements be nonzero. The computations can be conveniently arran
ged as shown in Table 13. The scheme in the table is called 
the scheme of unique division. The process of finding the coeffici
ents bg-u of a triangular system may be called forward substitu
tion (direct procedure), the process of finding the values of the 
unknowns is ca lieu back substitution (reverse procedure). 

The direct procedure begins with writing out the coefficients of 
the system, including the constant terms (Section A). The last 
row of Section A is the result of dividing the first row of the 
section by the leading element a11 . The elements a}}> (i, j ~ 2) of 
the next section of the scheme (Section A1 ) are equal to the cor
responding elements a1j of the preceding section minus the product 
of their "projections'' by the lipes of Section A containing element 1 
(that is to say, by the first column and last row). 

The last row of Section A1 is found by means of dividing the 
first row of the section by the leading element ag>. The subsequent 
sections are constructed in similar fashion. The direct procedure 
is terminated when we reach the section consisting of one row, 
not counting the transformed row (Section A 3 in our particular 
case). 

In back substitution (the reverse procedure), use js made only 
of the rows of sections A; 4fcontaining units (marked rows), begin
ning with the last. The element b~~> of Section A3 in the column 
of constant terms of the marked row of the section yields the value 
of x4 • From then on, all the other unknowns xi (i = 3, 2, 1) are 
found step by step by means of subtracting from the constant term 
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TABLE 13 

SCHEME OF UNIQUE DIVISION 

I I I I 
Constant 

I ~ I Sections 
x1 X a x3 x, terms of scheme 

au al2 ala a14 au, a16 

an a22 a23 a24 a2s a26 

a31 a32 a33 a34 a35 a36 A 

au a42 a43 a<H a45 a46 
I b12 bl3 b14 bl5 b16 

a<l) 
22 

a(l) 
23 

a(l) 
2!l 

a<l) 
25 

a(l) 
26 

a(l) a(l) a(l) a<l) a<l) 
32 33 34 35 36 

AI a(l) a< l) a(l) a<tl a<l) 
u 43 44 45 46 

I Mr> 
23 

b(l) 
24 

b(l) 
25 

b(l) 
28 .. 

a(2) 
33 

a<zl 
34 

a(2) 
35 

a(2) 
36 

a<2) 
n 

a<z> 
44 

a(2) 
!15 

a<2) 
48 A!! 

1 . (2) b (2) b(2) 
b34 35 36 

a(s) 
44-

a<s) 
45 

a(3) 
46 

1 b(3) 
45 

b(3) 
46 As 

(x,) (x4) 

-I x4 x4 
-1 X a X a 

1 - B 
x2 X a -l xi xi 

of the marked row the sums of the p?oducts of its coefficients by 
the corresponding values of the earlier found unknowns. The values 
of the unknowns are written out .in succession in the last section, 
Section B. The units in this section help to locate for xi the res
pective coefficients in the marked rows. 
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The computations are checked by so-called "check sums" 

(i= 1, 2, ... , 5) (3) 

which are located in the column labelled ~ and are the sums of 
the elements of the rows of the matrix of the original system (I), 
including the constant terms. 

If a is is taken as the new constant terms in system ( 1), then 
the transformed linear system 

4 

~ai/xt= ai6 
i= 1 

(i = 1' 2, 3, 4) (4) 

will have the unknowns xi connected with the earlier unknowns 
x1 by the relations 

(j = I, 2, 3, 4) (5) 

Indeed, substituting formulas (5) into equation (4), we get, by 
virtue of the system ( 1) and formulas (3), the identity 

(j=1, 2, 3, 4) 

Generally, if we perform the same operations with the check 
sums in each row as with the remaining elem~nts of that row, then 
in the absence of errors in the computations, the elements of the 
column headed ~ will be equal to the sums of the elements of 
the corresponding transformed rows. This serves as a check on the 
direct procedure. The reverse procedure is checked by finding the 
numbers xi, which must coincide with the numbers xj + I. 

Example. Solve the system 

7.9x1 + 5.6X2 + 5.7x3 -7.2x<I: 6.68,} 
8.5x1 -4.8x2 + 0.8x 3 + 3.5x4 - 9.95, 
4.3x1 + 4.2x2 -3.2x3 + 9.3x4 = 8.6, 
3.2x1 -1.4x2 -8.9x3 + 3.3X4 = 1 

(6) 

Solution. In Section A of Table 14 write down the matrix of the 
coefficients of the system, its constant terms and the check sums. 
Then fill in the last (fifth) row of Section A, dividing the first 
row by 7.9 (by a11 ). 
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TABLE 14 

SOLUTION OF A SYSTEM OF EQUATIONS BY THE SCHEME 
OF UNIQUE DIVISION 

I I I 
Constant 

I ~ I S•dl-
X~ x3 X~ terms ons of 

scheme 

5.6 5.7 -7.2 6.68 18.68 
-4.8 0.8 3.5 9.95 17.95 

4.2 -3,2 9.3 8.6 23.2 A 

-1.4 -8.9 3.3 I -2.8 

-10.82531 --5.33292 11.24682 ,2.76265 -2.14876 
1.15190 -6.30254 13.21898 4.96405 13.03239 A1 

-3.66835 -II. 20886 6.21645 -1.70582 -10.36658 

·--·-··;·····--··---·r··----·~:~~;~~r·-~-~-~~~~~-,--~~:·;~~~~--,-------·~·:·;~~~~-

-6.87000 
-9.40172 

14.41573 5.25801 12.80374 
2.40525 -2.64198 -9.63845 

~17.322941-9.837681-27 .16062 A8 

-----··;·· ---------··r·--·~-~~;~~--,----- ···; :~~;;~·-

0.56790 
0.42630 
0.12480 
0.96710 

1.56790 
1.42630 
1.12480 
1. 96710 

B 

Then start filling in Section A 1 of the tabl~. Taking any element 
of Section A (not in the first row), subtract from it the product 
of the first element of its row by the last element of the column 

· it belongs to, and record it in the appropriate place in Section A1 

of the scheme. For instance, choosing a43 =- 8:9, we have 

aw = a,3 -aub13 =- 8.9-3.2·0.72152 = -11.20886 
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To obtain the last row of Section A1 , divide all terms of the 
first row of that section by ag> = -- 10.82531. For example, 

a~1} -5.33292 
bg> = (1)= = 0.49263 

azz -10.82531 

All the remaining sections of the table are filled in similarly. 
For instance, 
a~~= a~~ -ag>biY = 6.21645-(-3.66835)· (-1.03894) = 2.40525 

The unknowns are found by using the rows containing units, 
beginning with the last one (marked rows). The unknown x4 is t_he 
constant term of the last row of Section A3 : 

X4 = b~~ = 0.56790 

The values of the other unknowns X3 , X2 , X1 are obtained in 
succession by subtracting from the constant terms of the marked 
rows the sums of the products of the corresponding coefficients bj~> 
by the earlier found values of the unknowns. 

We have 
X3 = b~~> -b~~X4 = -0.76536-(-2.09836) · 0.56790 = 0.42630, 

X2 = bi~ -bWx4 -b~~ X3 = 
= -0.25520-( -1.03894). 0.56790-0.49263.0.42630 = 0.12480, 

X1 = bu, -b14X4 -b13X3 -b12X2 = 0.84557 -( -0.91139) x 
X 0.56790-0.72152 · 0.42630-0.70886 · 0.12480 = 0.96710 

thus, 

X1 =0.96710, X2 =0.12480, X3 =0.42630, X4 =0.56790 

An intermediate check of the computations is carried out by 
means of the ~ column on which are performed all the operations 
performed on the other columns. 

Thus, ( 1) the sum of the elements of each row of the scheme 
(the elements not belonging to the ~ column). must be equal to 
the element of that row of the '5; column; (2) the roots X; that 
correspond to. the ~ column must be. greater by unity than the 
corresponding roots of the system. 

Incidentally, if we take into account the units written in Sec
tion B, then again the elements of the ~ column in this section 
are sums of the elements of the rows corresponding to them. In 
our case, the first at:Id second conditions are valid to within unity 
of the last digit place. It is therefore almost definite that the 
com putatiqns were performed correctly. 

Note that if the matrix of the system is symmetric, the corre
sponding parts of the sections A, A11 A2 , ••• of the scheme of 
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unique division are also symmetric. This circumstance can be 
utilized to simplify the table. 

It is easy to estim11te the number of arithmetic operations, N, 
necessary to solve a system of linear- equations in n unknowns by 
the Gaussian method [5] (not counting those for checking). 

The direct procedure requires the following number of multipli
cations and divisions: 

n(n+ l)+(n-l)n+ ... + 1·2= 

=(P+22+ ... +n2)+(1 + 2 + ... +n) = n(n+~(n+2) 

and as many subtractions. The reverse procedure requires n (n
2
-l) 

multiplications and divisions and the same number of subtractions. 
Hence, the total number of arithmetic operations in the Gaussian 
method is 

N= 2n(n+~{n+2)+n(n-l) < na 

for n > 7. 
Thus, the time required for the solution of a linear system by 

the Gaussian method is roughly proportional to the cube of the 
number of unknowns. For example, to solve a system of 100 linear 
equations in I 00 unknowns by the Gaussian method on a compu
ter capable of 10• operations per second requires 

T = 106 ·10- 4 = lOOseconds 

The actual machine time will be consiqerably greater because 
of other operations in the routine besides arithmetic operations 
(address substitution, logical operations, sending, shaping, etc.). 

8.4 IMPROVING ROOTS 

Approximate values of roots obtained by the Gaussian method 
can be improved. We will show how this is done if the correc
tions to the roots are small in absolute value. 

Suppose an approximate solution X 0 is found for the system 

Ax=b 
Setting 

X=X0 +6 

we then get, for the correction II= [ ::] of the root x,, 

A(x0 +6)=b 
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or 
Ab=e' 

where e = b-Ax0 is the residual of the approximate solution X 0 • 

Thus, in order to find 6, it is necessary to solve a linear system 
I elI 

with the earlier matrix A and a new constant term B = . To· 

LEn _j 
do this, all we need is to adjoin to the main computational scheme 
a column B of constant terms and transform it by the general 
rules. As usual; the corrections <\, 62 , ••• , on are found from 
the marked rows, the coefficients of these unknown corrections 
being already given in the table. Note that the transformed coef~ 
ficients of matrix A need not be improved since for small resi~ · 
duals the corresponding errors will have a higher order of smallness. 

Example. Solve the following system of equations by the Gaussian 
method to three places (say, by_slide rule or hand): 

6X1 -X2 -X3 : 11.33, } 
-x1 + 6xz.-x3 - 32, 
-X1 -X2 + 6x3 = 42 

(1) 

Using the values thus obtained as initial approximations, improve 
the roots to 10- 11 • 

Solution. Use the ordinary scheme of unique division (Table 15) 
and carry out all operations with three· significant digits. 

The approximate values of the roots are: 

xi0 ) = 4.67, x~o) = 7 .62, x~o) = 9.05 

Substituting these values in the given system (1), ~we compute the 
appropriate residuals [that is, the differences between the right 
and left members of system ( 1)]: 

ej0 ) =- 0.02, e~0 ) = 0, e~0 ) =- 0.01 

Using these values as constant terms (Table 15), we obtain the 
corrections of the roots: 

6i0) = -0.0039, 6i0
) = -· 0.0011' o~O) = -0.0025 

whence we get the improved values of the roots: 
x1 = 4.6661, X2 = 7.6189, X3 = 9.0475 

the residuals being equal to 
01 = - 2 ' } 0- !I, 02 = 2 · 1 0- II, {)3 = 0 



286 Ch. 8. Solving Systems of linear Equations 

TABLE 15 

REFINING ROOTS COMPUTED BY THE GAUSSIAN METHOD 

XI 
f 

Xz I x3 I Constant terms J ~ J 
Residual e 

6 -1 -1 11.33 15.33 -0.02 
-1 6 --1 32 36 0 
-1 -1 6 42 46. -0.01 

................................................................................................................... 1 ..................... . 
I< I -0.167 I -0.167 I 1.89 I 2.56 I -0.0033 

~ 

1 

5.83 
-1.17 

1 

-1.17 
5.83 

33.9 
43.9 

38.6 
48.6. 

-0.0033 
-0.0133 

........ ~.:.~ ....... 1 .. " ... ~~ ... ~ ........... ! ...... 5.6. :~ ........ 1 ... =~ ... ~ '-~~ .. < 

1 9.05 10.05 --0.0025 
9.0475 

7.62 8.62 --0,0011 
7.6189 

4.67 --0.0039 
4.6661 

It is sometimes required to determine a possible error L\x of the 
root x of a linear system on the basis of known small errors L\A 
and L\b of the matrix A of the system and its constant term b. 

We have 
Ax=b (2) 

and 
(A+ L\A) (x + L\x) = b + L\b (3) 

l 

From this, neglecting the sma 11 term L\A · L\x, we obtain 

Ax+ AL\x+ L\Ax = b + L\b 

or 
Al:ix= l:ib-L\Ax (4) 
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It is thus possible, when seeking ~x approximately, to use the 
Gaussian scheme for the basic system (2) by augmenting the scheme 
with a new column of constant terms, ilb-~Ax. , 

8.5 THE METHOD OF PRINC1PAL ELEMENTS 

Suppose we have a linear system 

allxl + al2x2 + ... + alnx!l = al, n+l' 

a21X1 +a22X2+ · · · +awxn=a2,n+l• } ( 1) 

Consider the augmented rectangular matrix consisting of the 
coefficients of the system and its constant terms, 

I all al2 ... alf . .. alq aln al, n+ 1 I 

· a21 a22 ... azJ . .. a2q a2n a2, n+l 

-ail a,.2 ... a;; . .. aiq a in ai. n+l 

M= 

apl apz aPJ ... I aPq I . . apn ap. n+l 

L anl an'l. ... all/ . . anq . .. ann an, n+l _j 

Choose a nonzero (as a rule, the numerically largest) element 
apq of matrix M not belonging to the column of constant terms 
(q=l=n+ 1), this element being called the principal element. Com
pute the multipliers 

for all i =1= p. 
The row of M with index p which contains the principal ele

ment is called the principal row. Then perform the following ope
ration: to. each nonprincipal row add the principal row multiplied 
by the appr'opriate multiplier mi of the row. We thus obtain a 
new matrix in which the qth column consists of zeros. Discarding 
this column and the principal pth row, we obtain a new matrix 
M< 1 ) with the number of rows and columns diminished by unity. 

Repeat these operations with matrix Mt1 > to get matrix M< 2 >, 

etc. Thus, we obtain a sequence of matrices 
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the last of which is a two-term row matrjx. It is also regarded 
as the principal row. 

To determine the unknowns xi, combine into a system all the 
principal rows, beginning with the last, which enters into matrix 
Mtn-u. 

After an appropriate change in the numbering of the unknowns 
we get a system with a triangular matrix, from which it is easy 
to obtain, step by step, the unknowns of the given system (1). 
The method of principal elements is always applicable if the 
determinant of the system 

det A= =f:.O 

Note that the Gaussian method is a particular case of the method 
of principal elements and the Gaussian scheme .is optained if for 
the principal element we always choose the upper left ·element of 
the corresponding matrix. 

8.6 USE. OF THE GAUSSIAN METHOD 
IN COMPUTING DETERMINANTS 

Suppose 

[

au a1
2 • • • a~n l 

a~H a2Z ' ' ' a2n 
A= ....... 

anl an2 ••• ann 

and 

!1 = det A 

Consider the linear system 

Ax=O 

(1) 

(2) 

(3) 

When solving (3) by the Gaussian method we replaced matrix A 
by the triangular matrix B consisting of elements of marked rows, 

[ 

1 bl2 bl3 •·• • bln j~ 
0 1 b(l) b(l) 

B = 23 • • • 2n ...... ' 

0 0 0 ... 1 

We obtained an equivalent system: 

Bx·=O (4) 
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The elements of B were successively obtained from the elements 
of .A and the subsequent auxiliary matrices Av A2 , ••• , An_ 1 

with the aid of the following elementary transformations: 
( 1) division by the leading elements all' aw' ... ) a~~-1 )' .which 

were assumed nonzero, and 
(2) subtraction, from the. rows of A and the intermediate mat

rices A i (i = 1, 2, ... , n -1 ), of seal ars proportional to the ele- · 
ments of the corresponding leading rows. In the first operation, 
the determinant of the matrix is also divided by the appropriate 
leading element, in the second, the determinant of the matrix re
mains unchanged. Therefore 

det A 
det B :..._ 1 = C1> aln-I> 

alla22 · · · nn 
Hence 

(5) 
that is, the determinant is equal ·to the product of the leading ele
ments of the corresponding Gaussian scheme. We conclude from this 
that the scheme of unique division given in Sec. 8.3 may be used 
for computing determinants (in this case the column of constant 
terms is superfluous). 

Note that if for any step the element ag-u = 0 or (s close to 
zero (this implies a reduction in the accuracy of the computations), 
one should appropriately change the order of the rows and columns 
of the matrix. 

Example. Evaluate the determinant 

7.4 2.2 -3.1 0.7 

L\= 
1.6 4.8 -8.5 4.5 
4.7 7.0 -6.0 6.6 
5.9 2.7 4.9 -5.3 

Solution. Us.ing the e·lements of the determinant L\, form a uni
que-division scheme (Table 16). 

Multiplying together the leading elements (in frames), we get 

L\ = 7.4. 4.32434.6.11331. (-7 .58393) = -1483.61867 

It is worth noting the following. To solve a system of n linear. 
equations in n unknowns \)y Cramer's formulas, one has to eva
luate n + 1 determinants of the nth order. Now by the unique-di
vision scheme, to compute one determinant of the nth order r~quires 
nearly· the same volume of work as the complete solution +of the 
system of equations. It is therefore, generally speaking, not advi
sable to use Cramer's rule for a numerical solution of. a linear 
system of equations for n > 3. · 

19 9616 
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TABLE 16 

EVALUATING A DETERMINANT BY THE GAUSSIAN METHOD 

1st column I 2nd column I 3rd colnmn I 4th column I ~ 

B 2.2 -3.1 0.7 7.2 

1.6 4.8 -8.5 4 .. 5 2.4 
4.7 7.0 -6.0 6.6 12.3 
5.9 2.7 4.9 -5.3 8.2 

-- ----;- -------- -~--- --~ ;~;~~- -- -r- =~ : ~; ~;;----- --~-- ---- -~ :-~~~~~-- -·. r ... ·---· ... ····- --~:~;;;;· 

14.324341 -7.82974 4.34866 0.84326 

5.60274 -4.03!!2 6.!5543 7.72705 
0.94599 7.37157 -5.85808 2.45948 

··-··;-· -····:··-----~---=·; :~-~-~~; ----~- ······;·:~~~~;·---·r········-·-------~---;~~~-

~ 0.52120 6.63451 

9.08440 -6.80939 2.27501 

--·-···;··················-r··-·-· ~---~~~~-~----l················-·;·:-~;~-~~-

I 

I 
-7.583931 -7.58393 

I I I I ~ = -1483.61867 

8.7 INVERSJON OF MATRICES BY THE GAUSSIAN METHOD 

Suppose we have a nonsingular matrix 

A= [ail] 

To find its inverse 

(i, j= 1, 2, ... , n) 

I 

A 

AI 

Az 

A.3 

I 

( 1) 

(2) 
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we use the basic relation 
{3) 

where E is the unit matrix. 
Multiplying matrices A and A - 1 , we get n systems of equations 

in n2 unknowns xi1: 

where 

6 .. = ~ 1 
Lf ~ 0 

(i, j = 1, 2, ... , n) 

when 

when 

i= j, 

i =F j 

The resulting n systems· of linear equations for j = 1, 2, .•. , n 
having the same matrix A and distinct constant terms can be 
solved simultaneously by the Gaussian method. 

Example. Find the inverse A - 1 of the matrix 

11.8 
0.7 

A= 7.3 

L 1.9 

-3.8 
2.1 
8.1 

-4.3 

0.7 -3.Tl 
-2.6 -2.8 

1.7 -4.9 
-4.9 -4.7 _j 

Solution. Form a unique-division scheme. We will have four co
lumns of constant terms (Table 17). Note that the elements of 
the rows of the inverse matrix are obtained in reverse order. 

On the basis of the results of Table 17, we get 

r -0.21121 -0.46003 0.16284 . 0.269561 
A-

1
_ -0.03533 0.16873 0.01573 _.0.08920 
- 0.23030 0.04607 -0.00944 -0.19885 

L -0.29316 _:0.38837 0.06128 0.18513 ...J 

To check, form the product 

11.8 -3.8 0.7 -3.71 
AA- 1 = 0.7 2.1 -2.6 -2.8 X 

7.3 8.1 1.7 -4.9 
L 1.9 -4.3 -4.9 -4.7 _j 

I -0.21121 -0.46003 
-0.03533 0.16873 

X 0.23030 0.04607 
L- 0.29316 -0.38837 

0.16284 0.26956, 
0.01573 -0.08920 

-0.00944 -0.19885 = 
0.06128 0.18513 ..J 



TABLE 17 

COMPUTING THE INVERSE MATRIX BY THE GAUSSIAN METHOD 

Xlj I X2j I Xaj I Xtj I i=l I i=2 I i= 3 I j=4 I ~ 

1.8 -3.8 0.7 -3.7 1 0 0 0 -4.0 
0.7 2.1 -2.6 -2.8 0 1 0 0· -1.6 
7.3. 8.1 1 .7 -4.9 0 0 l 0 13.2 
1.9 -4.3 -4.9 -4.7 0 0 0 1 -U.O 

·--~·········---,~;·:·i·i·i·;·~·I····<;:·~8889J~·;·.-o5556r--·a--55556f······a···············I·····a···············r·······a·········-.. ···· .,. -2.22223 

3. 577781-2' 872221--1 '361111-0' 388851 1 
23. 51110 -1. 13890 10. 10559 -4' 0555 [ . 0 

-0.28889 -5' 63889 -0.79444 -1.05554 0 

0 
1 
0 

0 
0 
1 

-0.04440 
29.42228 

-6.77776 

. ;· ........ F~-~~;;~~=~ -3~~~~~=~:;~~~{ --·-~· ~;~~~ -~·· -~-·--·-········ ,---··- ~- --- ...... , .... =~--~;·;~, 
' ' 

17.73557,19.04992,-1.50032,--6.57135 
-5. 87 081 -0 . 90434 -1 . 08694 0 . 0807 4 

1 
0 

0 
1 

29.71405 
-6.78134· 

-- ;··--·····r ; ~;4;;F~ ~~~~~~·~~:3;,~~-··~··-·-~·.·~~~;;;···r····-·~--·····---·-···1-···---··,·.·~;~~~ 

1 
1 

1 
5.40155

1
-l.58355r -2.097BO 

1 
0.33100 

1 
1 3.05456 

1-----7---- ----

~ ............ 1.~.~-· ~~~-~-~~! ..... ·~~---~~~~-~---·'····· -~---~-~.:.~~-- .. 1 ....... ~.:.~ ~~ .1.~ .... J ......... -~.--~-~-~~~ 
0.230301 0.04607 

-0' 03533 0. 16873 
-0.2112! -0.46003 

-0.00944 
0.01573 
0.16284 

-0.19885 
0.08920 
0.26956 

1. 06809 
l. 06013 
0.76266 



8.8 Square·root method 29) 

r 0.99997 o.ooooo --0.00001 0.000001 
-0.00025 0.99997 -0.00002 -0.00039 

- -0.00808 -0.01017 0.99982 0.00009 = 
L 0. 00000 0. 00000 0. 00000 1 . 0004~_j 

10.03 0.00 0:01 - 0.00 I 

0.25 0.03 0.02 0'.39 
=£-lo-s. 8.08 10.17 0.18 -0.09 

L 0.00 · 0.00 0.00 -0.48 _J 

We see that due to rounding the inverse is not quite exact. 
Below we give (see Sec. 8.15) a method for correcting the elements 
of an approxilfiate inverse matrix. 

8.8 SQUARE·ROOT METHOD 

Suppose we have a linear system 
Ax=b (I) 

where A= [a;j) is a symmetric matrix, that is A'= [a1tJ =A. 
Then A may be given in ·the form of a product of two transposed 
triangular matrices: 

A=T'T 
where 

(2) 

1(11 (12 • • • tlnjl llfll 0 • .. 0 I 

T ~ 0 tz2 ... tzn and T' = !12 t22 .•• 0 
. " . . . ... " 

L 0 0 ... tnn fln t2n • •• t,.m_J 

Multiplying together the matrices T' and T, we obtain the follo
wing· equations which allow us to determine the elements t;1 of 
matrix· T: 

t1it·11 + t,~)zf + · · · + fut;J = aii {i < j), } 

t~1 + trz + ... + t;, =au 
Whence we find in succession: 

i- i 

ai;-~ tkitkf 
k=l 

t;f = tu (i < j), 

t;1=0 for i>i 

(3) 
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The system (I) has a definite unique solution if t ii=I=O (i =I, 2, ... , 
n), since. in that case 

det A= det T' · det T = ( det T) 2 = (t11 f 22 ••• t,m)'~ =I= 0 

The coefficients of matrix T will be real if flt > 0. In the sequel 
we will not, generally speaking, assume this latter condition to 
be fulfilled. 

Given relation (2), the equation (1) is equivalent to two equa
tions: 

T'y=b and Tx=y 
or, expanded, 

fuY1 = bl, ) 
t12Y1 + t22Y2 = b2, 

.t1~Yt. + l2~Y~ + · ·. · .+. tn~Y~ ~ b~ 
and 

. . . . . . . . . ~ . . . 

i11X1+ t12X2 + · · · + tlnxn : Y1• ) 
t22x2+ · · · + tznXn- Yz• 

tnnXn = Yn 

From this we success-ively obtain 

and 

i-1 

b;- ~ tkiYk 
k=i 

Y;=--ti-i --

Yn xn=r, 
nn 

n 

X; 

Yi- ~ tikXk 
k=i+l 

) 
I 

(i < n) J 

(4) 

(5) 

(6) 

(7) 

The foregoing method of solving a system of linear equations 
is -called the square-root method. Since matrix A is symmetric 
and matrix T is upper triangular, we need only -write %- (n + I) 

upper coefficients -aif and t;i (i ~ j) in the computational scheme. 
The checking procedure is the ordinary type with the aid of sums; 
all coefficients of the appropriate row are taken into account when 
fotming a sum. 
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Note that if for some sth row we have t~s < 0, then the cor
responding elements fsj will be imaginary. Formally, the method 
is applicable in this case as well. 

In practical applications of the square-root method, the direct 
procedure, by means of formulas (3) and (6), is used to compute 
successively the coefficients t;i and Ydi = 1, 2, ... , n) and then 
the reverse procedure, by formula (7), is used to find the unknowns 
xdi=n, n-1, ... , 1). 

Example. Using the square-root method, solve the following system 
of equations: 

x1 + 3x2-2x3 -2x:; = 0.5, 
, 3x1 +4x2 -5x3 + X4 -3X5 =5.4, 
-2x1 -5x2 + 3x3 -2X4 + 2x5 = 5.0, 

X2-2X3 + 5x4 + 3x& = 7.5, 
- 2x1 -3x2 + 2x3 + 3x4 + 4x5 = 3.3 

Solution. Enter the coefficients a;j and the constant terms b1 of 
the given system in the initial sect ion, A, of the table (Table 18) 

TABLE 18 

SOLUTION OF A LINEAR SYSTEM BY THE SQUARE-ROOT METHOD 

Uil I Ui2 I a ~a I Ui& 

I 
Ui1 

I 
bi 

I ~ I Soction• of 
scheme 

1 3 -2 0 -2 0.]5 0.5 
3 4 --5 l -3 5.4 5.4 

-2 -5 3 -2 2 5.0 1.0 A 
0 I -2 5 3 7.5 14.5 

-2 -3 2 3 4 3.3 7.3 

th I ftz I fis I t,, I t,6 I Yi I ~ I 
I 3 -2 0 -2 0.5 0.5 -

2.236li -0.4472i -0.4472i -1.3416i -1. 7471i -1.7471 i --
0.8944i 2.0125i 1.5653i -7.5803i -3.1081 i B 

3.0414 2.2194 -2.2928 2.9679 
0.822li 0.1643i 0.9859i 

-6.0978 -2.2016,-6.8011 r-0.8996
1 

0.19981 l ~ I c 
-5.0973 -1 . 20 17 -5. 8004 0 . 1007 1.1992 X; 
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an9 compute the column marked ~· Using formulas (3) and (6) 
and moving from row to row in succession, compute the coeffici-
ents t ii and the new constant terms Y;, thus filling Section B of 
the table. 

For example, 

t 
_ a3ft-t13tu,-ta3 t 2 ft _ 2-(-2) (-2)-(-0.4472i) (-1.3416i) _ 

1 5653
. 

86 - t
33 

- 0.8944i - · t 

Compute the column .labelled ~ for a check. On the basis of 
formulas (7) ·we find the values of the unknowns xi and the checking 
value9X;=Xi-1:= 1, entering them in Section C. For example, 

y3 - t 3~5 - t 34x4 -7.5803i-1.5652i ·0. 1998- 2.0125i ·t -0.8996) 
Xa = t = 0.8944i = 

33 

=- 6.8011 

8.9 THE SCHEME OF KHALETSKY 

For the sake of convenience, we· write the system of linear 
equations in matrix notation as 

Ax= b (1) 

where A= [aii] is a square matrix of order n and 

lxl I I I 
al, n +1 

X= b= 

an, n+l 

LXn_l 
L .J 

are column vectors. Represent mafrix A in the form of a product 
of a lower triangular matrix B = [bif] and an upper triangular 
matrix C = [ciJ] with unit diagonal; thus, 

A=BC (2) 
where 

lbll 0 ... Ol 11 c12 cln I 

B= b21 b22 ... 0 
C= 

0 1 c2n 
and 

L bnl bn2 · · • bnn _j Lo o 1 
.J 

Then the elements bii and cii are determined from the formulas 

bil = £!;v 

(i~j>l)} j ...:.1 (3) 
bii = aii- ~ b;kcki 

k=l 
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and 
all 

elf= -b ' 
11 

c,i=b:, (a,!-:~. b,kcki) (l<i<i)} (4) 

Whence the desired vector x may be computed 
of equations 

By=b, Cx=y 

from the chain 

(5) 

Systems (5) are readily solved since the matrice5 B and C are 
triangular: 

and 

al,n+f 
Yt=-b-, 

11 

Y; =f. d;, n+t- ~ b;kYk ( 
i- I ) 

ll \ k=l 

(6) 

(7) 

From formulas (6) it' is evident that the numbers Y; are advanta
geously computed together with the coefficients cif· This method 
is known as the scheme of Khaletsky. This scheme uses the ordi
nary type of checking by means of sums. 

Note that if the matrix A is .symmetric, that is ail= a1i, then 

b;; (. < ') 
C;j= ~ • t I 

ll 

Khaletsky's scheme is convenient for machine computation since 
in this case the operations of "accumulation" (3) and (4) may be 
carried out without recording the intermediate results. 

Example. Solve the system 

· 3x1 + X2 - X3 +2x4 =6, } 
-5x1 + X2 +3x3 -4X.,=-12, 

2x1 + x3 - x4 = 1 , 
x1 -5X2 + 3x3 -3x4 = 3 

Solution (see Table 19). 



TABLE 19 

I Xt I X2- -~-~3- I X4 I -~ ~ I ~~ X-2 ~-x-:---~ X4 I I ~ 
1 

au I a12 l a13 I a14 I a15 I a1s 3 I · 1 I -1 I 2 I 6 I 11 

I 
1 

a,. I a,. I a,. I a,. I a25 I a,. -5 I I I 3 1-4 I-I2 I -I7 
a31 1 a32 1 a33 1 a34 1 a35 1 a36 2 1 o 1 1 1 -1 . 1 1 1 3 

a4t 1 a42 1 a43 1 a44 1 a45 1 a46 1 1 -5 1 3 1-3 1 3 1 -1 

~~I I cu I c., I <u I c15 I c16 3111 0.3333331-0.3333331 0.6666671 2 13.666667 

ll 
1 

b,. I b, II I c" I c,. I c, I c26 -5. 12.666667111 0.5 1-0.25 1-0.75 I 0.5 

b31 I b., I b, II I c,. I c35 I c30 2 1-0.6666671 2 II 1-1.25 1-175 I -2 

b 41 I b" I b" I b" II I c,. I c,. I I ~5. 3333331 6 I 2. 5 II I 3 I 4 

I I I I Yl. I x1 I I I I 2 I 1 

I I I I y2 I x 2 I I I I -O · 
75 I -I 

II I I 

I I I I y3 I x 3 I I I I -l. 75 
' I 2 

I I I I 'q4 I X! l I I l 3 I 3 
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In the first section of Table 19 enter the matrix of coefficients 
of the system, the constant terms and the check sums. 

Then, since bi1 = ai1 (i = I, 2, 3, 4), the first column of Section 
I is moved to the first column of Section II. 

To obtain the first row of Section II, divide all elements of the 
first row of Section I by the element a11 = b11 , by 3 in our case. 

We have 
I 

cl2 = 3 = 0.(3), 

1 
C13 = - 3 =- 0.(3), 

2 
C14 =,3 = 0.(6), 

6 
Cu=3=2, 

II 
C16 = 3= 2.(6) 

Now fill in the second column of Section II beginning with the 
second row. Using formulas (3), determine bi2 : 

b22 = a 22 -b21C12 = 1-(- 5 ·. }) = ~ = 2.66(6), 

I 2 
b32 =a32-b31c12 =0-2 · 3 =- 3 = 0.(6), 

I I 
b,.2 =a,. 2-b41C12 =-5-l ·3=- 5·3=-5.(3) 

Then, determining c2i (j = 3, 4, 5, 6) by formulas (4), fill in the 
second row of Sect ion I I: 

c2a = b:
2 

(a23-b2lcla) = ~ [ 3- (- 5)·.( -+)] =! , 
I 3 [ 2 J I c,~ = b22 (aM -b2lcu) = 8 (-4)- ( -5). 3 =- 4' 

I 3 3 
C2o= b

22 
(a~o-b21C10 ) =s {(-12)-(-5)·2] =--;r 'I 

1 3 [ 11] I c26 == b22 (a26- bnci6) =s (-17)-(-5) ··a =2 

We now go to the third column and compute its elements b33 and 
ba4 from formulas (3), and so on until we have filleq in the whole 
of Section II. We thus get a staircase arrangement in Section II: 
column~row, column-row, etc. 

In Section III, we determine Y; and X; (i = 1, 2, 3, 4) using for
mulas (6) and (7). 
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Intermediate checking is done by means of the~ column, which 
is involved in the same operations as i~ the column of constant 
terms. 

8.10 THE METHOD OF ITERATION 

When a linear system has a large number of unknowns, the Gauss
ian scheme, which yields an exact solution, becomes very un
wieldy. Under such conditions it .is sometimes more convenient to 
use approximate numerical methods for finding Jhe roots of the 
system. One of these methods is the method of iteration, which we 
present here. 

Given a linear system 

auxt + al2X2 + ... + alnxn = bl' ·~ 

a2•1X~ ~ a~ 2X.2 ~ ••••• +. U2.nX~ ~ b~, 
anlxl + an2x2 +~ ... + annxn - bn 

Introducing the matrices 

ran al2 .•• alnl 
a21 a22 • · • a2n 

A= ' ' . ' ..... 
~ anl an2 ..• ann 

we can write system ( 1) briefly as a matrix equation: 

(1) 

Ax=b (I') 

Assuming that the diagonal coefficients 

(i= 1, 2, .. ·., n) 

we solve the first equation of (1) for X11 the second for x
2

, and so 
on. We then get the equivalent system 

XI= ~~ + a12x2 + auXa + · · · + CX.1nxn, } 

i2 = ~2 + a21X1 + ctzaX'a + · · · + CXznXn' 
(2) 

X~~~~~a~~~~ ~~n~X2·+·· ... ~~n:n~l~n~l .. 
where 

ail 
CX.··=--

1/ aii 
for 

and aii = 0 for i = i (i, i = 1, 2, ... , n). 
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Introducing the matrices 

[::; ::: a= 

arzl arz2 

and 

we can write (2) in matrix form: 

X=~+ax (2') 

We will solve system (2) by the method of s-uccessive approxi
mations. For the zeroth approxi,mation we take, say, the column. 
of constant xw) = ~. 

Then we conseeutively construct the column matrices 
xu>=~+ ax(o> 

(first approximation) 
x'2) = ~ + ax\1) 

(second approximation), and so forth. . 
Generally speaking, any (k + 1 )th approximation is computed 

trom the formula 
(k=O, 1, 2, ... ) (3) 

If the sequence of approximations x(O>, xi 11 , ••• , x(k>, ... has a 
limit 

X= l1m x(k> 
k-+ 00 

then this. Hmit is the solution of system (2). Indeed, passing to 
the limit in (3), we have 

lim x<k+l> =~+a lim x(k> 
k-+oo k-+oo 

or 
X=~+ax 

which is to say that the limiting vector x is the solution of sys
tem (2') and, consequently, of system (1). 

Let us write out the f?rmulas of the approximations in full: 

x\o> = R. l l t-' I' 

x~k+I>- ~. + ± a .. x<k> 
t - I j= l lj i 

(aii=O; i= 1, ... , n; k=O, 1 2, ... ) 

(3') 

It will be noted that it is sometimes more advantageous to re
duce system ( 1) to (2) so that· the coefficients a.u are not equal 
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to zero. For instance, tak~ the equation 
1.02x1 -0.-15x~ = 2.7 

In order to apply the method of successive approximations it is 
natural to write it in the form 

x1 = 2.7 -0.02x1 + 0.15x2 

Generally, having_ a system 
n 

.~ a;;X; = b; (i = I, 2, ... , n) 
1= 1 

we can put 

where aW-:::/= 0. Then the given system is equivalent to the reduced 
system 

n 

x · = ~ · + ~ a· .x1 ( i = I , 2, ... , n) 
l l j=l If · 

where 

for i-:::/= j 

For this reason, from now on we wi 11 not, general,ly speaking, 
assume that au=O. 

The method of successive approximations given by the formula 
(3) or (3') is called the method of iteration. The process of itera
tion (3) converges rapidly, that is, the number of approximations 
necessary to obtain the roots of (1) to a given accuracy is small 
if the elements of the· matrix a are small in absolute value. In 
other words, successfu 1 use of- the iteration _process requires that 
the moduli of the diagonal coefficients of system ( 1) be large in 
comparison with the moduli of the nondiagonal coefficients of this 
system (here the constant terms are immaterial). 

Example 1. Solve the system 

4x1 +0.24x2 -0.08x3 _ 8, } 
0.09x1 + 3X2 --0.15x3 - 9, 
0.04x1 -0.08x2 + 4x3 = 20 

by the method of iteration. 

(4) 

Solution. Here, the diagonal coefficients 4, 3, 4 of the system 
considerably exceed the remaining co~fficients of the unknowns. 
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Reduce this system to the normal form (2), 

X1 = 2-0.06x11 + 0.02x:~· } 
X 2 : 3~0.~3x1 + 0.05x3 , 

X3 - 5-0.01x1 + 0.02x:.> 

System (5) can be written in matrix form as 

rx~] l2J l o -O.o6o.o2llx1] I X? = 3 +. -0.03 0 0.05J X 2 

Lx3 5 -0.01 0.02 0 x3 

For the zeroth approximations of the roots of (4) we take 

x~0 > = 2, xi01 = 3, x~0 > = 5 

3Dl 

(5) 

Substituting these values into the right members of (5), we get 
the first approximations of the roots: 

x~l)= 2-0.06· 3+ 0.02 · 5·= 1.92, 
x~l> = 3-0.03 · 2 + 0.05· 5 = 3.19, 
x~l> = 5-0.01· 2 + 0.02· 3 = 5.04 

Substituting these approximations into (5), we get the second 
approximations of the roots: 

xi2> = 1. 9094, x?> = 3.1944, x~z> = 5.0446 

Substituting again, we get the third approximations of the roots: 

x~ 3 > = 1.90923, x~3 > = 3.19495, x~3 > = 5.04485, etc. 

The results of the computations are entered in Table 20. 

TABLE 20 

SOLVING A LINEAR SYSTEM BY THE METHOD OF ITERATION 

k I xik> I xJ~> I x~k> 

0 2 2 5 
1 1.92 3.19 5.04 
2 1.9094 3.194A 5.0446 
3 1.90923 3.19495 5.04485 

Note. When using the method of iteration [formula (3)], it is 
not necessary to take the column of constant terms as the zeroth 
approximation x10>. As will be shown below, the convergence of 
the iteration process depends solely on the properties of the mat
rix a; note that when certain conditions are met, if this process 
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converges for a certain choic~ of the initial approximation, it will 
converge to the same limiting vector for any other choice of. the 
initial approximation as well. For this reason, in the iteration 
process the initial vector x~o> can be chosen arbitrarily. It is ad
visable, for the components of the initial vector, to t.ake the ap
proximate values of roots of the system found as a reasonab-le 
guess. · 

A converging iteration process is self-correcting; that is, an 
individua 1 computationa 1 error wi II not affect the final resu It, 
since any erroneous approxim-ation may be regarded as a new 
initial vector. 

Also, it is sometimes more convenient to compute not the ap
proximations as such but their differences. Introducing the nota
tions 

(k=O, 1, 2, ..• ) 

we have, from formula (3)", 
x(k+I-> = ~ + ax<k> 

and 
x<k> ='~ + ax<k-1> 

Whence subtract (7) from (6) to get 

or 

L\ <k+~> =a (x<k> _ x<k-1>) =a~ <k> 

~(k+l) =CG~(k) .(k= }; 2, ... ) 

For the zeroth approximation we take 
~\o>=X'(O) 

Then the mth approximation is 

m 

x<m>= ~ ~(k) 
k=O 

(6) 

(7) 

(8) 

(9) 

(10) 

If, as usual, we put ~<o>=x<o>=~, then (8) will hold true for 
k = 0 as well, otherwise .(8) does not hold for k = 0. From this we 
obtain the following procedure for computations based on this ver
sion of iteration: 

( 1) if ~ \o> = x<o> = ~, then 

(k=O, 1, 2, ... ) 

and 

k k 

X(k) = ~ L\ {S) = ~ cx,S~ 
s;:::;O s:;O 
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(2) but if dco> = xco> =F ~, then we find 
L\ il> = xm _ xlo> = axlo> + ~ _ x(o> 

and assume 
(k= I, 2, 3, ... ) 

Thus 
k k 

,x(k) = ~ L\(S) = X(O) + ~ cx,S-lt:\(1) 

s=O s= I 

Example 2. Solve the system 

2x1 ~ X2 + X3 = _:__3, } 
3x1 + 5x2 - 2x3 = 1 , 

X1 -4X2 + 10x3 = 0 

Solution. Reduce the system ( 11) to the form (2): 

Here 

and 

X1 = ~ 1.5 + 0.5x2 -0.5x3 , 

x2 = 0.2-0.6-':1 +0.4x3 , 

X3 = -0.1x; +0.4x2 

[ 

0 0.5 -0.5]( 
0.= -0.6 0 0.4 

-0.1 0.4 0 

[-1 5] 
~= ~.2 ' 

Using formulas (8) and (9), we get 

~"·=~=[-~·~} 
r o o.s -o.s~J [-l.5l [o.1 J 

L\<
1! =at:\ co>= l-0.6 0 0.4 0.2 = 0.9 • 
. -0.1 0.4 0 0 .:.. 0.23 

/l(2) =O.L\(1)= [-~.6 ~·
5 

-~:!l [~:! J = [~:~~~l 
-o.I 0.4 o J o.23 o. 35oJ 

and so forth. The results are entered in Table 21. 

011 QF; IF: 
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( 11) 
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TABLE 21 

&O.LVING A LINEAR SYSTEM 
BY THE MODIFIED ITERATION METHOD 

(METHOD OF ACCUMULATION) 

-;-I Ll<k> xl I (jlk> x2 I fjUqx3 

0 -1.500 0;200 0.000 
1 0.100 0.900 0.230 
2 0.335 0.032 0.350 
3 -0.!59 -0.061 -0.021 
4 -0.020 0.011 -0.008 
5 0.010 .0.009 0.006 
6 0.002 -0.004 0.003 
7 -0.004 0.000 -0.001 
~ 0.000 0.002 0.000 
9 0.001 0.000 0.001 

~ I -1.235 
I 

1.089 I 0.560 

Thus the approximate values of the roots are 

X1 =- 1.235, X2 = 1.089, 

A defect of this version of the method of iteration is the syste
matic accumulation of errors with increasing number of terms, and, 
as a result, considerable errors in the required roots. What is 
mor,e, an error committed in the computations affects the final 
result. For this reason, the first version of the method of iteration 
is more reliab'le. 

Remarks concerning -computational accuracy. If all the coefficients 
and constant terms of the given system are exact numbers, the 
solution by means of the method of successive approximations can 
be obtained to any preassigned number m of correct deci_mal places. 
In this case, retain m + 1 decimal places in the values of the suc
cessive approxi-mations and compute the successive approximations 
until they coincide. Then round off one digit. If the coefficients 
and constant terms of the given system are approximate numb~rs, 
written to p digits, the solution of the system is carried to m = p 
digits, as in the case of exact numbers. 

We -give without proof a sufficient condition for the convergence 
of the process of iteration (for the proof s~e Sec. 9.1 ). 
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Theorem. If for the reduced system (2) at least one of the follo
wing two conditions is valid: 

n 

(1) ~ la;·l < 1 
i=l J 

(i= 1, 2, ... , n) 

or 
n 

(2) ~ I a;i I< 1 (j=1, 2, ... ' n) 
i=l 

then the process of iteration (3) converges to a unique solution of 
the system irrespective of the choice of the initial approximation. 

Corollary • For the system 
n 

~ a;1xi= b; 
i=l 

(i = 1, 2, ..• , n) 

the method of iteration converges if the inequalities 

(i= l, 2, ... , n) 

hold true, that is, if the moduli of the di-agonal coefficients are 
greater for eaoh equation of the system than the sum of the mo
duli of all the remaining coefficients (disregarding the constant 
terms). 

8.11 REDUCING A LINEAR SYSTEM TO A FORM CONVENIENT 
FOR ITERATION 

The convergence theorem (Sec. 8.1 0) imposes stringent conditions 
on the coefficients of the given linear system 

Ax= b (l) 

However, if det A =F 0, then by a linear combination of the 
equations of the system (I), thjs system can always be replaced 
by the equivalent" system 

(2) 

such that the conditions of the convergence theorem are valid. 
Indeed, multiply (1) by the matrix D= A- 1 -e, where e= [e;1] 

is a matrix with numerically small elements. Then we have 

(A- 1 -e) Ax= Db 
or 

(3) 

where a= eA and ~=Db. If I eif I are sufficiently small, i~ is plain 
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that the system (3.) satisfies the conditions of the convergence 
theorem. 

Multiplication by the matrix D is equivalent to a set of ele~ 
mentary transformations of the equations of the system. The pro
blem is to arrive at the standard form (3) with a minimum of 
effort. . 

A practical procedure is as follows. Extract from the given 
system those equations with coefficients whose moduli are greater 
than the sum of the moduli of the remaining coefficients of the 
equation. Each chosen equation is written in a row of the new 
system so that the numerically largest coefficient is a diagonaL 
coefficient. 

The remaining unused equations and the chosen equations of 
the system are made into I inearly independent linear combinations 
in such a way that the above principle of forming a new system 
is fulfilled and all free rows are filled. Be sure that each equation 
that was not yet used is involved in at least one linear combina
tion forming an equation of the new system. \Ve give an illustra
tive example. 

Example. Reduce the system 

(A) 
(B) 
(C) 
(D) 

to a form suitable for applying the method of iteration. 

Solution. In equation (B) the coefficient of x3 is greater (in . mo
dulus) than the sum of the moduli of the other coefficients, and 
so we can take this equation for the third equation of the new 
system. The coefficient of x1 in equation (D) is also greater than 
the sum of the moduli of the remaining coefficients of equ~tion (D), 
and so this equation can be taken for the first equation of the 
new system. Thus, the· new system looks Hke this: 

. m) l~x·.~2~,~~·~2x~ ~4-=.0,·l 
(III) X1 -2x2 -5x3 +x,-2=0, 
(IV) ............ . 

Examining this system, we can easily see that in order to ob
tain equation (II) with maximum-modulus coefficient of x2 it suf
fices to form the difference (A)-(C~ 

(II) x1 + Sx~ + x; + Ox~- 1 ~ 0 
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The new system now includes the equations (A), (B) and (D), 
and so equation (IV) m1;1st include equation (C) of the given system. 
A trial convinces us that we can take for equation (IV) the linear 
combination 2 (A)-(B) + 2 (C)-(D): 

(IV) 3x1 +Ox2 +0x3 -9X4 -10=0 

W-e thus obtain the transformed system· of equations I-IV, 
which is equivalent to the original system and satisfies the condi·
tions of convergence of the -iteration process. Solving this system 
for the diagonal unknowns, we get the system 

X1 =. Ox1 -0.2x2 +0.lx3 -0.2x4 -0.4,} 
X2 = 0.2x1 + Oxa-0.2x3 + Ox4 + 0.2, 
X3 =0.2x1 -0.4x2 + Ox3 +0.2X4 -:-0.4, 
X4 = 0.333x1 + Ox2 + Ox3 + Ox4 - I .Ill 

to which we can apply the method of iteration. 

8.12 THE SEIDEL METHOD 

The Seidel method is a certain modification of the method of 
iteration. The principal idea behind it is that in computing the 
(k + 1 )th approximation of the unknown xi, the earlier computed 
(k + 1 )th approximations of the unknowns X1 , X2 , ••• , X;_ 1 are 
taken into account. 

Suppose we have a reduced linear system 
n 

X;= ~i+ 2: r::t.;iX! 
/=l 

(i= ~' 2, ... , n) 

Arbitrarily choose the initial approximations of the roots 
xi?>, x~o), ••• , xAo> 

attempting of course to have them roughly correspond to the de
sired unknowns 

.Xt, X2, • • · • Xn 

Now, assuming that the kth approximations xjk> of the roots are 
known, we, following Seidel, construct the (k+ l)th approximations 
of the roots by the following formulas: . 

n 
x<k+I> = R +a · x<k+l> + ~ a .x<.kl 

2 t-'2 21 1 .~ 2; 1 ' 
. J=2 . .. . . . . . . .. . . . . . . . . 
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. . .. . . . . .. .. . . . . . . . . 
n-1 

x'k+l> = R + ~·a .x<k+J> +a x<k> 
n Pn ~ nJ f nn n 

/=I 
(k = 0, 1' 2, ... ) 

Note that the convergence theorem given above (see Sec. 8.10) 
for simple iteration remains valid for _iteration by the Seidel method 
(see Sees. 9.3 to 9. 7). 

Ordinarily, the Seidel method yields a better convergence than 
does the method of simple iteration, what is more, the Seidel 
process may converge even when the process of iteration diverges. 
This does not always take place however. Cases are possible when 
the Seidel process converges more slowly than does the process of 
iteration. It also sometimes happens that the process of iteration 
converges whiJe the Seidel proress diverges [ 1] (see Sec. 11.6). 

Example. Solve the following system of equations by the Seidel 
method: 

Solution. Reduce the system_ to a form convenient for iteration, 

X1 _ 1.2=0. I'x2=0.1x3 , } 

X2 - 1.3 0.2x1 0.1x3 , 

X3 = 1.4-0.2x1 -0.2x2 

For the zeroth approximations of the roots take 

x~o> = 1.2, x~01 = 0, x~o> = 0 

Applying the Seidel process, we successively obtain 

x?' = 1.2-0.1-0 -0.1 .Q = 1.2, } 
x~u = 1.. 3-0. 2 . 1. 2-0. 1 · 0 == I. 06, 
x~1 > = 1.4-0.2-1.2-0.2-1.06=0.948 

x12
> = 1.2-0.1·1.06 -0.1· 0.948 = 0.9"992, } 

x~2 > = 1.3-0.2·0.9992~0.1-0.948 = 1.00536, 
x~2 > = 1.4-0.2 · 0.9992-0.2-1.00536 = 0.999098, etc. 

(I) 

(I I) 

The results are computed correct to four decimal places and are 
tabulated in Table 22. 
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TABLE 22 

FINDING THE HOOTS OF A LINEAR SYSTEM 
BY THE SEIDEL METHOD 

k 
I 

(k) 

I 
xik> I <k> xl 

I 
Xs 

0 1.2000 0.0000. 0.0000 
1 1.2000 1.0600 0.9480 
2 0.9992 1.0054 0.9991 
3 0.9996 1.0001 1.0001 
4 1.0000 1.0000 1.0000 
5 1.0000 1.0000 1.0000 

The exact values of the roots are X1 = 1, X2 = 1, X3 = l. 

8.13 -THE CASE OF A NORMAL SYSTEM 
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Definition 1. An integral homogeneous polynomial of second 
degree in n variables is called a· quadratic form of these variables. 

• In the general case, a quadratic form looks like this 

U (X1 , X2 , ••• , Xn) = a11X~ + a22X~ -+- ..• + annX~ + 
+2al2XlX2+2a13XlX3+ • .. +2an-I, nXn-1Xn (1) 

where a,.i (i; j = 1, 2, ... , n) are constants; for the sake of con
venience, the coefficients of i =1= j are taken in the even form 2a,.,. 
Equating u to the constant c, we get the equation of ·a central 
quadric surface: 

- U(X1 , X2 , ••• , Xn)=C 

in n-dimensional space. 
If we put 

(2) 

that is 2a,.i = a,.i+ ai,., then formula ( 1) may be written compactly as 
n n 

U (X1 , X2 , ••• , Xn) = ~ ~ aijXiXJ 
i= I i= I 

( 1 ') 

The matrix 
~3) 

is ca lied the matrix of the quadratic fo'rm ( 1 '). By virtue of Con~ 
dition (2), matrix A will be symmetric, that is, it will coincide 
with its transpose. Contrariwise, for any symmetric matrix A= [a,.i] 
it is possible to construct an associated quadratic form (I'). 
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Definition 2. The quadratic form (1) is called positive (negative) 
definite if it assumes positive (negative) values, vanishing only for 

X1 = X2 = ... = X11 = 0 

If u (x1 , X2 , 

the equation 
. ".,. xn) is a positive definite quadratic form, then 

(c > 0) 

is the equation of an ellipsoid. Note that in this case 

since 
au > 0 (i =:== I, 2, ... , n) 

a11 = u ( 1 , 0, ... , 0) > 0, 
a22 = u (0, 1, ... , 0) > 0, 

ann = u ( 0' 0' ... J 1) > 0 

Definition 3. Let us call a linear system 

(i = 1, 2, ... , n) (4) 

nprmal if ( 1) the matrix A = [ aii] of the coefficients is symmetric, 
that is, a;1 = aii' (2) the corresponding quadratic form 

n n 

u = ~ ~ a;iX;Xi is positive definite. 
i==J j==J 

Normal systems are encountered in the solution of many problems, 
.. for instance in the method of least squares, when seeking the 

directions of the principal axes of an ellipsoid, etc. 
Reduce the normal system (4), in the ordinary way, to the 

special form 

(i= I, 2, ... , n) ( 4')· 

where 
ail 

CX.··=--
lj au (j =Pi) and ~; = :~. 

II 

Theorem .1. If the linear 
process will always· converge 
to it. 

system ( 4) is normal, then the Seidel 
for the reduced system ( 4') equivalent 

Proof. See Sec. 11.5 and also [2]. 
How to reduce _a l-inear system to normal form is indicated by 

the following theorem. 

Theorem 2. If both members· of the linear system 

Ax=b (5) 
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with nonsingular matrix A-= Taii] are premultiplied by the transpose 
A'= [ aj1], then the resulting system 

A' Ax= A'b (6) 
is normal. 

We first prove that the matrix A' A is ~ym metric. Indeed, we have 
(A'A)'=A'A"=A'A 

We now prove that the quadratic form associated with the matrix 
A' A is positive definite. We form the quadratk form with matrix 
A'A: , 

n n n 

U (Xu X2 , ••• , Xn) = ~ ~ ~ akiak;X;XI 
l=Ji=Jk=l 

Changing the order of summation, we get 

Since the value of the sum does not depend on the summation 
index, 

By hypothesis, det A= det [ a;1] =1= 0. Therefore the homogeneous 
system 

n 

~ ak;X;=O (k = 1, 2, ... , n) 
i=l 

has only trivial solutions. Consequently 

u (xu x2, ... ' xn) > 0· for I XI I+ I x2J + ... +I xn I =I= 0 

The proof of the theorem is complete. 

8. t 4 THE METHOD OF RELAXATION 
-,_ 

Suppose we have a system of linear equations 

a11x1 + a12X2 + ... + a1nXn = bu ) 
a2Ixl + a22x2 + · · · + a~nXn = b2, } 

) 
(I) 

We transform this system as follows: transpose the constant terms 
to the left and divide the first equation by -a11 , the second 
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by -a22 , etc. We then obtain a system that is ready for relaxation: 

where 

-X1 +b12X2 + ... +b1nxn+c1 =0,} 
b21 X1- X2 + ... +b2nxn+c2 =0, 
........... " ..... "' 

bn1X1 + bn2X2 + · · · - Xn + Cn = 0 

b; 
and c;=

aii 

(2) 

Let X 10
> = (x~o>, x~o>, •.. , x~0>) be the initial approximation to 

the solution of the system (2). Substituting these values into 
system (2), we get the residuals 

R<o> = c -x<o> + ± b .x<9> 1 
1 J 1 /=

2 
1; I ' 

n 

R<o> = c -xw> + ~, b x<!J> 
2 2 2 /=I 2/ 1 ' (3) 

/=1=2 

n-1 

Rw1 = c -xw> + ~ b .x<.o> 
n n n j= I n; 1 

If we give an increment of 6xi0> to one of Jhe unknowns x~0>, then 
the corresponding residual R~o> will be diminished by the quantity ox~o>, 
and all the other residuals R~o> (i =F s) will be increased by the 
quantity bi56xi0>. Thus, to make the next residual Ri 1> vanish, it 
suffices to give the quantity x~o> an increment of 

and we have 

and 

The method of relaxation [3], [ 4] in its simplest form consists 
in reducing the numerically largest residual to zero at each step 
by changing the value. of the appropriat~ component of the appro
ximation. The process is terminated when all the residu~Js of the 
last transformed system are equal to· zero within the required accu
racy. We will not consider the question of the convergence of this 
process ( 4 J. 
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Example. Solve the following system by the method of relaxation [3]: 

lOA;- 2x2 - 2x3 = 6, } 
-X1 + 10x2 - 2x3 = 7, 
-x1 - X2 +10x3 =8 

carrying the computations to two decimal places. 

(4) 

Solution. We reduce the system ( 4) to a form convenient for rela
xation: 

-x1 +0.2x2 +0.2x3 +0.6=0, } 
-x2 +0.1x1 +0.2x3 +0.7 = 0, 
-x3 +0.lx1 +0.1x2 +0.8=0 

Choosing the zero values 
x~o> = xio> = x~o> = 0 

for the initial approximations of the roots, we get the respective 
residuals: 

RiO)= 0.60, Ri0
) =·0.70, R~6) = 0.80 

By the general theory, we assume 

bx~o> = 0.80 

whence we get the residuals 

Now we set 

RP> =RiO>+ 0.2. 0.8 = 0.60 + 0.16 = 0.76, 
R~l) = R~O) + 0.2. 0.8 = 0. 70 + 0.16 = 0.86, 
R~l) =RiO> -R~O) = 0 

6xi1
> = 0.86 

and so on. The results of the computations are given in Table 23. 
Summing all the increments 6210 (i= 1, 2, 3; k=O, 1, ... ), we 

get the values of the roots: 

X1 = 0+0.93 + 0.07 = 1.00, 

X2 =0+0.86+0.1.3+0.0l = 1.00, 
X3 = 0+0.80+ 0.18+0.02 = 1.00 

Check by substituting the values of the roots thus found into 
the original equations; in this case the system (4) has been solved 
exactly. 
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TABLE 23 

SOLUTION OF A LINEAR SYSTEM BY THE METHOD OF 
RELAXATlON 

I x, I Rt I x, I R, I X a I Rs 

0 0.60 0 0.70 0 0.80 

0.16 0.16 0.80 -0.80 
0.76 0.86 -0-

0.17 0.86 -0.86 0.09 
0.93 -0- 0.09 

0.93 -0.93' 0.09 0.09 
-0- 0.09 0.18 

0.04 0.04 0.18 -0.18 
0.04 0-.13 -0-

0.03 0.13 -0.13 0.01 
0.07 -0-- 0.01 

0.07 -0.07 0.01 0.01 
-0- 0.01 0.02 

0 0 0.02 -0.02 
0 0.01 -0-

0 0.01 -0.01 0 
0 -0- 0 

~ 11001 I 100 1 I 100 1 

8.15 CORRECTING ELEMENTS OF, AN APPROXIMATE 
INVERSE MATRIX 

Suppose we have a nonsingular matrix A and it is required to 
find the inverse A - 1 . Also suppose 'we have found an approximate 
value of the inverse matrix D0 ~A - 1

. It is then possible to improve 
the accuracy by using the method of successive approximations in 
a special form. For a preliminary measure of the error, we use 
the difference 

F0 =E-AD0 

If F0 = 0, then plainly D0 =A - 1
, and so if the moduli of the 

elements of matrix F 0 are small, then matrices A- 1 and D
0 

are 
ne·ariy equal. We will construct successive approximations by the 
formula 

(k= 1, 2, 3, ... ) 
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the corresponding error being 

Fk=E-ADk 

3t7 

Let us estimate the rapidity of convergence of the successive 
approximations. We have 

F 1 =E-AD1 = E-A (D0 +DoFo) =E-AD0 (E+Fo) = 

- =E~(E -F0 ) (E +Fo) = E-(E -F~) = Fg 

Similarly 

and, generally, 

F k = p~k 

We wi 11. prove that if 

(k= 1, 2, 3, ... ) (2) 

(3) 

where II F 0 II is some canonical norm of the matrix F0 (Sec. 7. 7), 
then the process of iteration (1) converges, that is, 

lim Dk= A-r 
k ...... co 

Indeed, from formula (2) we have 

II F k II~ II Fo ll 2
k ~qzk 

And so 
· lim II F k II= 0 
k--+ 00 

·· a11d, consequently, 

lim F k = lim (E- ADk) = 0 
k-+oo k-+oo 

or 

that is 
lim Dk=A- 1E=A-r 

k-..oo 

Thus, the assertion is proved. 
In particular, using the m-norm (SP-c. 7. 7), we find that if the 

-elements of the matrix F 0 = [fij] satisfy the inequality 

lfij I~~ 

where n is the order of the matrix and 0 ~ q < 1, then the pro
cess of iteration (1) definitely converges. 
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Assuming inequality (3) to be valid, we estimate the error 

Rk= II A -~-D,J~II A ~ 1 1111 E -ADk II= II A - 1
1111 Fkli ~II A- 1

11 q2
k 

Since 

it follows that 
A - 1 = D0 (£ -F0)- 1 =Do(£+ Fo -+-F~ + ... ) 

whence 

II A - 1 II ~ II Do II {II E II + q + q2 + · · · } = II Do II i II E II + 1 :!_ q} 
For the m-norm or the l-norm we have II E II= 1, and so 

Thus 

or 

II A -1 II < II Do \1 
1-q 

II A-1 --Dkll ~ ~~~~1 11 Fk II (4) 

(5) 

where the norm is to be understood in the sense of the m-norm 
or l-norm. From formula (4) it follows that the convergence of the 
process (1) is very rapid for qr::g I. 

In practical situations, the process of -improving the elements 
of the inverse matrix is terminated when the inequality 

IID~e-Dk-lii~E 
where E is the spec,ified accuracy, is ensured. 

Example. Correct the elements of the approximate inverse matrix 
obtained in the example of Sec. 8.7. 

Solution. Using the Gaussian method, we obtain for' the matrix 

[ 

1.8 -3.8 0.7 -3.7] 
A= 0.7 2.1 -2.6 -2.8 

7. 3 8. I I. 7 -4. 9 
1.9 -4.3 -4.9 -4.7 

the approximate inverse 

[

-0.21121 -0.46003 0.16284 0.269561 

D = -0.03533 0.16873 0.01573 -0.08920J 
0 0.23030 0.04607 -0.00944 -0.19885 

.-0.29316 -0.38837 -0.06128 0.18513 
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Here 

[0.03 0.00 0.01 0.00] 
AD = E -10- 3· 

0
·
25 0.03 0.02 0.39 

0 8.08 10.17 0.18 -0.09 
0.00 0.00 0.00 -0.48 

whence 

[0.03 0.00 0.01 0.00] 
F0 =E-AD0 == 10-3· 

0
·
25 0.03 0.02 0.39 

8.08 10.17 0.18 -0.09 
0.00 0.00 0.00 -0.48. 

To f!-lfther improve ·the elements of the matrix D0 let us use 
the iteration process 

Dk+ 1 =Dk+DkFk, Fk=E-ADk (k=O, 1, 2, ... ) 

Since 
--

q=IIFolll= 10- 3·(0.03+ 10.17)= 1.02-10- 2 ~1 

the iteration process converges rapidly. 
We have 

l
,--0.21121 -0.46003 0.16284 0.26956] 

D F = -0.03533 0.16873 0.0157a -0.08920 
0 0 0.23030 0.04607 -0.00944' -0.19885 X 

-0.29316 -0.38837 -0.06128 0.18513 

[0.03 0.00 0.01 0.00] 
0.25 0.0.3 0.02 0.39 

X 10-3. 8.08 10.17 0.18 -0.09 -
0.00 0.00 0.00 -0.48 

[ 1.19 
1.64 0.02 -0.32] 

0.17 0.16 0.01 0.11 = 1o-3. 
-0.09 0.00 0.11 -0.06 

0.39 0.61 0.00 -0.24 

whence 

[

-0.21121 -0.46003 0.16284 0.26956] 
-0.03533 0.16873 0.01573 -0.08920 + 

Dl=Do+Dofo= 0.23030 0.04607 -0.00944 -0.19885 
-0.29316 -0.38837 -0.06128 0.18513 
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[ 

1.19 1.64 0.02 -0.32] 
0.17 0.16 0.01 0.11 

+I0- 3
• • = 

-0.06 -0.09 0.00 0.11 
o.39 o.61 o.qo -0.24 

r
-0.21002 -0.45839 0.16286 0.26924l 
-0.0351·6 0.16889 0.01574 -0.08909J 

- 0.23024 0.04598 -0.00944 -0.19874 
L -0.29277 -0.38776 -0.06128 0.18489 

~e can take it that 

since 

[

2 -2 1 3~1] . 0 2 --1 
AD1=£-1Q-5. 3 4-5 

1 0 0 
and 

12 -2 1 31 

l
o 2 -1 o 

F1 =E-AD1 =10- 5
• 3 4 _ 5 I 

1 0 0 l_ 

For the error we have the estimate, on the basis of formula (4), 

JIA-1 -Dlllt< JjiDo~l 1 [lFll[t 
Since 

![ D0 [!z = 0.46003 + 0.16873 + 0.04607 + 0.38837 < 1.07 

and 

we finally get 

ll A -I - D 1 lit < 1 - ] ~ 0~~ 10-2 . 8 . 1 0- 5 < 9 . 1 0- 6 

Mote. Choosing the approximate inverse matrix can be done in 
a variety of ways. In particular, use is made of the method of 
matrix inversion given in Sec. 7.12. 

We conclude this chapter with the remark that many other me
thods for solving systems of linear algebraic equations have been 
elaborated (the method of Purcell, the escalator method [6], the 
method of Richardson (7] and others). 
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*Chapter 9 

THE CONVERGENCE OF ITERATION PROCESSES 
FOR SYSTEMS OF LINEAR EQUATIONS 

9.1 SUFFICIENT CONDITIONS FOR THE CONVERGENCE 
OF· THE ITERATION PROCESS 

Suppose we have a reduced linear system: 

X=ax+~ 
where 

(1) 

are a given matrix and a given ve~tor and x;, [~] is the desi

red vector. 
Theorem. For the reduced linear system ( 1) the process of itera

tion converges to its unique solution if some canonical norm of the 
matrix a is less than unity; that is, a sufficient condition for con
vergence of the iteration process 

x<k> = ~ + ax<k -1; 

(x(o> arbitrary) is 

(k= I, 2, ... ) 

\Ia]! < 1 (2) 

Proof. Starting with an arbitrary vector x<o>, we construct a se
quence of approximations 

whence 

x'n = p + ax<o>, 
x<z> = ~ + ax\v, 



9.1 Sufficient conditions for the convergence 32) 

Since for II a II < 1 we have II ak II-+ o· as k ~ oo, it follows (see 
Sec. 7 .10) that 

lim a.k = 0 
k-+oo 

and 
~ 

Jim (E+a+a 2 + ... +ak- 1 )= ~ak=(E-a)_1 . 
k-+oo k=O 

And so, passing to the limit in (3) as k--+ oo, we get 

X= limx<k>=(E-a)- 1 ~ (4) 
k-+ 00 

This proves the convergence of the iterative process. Moreover, 
froin ( 4) we have 

(E-a)x= ~ 
or 

x=ax+~ 

which means that the limiting vector x is a solution of system ( 1 ). 
Since the matrix E-a. of system (1) is nonsingular, the solution 
x is unique. 

Corollary 1. The iteration process for system (1) converges if 
n 

(a) llal!m=m·ax~ laul < 1 
i i= I 

or 
n 

. (b) !I a Ill =max~ I aii !. < 1 
j i=l 

or 
r n n 

(c) II a Ilk = Jl ~ ~I aiJI 2 < 1 
i:=:l j= I 

In particular, the iteration process definitely converges if the 
elements of matrix a satisfy the inequality 

1 
jaiil<-n 

where n is the number of unknowns in system ( 1 ). 
Indeed, (a), (b) and (c) are the simplest canonical norms of the 

matrix a. 

Corollary 2~ For the system 
n 

-~ aiix1= bi 
i=l 

(i = 1, 2, ... , n) (5) 
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the process of iteration converges if the following inequalities hold: 
n 

(a') I au I > ~' I aij I 
i=l 

(i = 1, 2, ... , n) 

or 
n 

(b') lajj[> ~'[aij! 
i=l 

(j=l, 2, ... , n) 

where the prime on the summation symbol means that the values 
i = j are dropped in the summation; that is, convergence. occurs if 
the moduli of the diagonal elements of the matrix A= [aij] of 
system (1) either, for each row, exceed the sum of the moduli of 
the nondiagonal elements of that row or, for each column, exceed 
the sum of the moduli of the nondiagonal elements of that column. 

Indeed, given inequality (a'), the respective inequality (a) of 
Corollary 1 will clearly hold. . 

To prove the second assertion, in (5) put 
z· 

X.=--.!... 
I au (i = 1-, 2, ... , n) 

where zi are the new unknowns. We then get the system 

(i=1,2, ... ,n) (5') 

for which the iteration process either c~nverges or diverges simul
taneously with the process of iteration of the original system (5). 
Reducing (5') to the special form ( 1) in the ordinary way, and 
utilizing Condition (b) of Corollary 1, we get a sufficient condition 
for the convergence of the process of iteration of the system (5): 

t' 1 :~~ 1 < 1 u = 1, 2, ... , n) 
i= 1 lJ 

or 

(j= 1, 2, ... , n) 

9.2 AN ESTIMATE OF THE ERROR OF APPROXIMATIONS 
IN THE ITERATION PROCESS 

Let x<k-ll and x<kl (k? 1) be two successive approximations of 
the solution of the linear system x = a.x + ~· For p > 1, we have 

II x<k+p)_x<k) II~ If x<k+l>-x<k) II+ II x<k+z)_x<k+u II+ 
+···+llx<k+P)~x<k+p-l)ll (I) 



9.2 Estimating error of approximat. iteration process 

Since 
x<m+l) = ax<m) + ~ 

and 
x<m) = rxx<m -1) + ~ 

it follows that 
x<m+l>_x<m) =rx(X\m)_x<m-H) 

and, hence, 
II x<m+l>_x<m> II~ II a II II x<m>_x<m- 1> II< 

~JiaiJm-kllx<k+ll_x<k•ll for m>k?;::-1 

Therefore, from formula (I) we get 
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II x<p+k>_x<k> II~ II x<k+I>_x(k) II+ llrx II II x<k+I>_x<k> II+ ... + 
+II a llp-IJix<k+I>_x<k> II~ 1-1~ a II II x<k+I> -x<k> II 

Passing to the limit in the last inequality as p--+ oo, we finally 
obtain 

for k >I, or 

If 

II - <k> ll II x<k+lJ_x<k> II 
X X ~ l-Ila!! 

It x-x<k> II~-~ II x<k>_xlk-1) II 
1 1--11 a II 

1 
llrxll~z 

then the preceding formula becomes 

II x-x<k> II~!/ xlk> -x<k-oll 

Thus, in this case, if. 

then we also have 
Jlx-x<k>ll < e 

(2) 

In the general case, if in the process of computations we find 
that 

II x<k> -x<~<-I>j] ~ 1--;q s 

where q = 11 a 11 < 1, then 
l]x-x<k>Jl~e 

and thus 

!x.-x.ck> 1::::::::: e 
l I \-...::::: (i = 1, 2, ... , n) 
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It is of cours~ assumed here that the successive approximations 
xVJ (j = 0, 1, .. ·., k) are computed exactly, which is to say that 
rounding errors are completely absent. 

Utilizing the above obtained estimates for· the norm of the di
fference of two successive approximations, we get, from formula (2), 

II x-xck) II~ I! a Ilk ll x(lJ-x{o> II 
11-:::: 1-JJall 

in particurar, if we choose 

then 

and 
II x(l)- x(o) II= II ex~ II< II cxJlll ~II 

Hence 

(2') 

Example. Show that the process of iteration converges for the fol-
lowing system: · 

1 Ox1 - X2 + 2x 3 - 3x, = 0, } 
X1 + I0x2 - X 3 + 2x, = 5, 

2x1 + 3x2 + 20x3 - x4 = -10, (3) 
3x1 + 2x2 + X3 + 20x4 = 15 

How many iterations have to be carried out to find the roots of 
system (3) to within IO-"? 

Solution. Reducing (3) to the specia 1 form, we get 
X1 · 0.1 X2-0.2 X 3 + 0.3x~, } 
X 2 =- 0.1 x1 +0.1 x3 -0.2x4 + 0.5, 

(3') x3-= 0.1 x1-0.15x2 + o.n5x~ -0.5, 
X~- 0.15x1 -0.1 X2 0.05x3 +0.75 

Then the matrix of the system is 

[ 

0 0.1 -0.2 0.3] 
-0.1 0 0.1 -0.2 

a= - 0. 1 - 0. 15 0 0. 05 
-0.15 -0.1 -0.05 0 

- . 
Using, say, the norm llcxlll, we get 

llcxllt =max (0.35, 0.35, 0.35, 0.55) =.0.55 < 1 

Hence the process of iteration of the system (3') converges. 
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For the initial approximation of the root x we take 

x<ol = ~ = [- ~:; ] 
0.75 

whence 
n~llt=0+0.5+0.5+0.75= 1.75 

Let k be the number.of iterations required to achieve the spe
cified accuracy. Using formula (2'), we have 

II _ <klll & ll a 117+1 1\ ~!It _ o. 55k+l.J.75 < 10 _4 
X X ~ 1 - 1/ a !It - 0 · 45 

From this 7 

o.55k+l < 1~5. 1 o-, 
and 

or 
-(k+ 1)·0.25964 < 1.65321-2.24304-4= -4.58983 

Consequently 
4.58983 

k + 1 > 0. 25964 ~ 17. 7 

and 
k > 16.7 

We can take k = 17. 
It should be pointed out that the theoretical estimate of the 

number of iterations necessary to 'ensure the specified accuracy 
turns out to be excessively high. 

9.3 FIRST SUFFICIENT CONQITION FOR CONVERGENCE 
OF THE SEIDEL PROCESS 

Theorem. If for a linear system 

x=ax+~ 

the condition 

where 
n 

lJa!lm= max~ I aijJ 
i i= 1 

(1) 

(2) 
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is fulfilled, then the Seidel process converges for ( 1) to its unique 
solution for any choice of the initial vector x(ol. 

Proof. Let x<k) = {xik>, ... , x~>} be the kth approximation in the 
Seidel process. We then have 

i-1 n 
x~k> = ~ a .. xc.k> + ~ a .. x,<.k-1) + ~. 

l i= 1 If I j=.i If I I 
(3) 

(i= 1, 2, ... , n; k= 1, 2, ... ) 

If Condition (2) is fu lfi lied, the system (1) admits the unique solu
tion x = {x1 , ..• , X71 }, which may be found, say, by the method 
of iteration. We have 

n 

X·=~ a .. x·+R· l 4.-J If I P! 
i=I 

( '-1 ') ) l- '....,, ... (4) 

Subtracting (3) from (4), we get 

whence 
i-1 n 

I xi-/<z\k> I::(; ~ I a;; I I xj-xjk> I+ ~ I a if I I xi-x;k-l> I (5) 
I== 1 Jo=: { 

(i= 1, 2, ... , n) 

According to the meaning of the accepted norm, 

llx-x<kl lim= max I xi-xjk> I 
i 

and so 

(j = 1, 2, ... , n). Hence, from inequality (5) we derive 

where 
lx;-X~k> I~ Pdlx-x<klllm + qd)x-x<k-llllrn 

i-1 n 

Pi=~ [o.;ij! 
]=1 

and qi~ ~. [aijl 
J= ~ 

Let s = s (k) be the value of the index i for which 

fxs-xik> I= m~x )x;-:-x~k> /= lfx-x<k>f!m 
t 

Assuming i = s in inequality (6), we get 

!!x-x<k!!fm~Ps [!x-xCklflm+ qs fjx-xrk-rllfm 
or 

(6) 
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whence 

where 

We will show that 

Indeed, since 

it follows that 

and hence 

n 

Pi+qi= ~ la;jl<liallm < 1 
i= I 

_!lj_ ~II rx llrn-Pi ~II a lim-Pi II a \\m ll a lim 
1 -Pi~ 1-pi ~ l-pi 

Therefore 
I-t= II a lim< 1 

From inequa.lity (7) it folLows that 

II x-x<k> lim~ I-lk l/ x-x<o> 1\m 
and consequently 

lim x<k> = x 
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(7) 

(8) 

This completes the proof that the Seidel process converges to the 
required solution. 

Note. Since for the method of iteration we have 

!I x-x<k> II~ U a lim !l x-x<k-1) II 
and for the Seidel method we obtain 

II x-x<k> II~ ~-til x-x<k-I> II 
where f.L ~ fl a.l!m, it follows that under the conditions of the theo· 
rem the. convergence of the Seidel process is in general somewhat 
better than the convergence of the process of simple iteration. 
From formula (8) it follows that in this case when we use the 
Seidel method, it is convenient to arrange the system (1) so that 
the first equation of the system has the smallest sum of the moduli 
of the coefficients: 
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9.4 ESTIMATING THE ERROR OF APPROXIMATIONS 
IN THE SEIDEL PROCESS BY THE m-NORM . 

Let x 1k> and x<k+I> be two successive iterations in the Seidel 
process. Applying to these iterations the transformations· utilized 
in the proof of the theorem of Sec. 9.3, we get an inequality 
similar to the inequality (7) of Sec. 9.3: 

II x<k+l> -x<k> lim~~ I! x<k> -x<k-l> lim 
From this 

II x<k+P>-x<k> lim~ II xlk+p>_x<k+p-I> lim+ 

+ IJ x<k+p-1> -x<k+p-zl lim+ ... + ll x<k+l> -xck> lim~ 

~ 1-lP II x<k> -x<k-1> lim+ ~p-1 Jl x<k> -x<k-1> lim+ ... 

... +!-tllx<k>-x<k-l>[lm< 1 ~ 1-1-llx<k>-x<k-I>llm 

As p -+ oo we get 

and hence 

where 

In particular!- we derive 

lim x(k+p> = .x 
p-+-oo 

II "x-x<k> Hm < 1 ~It II x<I>-x<o) lim 

from the inequality obtained, that is, 
k 

1 x .-x\k> I::;;::::-""- max I x<.I> -x<.o> I 
1 t ~ 1-~-t i I I 

(i = 1, 2, ... , n) 

9.5 SECOND SUFFICIENT CONDITION FOR CONVERGENCE 
OF THE SEIDEL PROCESS 

Theorem. If for a linear system 
· x=ax+~ 

the condition 
(1) 
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where 
n 

1Ja [!l=max ~laiil 
i i= 1 
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is fulfilled, then the Seidel process converges to a unique solution of 
system ( 1) for any choice of the initial vector. 

Proof. Suppose 
i-1 n 

x~k> = ~ cx;.-x(~) + ~cx; .. x<.k-1> +R· 
t ~ lf 1 ~ cJ 1 Pc 

1= 1 l=t 

(i = 1, 2, ... , n; 

k= 1,· 2, ... ) 
(2) 

For the exact solution x = {x11 x11 , ••• , xn}, which .exists and is 
unique, we have 

i-1. n 

xi= .~ a;i xi+ ~. aii xi+ ~i 
1= 1 l=t 

(3) 

Subtracting from (3) the corresponding equations (2), we get 

whence 
f-1 n 

!x;-x~k>l~ ~ larliX·-X~k>l+ ~larllx.-x(.k-1'1 
j= 1 J I, j=i I J J 

(i=l, 2, ... , n) 

Summing these inequalities, we get 
n n i-1 n n 

.~I xi-xik> I~.~~ I aii I! xi-x~fr> I+~ ~I aii II xi-xjk-l) I 
t=1 t=1J=1 t=1[=i 

or, changing the order of the summation, we obtain 
n n-1 n n j 

.~I x;-xjk> I~~ I xi-xjk> 1. ~ la;i I+~ lxi-x)k-v I.~ laiir (4) 
t=1 I=J: t=l+l ]=1 t=1 

Set 

(j = I, 2, ... , n -1) 

and 
n 

Sn = 0, t n = .~ J a; i I 
t=1 

Obvidusly 
n 

sj+ti=.~laiJl~llaJiz< l 
'=1 
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whence 

Inequality ( 4) takes the form 
n n n 

-~ 1 xi-xjk>! < -~s1 j x1-xjk> !+ -~ t11 x1-xjk-l> J 
t=1 !=1 j=l 

or 
n n 

-~ (l-s1) I xj-xjk> I<-~ t1 I x1-xjk-l> I 
J=l J=l 

Since 
tf~ ll a Ill-s;< 1·1 a Ill- sill a Ill= ll a Ill (l-si) (5) 

we then have 
n n 

· -~ (1-s;) I x1-xjk> I< II a lit-~ (l-s1) 1 x1-x[k- 1> I< 
]:::::;1 t= 1 

n 

<II a 117 -~ (1-sj) I x1-xj0
> f (6) 

l=l 

Whence, passing to the limit as k--+ oo and noting that II a lfl <_I, 
we get . 

n 

1 i m ~ ( 1 - s ·) I x -- x(!<> J = 0 
k .... 00 j= 1 J J 1 

Hence 
(j=l, 2, ... , n) 

and the proof is complete. 

9.6 ESTIMATING THE ERROR OF APPROXIMATIONS 
IH THE SEIDEL PROCESS BY THE l-NORM 

Suppose 
n 

ak+ 1 =~(l-si) I xj~+u --xjk> I (!?.=OJ 1, 2, ... ) 
J==l 

Utilizing transformations similar to those used in the proof of 
the theorem of the preceding section, we get the following inequa
lity [inequ~lity (6) of Sec. 9.5] for two successive iterations xjk> 
and xt+l>: . 

ak+I<pak (1) 

where, by virtue of inequality 5 of Sec. 9 .5, 
t. 

p= m~x 1~51 <II a Ill 
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whence 

We then have 
n 

~ (1-si)lx~k+P>-xjk>j ~ak·+p+ak+p-1+ · ·· +ak+l~ 
i-= 1 

From this, we get, as p-------* CX), 

n 

L ( 1-s-) I x -~xL~> I::;;:: pok 
. J 1 I ·1-p 
[=1 

or 
n n 

~I x ·-X(_k> I~ P "I x(_k>- JC<.k-1> I 
~ J I ~ ( 1- s} ( 1 - p) ~ I ' I 
[= 1 1= 1 

where 
n 

s= maxs ·=max ~ I ai ·I 
f J i i=j+1 J 

Since. it follows from formula ( 1) that 

the estimate 
n 

II xj-x)•' lit=~ I Xr~-x~> I~ (1-sr(~ -p) cr, ~ 
n 

pk ~ I \1) (0) 

~ (1-s) (1-p) ~ X; -X; I 
1= 1 

is also valid. 

9.7 THIRD SUFFICIENT CONDITION FOR CONVERGENCE 
OF THE SEIDEL PROCESS 

Theorem. If for a linear system . 

X=ax+~ 
the condition 

II a Ilk< 1 
where 

!I ex Ilk=- f ~I cxi 12 

i,J 
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(1) 

is fulfilled, then for system ( 1) the Seidel process converges to its 
unique solution for any choice of the initial vector. 
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Proof. Suppose 

and 

are, respectively, the exact solution of system ( 1) and the ptt 
approximation (p = 0, 1, 2, ... ) of the Seidel process for this sys· 
tern. We have 

t-1 n 

xi=~ auxi+ ~ aijx1+ ~i 
[=1 }=£ 

and 
l-1 n 

xjP) = ~ ai1x}P> + ~. rxi1xjP-I> + ~i 
J==l /==£ 

(i= I, 2, 
• If Ill' n)~ whence 

l-1 n 

xi-xt> = ~ ai1 (x1-x<t>) + .~ aij (xf-x<[-H) 
j=l [==t 

and, thus, 
{i-1 n }2 

I xi-xr> p~ ~ \~1 I aij II xf-x}P> I+~~ I aif II X;-xr-1) I 

Applying the Cauchy inequality (Sec. 7.7) to the sum of all terms 
in the braces, we obtain · 

I x1-x)P> I' ~s1 {~:I x1-xy" I'+ 1~ / X1-x)"-" I'} (2) 

where 
n 

S;= .~ I aifr~ 
/=1 " 

( i = 1 , 2, . . . , n ), 

Summing the inequalities (2) from 1 to n with respect to i, 
we get 

n n i-1 n n 

~I xi-xjP> /2 ~ ~ ~ s;/ xj-xf> P~+ ~ ~ sd x1-x}P-I> 1~ 
i=1 t=l /=1 i=l i=i 

Changing the summation index in the left member and the order 
of summation in the right member of this inequality, we obtain 

n n-1 n n i 

. ~ I xt-x}P> lz ~ i~1 I X;-x[P> ~~~ i=~I si+ i~ I xi-x}P-1> lz i~ S; (3) 
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Suppose 

and 

We evidently have 
n n n 

(j = 1, 2, ... , n -1) 

n 

Sn = 0, T n = ~ si 
i=l 

3l5 

St+Tt= .~si= ~ ~laif!2 =lla[!~< 1 ·(i=1, 2, ... , n) (4) 
t=l ~=11=1 

Using these notations, we can represent inequality (3) as 
n n n 

~ I x.-x<P> 12 ~ ~ s ·I X -x~P> 12 + ~-T I X -x~-1) ra 
i= 1 J I i= 1 l I I i= 1 I I I 

or 

On. the basis of formula (4), we obtain 

Tt= II a 11~-SJ~ II a 11~-11 a II~SJ= II a II~ (1-S/) 
Therefore 

n n _ 

~ (1-S -)I x . ..:.....x<.P> [2 ~II a II~ ~ (1·-S .) [ x .-x<.P-1> P1 (5) 
i=I 1 l I i=l I I I 

From inequality (5), for p· > 1, we successively derive 
n n 

~ (1-S.) [ x --xf> [2 ~ ([[a I!~)P }: ( 1-S.) I x ·-x<.o> p~ 
· i= 1 I I i= 1 J J 1 

Since !I a )!.., < 1, we then get 
n 

lim ~ (1-S -)I x ·--x<.P> 12 = 0 
p-+ooj=l 1 1 1 

and, copsequently, taking into accou~t that O<_S1 < 1 (j = 1, 2, ... , n) 
we obtain 

lim x<[' = x1 (j = 1, 2, ... , n) 
p-+ 00 

which is what we set- out to prove. 

Note. The error of iterations x(p> (P= 1, 2, ... ) is estimated in 
the same way as in Sec. 9.6. 
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- Chapter 10 

ESSENTIALS OF THE THEORY 
OF LINEAR VECTOR , SPACES 

1 0.1 THE CONCEPT OF A LINEAR VECTOR SPACE 

Definition. An ordered n-tu'ple of numbers x = (x1, x:P ... , xn), 
which, generally speaking, are complex, is called a point or a vec
tor of n-dimensional space, while the scalars Xp X 2 , ••• , x,. are 
termed the .coordinates of the vector x [1], [2], [3]. The following 
are vectors. 

( 1) The free vectors in a plane or in three-dimensional space 
are two-dimensional or three-dimensional vectors, respectively, in 
the meaning of the definition given above. 

(2) Any solution of any system of linear equations in n unknowns 
will be an n-dimensional vector. 

(3) If we have, an n by m matrix (n rows and m columns), the 
rows are m-dimensional vectors, and the columns are n-dimensional 
vectors. 

Two vectors X= (Xp x:P ••. , x,.) and y = (yP y2 •... , Yn) are 
considered equal if and only if their coordinates standing in the 
same positions coincide, that is, if x, = y1 for i = 1 r 2, ... , n. 

We denote the vector (0, 0, ... , 0) by 0 and call it the zero 
vector. 

The sum of the vectors X= (X1, X2 , ••• , xn), Y = (yl, Y2, •.. , Yn) 
is the vector 

X+ Y =(XI+ Y1; Xz + Yz, · · ·, Xn + Yn) 

whose coordinates are the sums of the respective coordinates of 
the vectors being added. Addition of vectors obeys the commuta
tive and associative laws: 

(1) 
(2) 

x+y=y+x 
(X+ y) + Z = X+ (y + z) 

The difference between two vectors x and y is defined in simi
lar fashion. A vector -x which satisfies the condition (-x)+x=O 
is called the negative of the vector x. It can easily be shown that 

X-)'=X+(-y) 
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The product of a vector x = (x1 , X2 , ••• , xn) by a scalar k is the 
vector 

kx = (kx1 , kx2 , ••• , kxn) 

From this defirdtion follow the properties of the product of a 
vector by a scalar: 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 

k (x + y) = ~~x + ky, 
(k + l) x = kx + lx, 

k (lx) = (kl) x, 

lx=x, 
(-l)x=-x 

where k and l are arbitrary scalars and x and y are vectors. 
For vectors x and y it is natural to define the linear combination 

ax+~Y, 

where a, ~ are scalars, as a vector with coordinates axi + ~Yi (i = 1, 
2, ... n). 

Any collection of n· dimensional vectors -which is closed under 
the operations of addition of vectors and the multiplication of a 
vector by a scalar is called a linear vector space. As an example, 
the set of all n-dimensional vectors forms an n-dimensional vector 
space En. 

10.2 THE LINEAR DEPENDENCE OF VECTORS 

Definition 1. The vectors x(l)' X\ 21', ••• , x\m> of a space En are 
termed llnearly dependent if there exisf scalars cP c2, ... , em, not 
all zero, such that 

C1X\1> +c2X( 2>+ ... +cmx\m> = 0 

Assuming cm=FO, from equation (1) we have 
x(m; = YtX(I) +y2x(2) + ... +Ym-1 x(m-1) 

where 

(j=l, 2, ... , m-1) 

(1) 

Thus, the given vectors are linearly dependent if and only if one 
of them is a linear combination of the others. 

But if ( 1) is possible in the unique case where c1 = C2 = ... =ern= 0, 
then the \Lectors x( 1 ', X( 2 ', ••• , x(m, are called linearly independent; 
that is, the vectors are linearly independent if and only if no li
near combination of them (not all coefficients of which are zero) is 

?~ 9616 
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a zero vector. There must clearly not be any zero vector among 
linearly independent vectors. 

Example 1. For the case of a; three-dimensional vector space, £. 3 , 

.the l.inear dependence of two vectors x and y means that they are 
parallel to some straight line, and the linear dependence of three 
vectors x, y and z, that they are parallel. to some plane. 

Note that if some of the vectors are linearly dependent then 
the whole set of vectors is also linearly dependent. 

Suppose we have· a collection of vectors 

X VJ = (x<i> x<i> x(i>) - (/. 1 2 ) 1 ' 2 , ••• ' n = ' , ... , m 

Then, in order to determine the constants ck (k = 1, 2, •.. , m) 
we get the following system by virtue of equation ( 1):-

C1Xii> + C2Xi
2

> + ... + cmxim> = 0, ) 
C1 X~l> + C2X~2 l + ... + C mXim> = 0, 

• • • • • , .. .. .. • 9 • ' • 

C1X:l> + C2X~> + ... + cmx~m> = 0 

(2) 

If this system has nlJntrivial solutions, then the given vectors are · 
linearly dependent, otherwise they are linearly independent. 

Consider the matrix of the coordinates 

X<z> x<m>l 1 • • • 1 

x~z> ••• x~m> 

. . . . .. 
x~;> ••• x~m> 

Let r be the rank of the matrix. Proof is given in algebra [2] that 
the system (2) has nontrivial solutions if and only if r < m. Hence, 
the vectors X(1>, x 12>, · ••• , x1

m) are linearly dependent if r < m_ 
and linearly independent if r = m (the rank r cannot, obviously, 
be greater than m). 

From t~is it follows that the rank of matrix X gives us the 
maximum number of linearly independent vectors contained in the 
given set of vectors. 

Thus, if the rank of the matrix X is equa I to r, then among 
the column vectors x\i> (j = I, 2, ... , m): ( 1) there will be r li
nearly independent vectors, and (2) every set r + 1 of vectors 
(r + 1 ~ m) of_ this collection are linearly dependent. The same is 
true of the row vectors (x?>, •.• , x;m>) (i =I, 2, ... , n) of ma
trix X. 
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Example 2. Test for linear dependence the system 
x(1' = (1, ~1, I' ~1, 1), 
x(z) = ( l, 0, 2, 0, I), 
x'3

' = (1, ~5, ~1, 2, ~1), 
x(<a>=(3 -6 

' ' 
2, 1' 1 ). 

Solution. Form the matrix of the coordinates 

r 

L 

1 
-1 

1 
-1 

1 

1 1 3 J 

0-5-6 
2 -1 2 
0 2 1 
1 -1 1_j 
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of vectors 

To determine the rank r of X perform some elementary transfor
mations: namely, subtract the sum of the first three columns from 
the fourth column to get 

r 1 I 1 Oil) 

-1 0-5 0 
X(/) 1 2 -1 0 

-1 0 ·-2 0 

L 1 -1 o_j 

From this we conclude that all determinants of fourth order 
of the matrix X are zero. It is clear that there are third-order 
minors of X different from zero. Hence, r = .3, and since the rank 
of the matrix is less than the number of vectors, the vectors x 11 \ 

xcz>, x( 3 >, xc 4' are linearly dependent. This is evident iri the given 
case since 

Theorem 1. The maximum number of linearly independent vectors 
of an n-dimensional space En is exactly equal to the dimensionality 
of that space. 

Proof. First of all, the space En has a system of n linearly in
dependent vectors. Such, for example, is the set of n unit vectors: 

e1 =(1, 0, 0,· ... , 0), 
e2 =(0, 1,0, ... ,0), 

en= (0, 0, 0, ... ' 1) 

1) The symbol (/) is used to indicate "similar matrices". See Sec. 10.13. 
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Thus, if 

clel + c2e'! + ... + cnerl = (cl, c2, ... ' en)= 0 . 

then, obviously, c1 = C2 = ... = C11 = 0. 
We will show that if the number of vectors x(l), X 12>, ... , x(m) 

is greater than n (m > n), then they must definitely be linearly 
dependent. Indeed, the matrix of the coordinates of these vectors 
has the dimensions n x m and, consequently, its rank r ~min 
(n, m) = n < m, whence it follows that these vectors are linearly 
dependent. 

Definition 2. Any set of n linearly independ'ent vectors of an 
n-dimensional space is termed a basis of that space. 

Theorem 2. Every vector of an n-dimensional space En can be re
presented uniquely in the form of a linear combination of the vectors 
of a basis. 

Proof. Let X E En and E1 , 8 2 , ••• , en be a basis of En. By The
orem 1, the vectors x, E1 , E2 , •.• , en are linearly dependent, that 
is 

C0X+c1E1 +c2E2 + ... +cnen = 0 

where a certain coefficient ci =F 0 (0 ~ j ~ n). 
In (3) the coefficient c0 =F 0, since otherwise we would have 

C1E1 + C2E2 + ... + CnEn '= 0 

(3) 

where c i =F 6 (j > 1 ), which contradicts the linear independence of 
the vectors E1 , E2 , ••• , en. Thus, we can solve (3) for x: 

(4) 
wh~re 

Thus, any vector x of the space En is a 1 inear combination of 
the basis vectors .. The expansion (4) is unique. Indeed, if there is 
another expansion 

X= S~E1 + S~E2 + ... +£~en (4') 

different from the first, then, subtracting (4') from (4), we get 

o = (£1-s~) el + (£~-£;) e2 + ... + (~n-s~) en (5) 

where at least one of the coefficients Sj-Sf =F 0. Equation (5) is 
impossible because the vectors of a basis are linearly independent. 
Hence, there is only one expansion of the form ( 4). 

Geometric illustration. For the case of a three-dimensional space, 
formula (4) is; equivalent to a decomposition of the vector x along, 
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the directions of three given vectors B1 , E2 and B3 in the standard 
position (Fig. 49). 

Definition 3. If E11 Ez, ••• , En form a basis of n~djmensional 
spa~e and 

Fig. 49 
,e, 

then- the scalars £11 £2 , .•• , £" are called the coordinates of the 
vector x in the given basis E1 , B2 , ••• , r.n. Note that the coordi
nates of the vector 

are its coordinates in the basis of unit vectors 

ei=(81i, 82j, ... , 8nj) (j= 1, 2, ... , n) 

where 8nj is the Kronecker delta. We thus have the basic expan
sion 

(6) 
-

The basis of unit vector.s ej (j = 1, 2, ... , n) will be called the-
initial basis of the space. 

Definition 4. A ~s·et Ek of vectors of an n~dimensional space En 
is called a linear subspace of En if the following cond1tions are 
met: 

(I) from x E Ek ·and y E Ek follows x + y E·Ek; 
(2) from x E Ek follows axE Ek where a is any scalar. In par

ticular, 0 E Ek. 
Consequently, E k may also be regarded as a vector space. The 

maximum number k of .linearly independent vectors in Ek is called 
the dimensionality of the subspace. 

From Theorem 1 it follows that k ~ n. Thus, the space En can 
have as subspaces: E1 of one dimension, E 2 of two dimensions, 
and so forth up to En of n dimensions (the space itself). The 
zero vector 0 may be regarded as a space of zero dimensions. 
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Example 3. In ordinary three-dimensional space, £ 3 , the subspace 
E1 of one dimension is a straight line; the subspace £

2 
of two 

dimensions is a plane (Fig. 50). 

Fig. SO 

Theorem 3. If z1 , Z2 , ••• , zk are vectors of En, then the total 
set of vectors 

x = a1Z1 + a2Z~ + ... + akzk (7) 

where aj .0 = I, 2, ... , k) are arbitrary scalars, i.s a sub~pace of 
En, and tf the vectors Z11 Z2 , ••• , zk (k ~ n) are it nearly tndepen
dent, then the dimensionality of this subspace is equal to k. 

Conversely, any subspace Ek of space En coincides with the set of 
all linear combinations of linearly independent. vectors z1 , z2 , ••• , zk 
of that subspace (basis vectors). ' 

Proof. The validity of ~the first ~ssertion of the theorem can be 
verified directly. 

Let us prove the second assertion. Let x E Ek and suppose x 
is not a linear combination of the basis vectors Z 1, Z 2 , ••• , zk. 

Then, obviously, the vectors X 11 Z 11 Z 2 , ••• , zk are I inearly inde
pendent and, thus, space Ek has k + 1 linearly independent vectors. 
But this cannot be, since, by hypothesis, the maximum number 
of linearly independent vectors of Ek is k. 

Hence, for some choice of the scalars a1 , a~, .•• , ak we have 

which is what we set out to prove. 

Corollary. The collection of vectors x defined by formula (7) 
is the smallest linear space containing the vectors Z 1 , Z-2 , ••• , zk 
(it is called the space generated by, or spanned by, the vectors 
z1 , z~, ... , zk)· 
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10.3 THE SCALAR PRODUCT OF VECTORS · 

Suppose we have t,pe vectors 

X= (~1' Xz, ••• ' xn) and y = (yl! Yz, ... , Yn)' 

343 

in an n-dimensional space £ 71 • We assume ihe coordinates of the 
vectors to be complex numbers: 

xi= s1 + isj, Yi = 1"11 + i'flj 
where i 2 =-1, j= 1, 2, ... , n. 

We introduce the conjugate quantities 

xj = si- i~j, yj = 1lj-i1lj 

Then we obviously have 

xixj =I xJ lz 

By a scalar product of two vectors we mean a number (scalar) 

n 

(X, y)= ~x;yj 
. t= 1 

(1) 

A scalar product has the following properties. 
1. The property of positive definiteness. The scalar product of 

a vector into itself is a nonnegative scalar equal to zero if and 
only if the vector is zero. Indeed, from formula (I) we have 

n n 

(x, x) = ~ x1xj = ~ 1 x1 ]
2 > 0 

j:::: 1 j= I 

Clearly, (0, 0) = 0. Conversely, if (x, i) = 0, then x1 = 0 (j = 1, 
2, ... , n) and, hence, x = 0. 

2. Hermitian symmetry. If two factors are interchanged, the 
scalar product is replaced by its conjugate. True enough, using 
the theorems on the conjugate quantity of a sum and of a pro
duct,1l we have 

Hence 
(y, x) = (x, y)* (2) 

1l Here, we take advantage of the following theorems: 
(a) the conjugate of a sum is equal to the sum of the conjugate quantities 

of the terms; 
(b) the conjugate of a product is equal to the product of the conjugate 

quantities of the factors. 
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3. A scalar factor in the first position can be taken outside the 
sign of the scalar product: 

(ax, y) =a (x, y) (3) 

The proof of this property follows directly from formula ( 1). 

Corollary. The scalar factor occupying the second position may 
be taken outside the sign of the scalar product and replaced by 
its conjugate. We have 

(x, ay)=(ay, x)*= [a (y, x)]*=a*(y, x)*=a*(x, y) 

and so 
(x, ay)=a*(x, y) 

4. Distributivity. If the first or second vector is the sum of two 
vectors, then the scalar product of this vector is the sum of the 
corresponding scalar products of the summands of the vector. 
Suppose 

where x<kl = (xik>, x~k>, ... , xAk>) (k = 1, 2). 
Proceeding from the definition of a sum of vectors, we get, by 

formula (1), 

That is, 
(x<ll + x<z), y) = (x<tl, y) + (x<zl, y) (4) 

Furthermore, 
(x, y<t)+ y<2l) = (y<11 + ytz,, x)* = (y<ll, x)* + (y<2>, x)* = 

= (x' y<tl) + (x, y<z>) (5) 

Formulas (4) and (5) may readily be extended to any finite 
number of vectors, namely: 

(~x<i>, .. ~,Y'.,)= i~' .~, (x'"· y'kl) 

Besides the n-dimensional complex space that we introduced, it 
is useful to consider an n-dimensional real space consisting of a 
set of vectors with real coordinates. 

In an n-dimensional real space, a scalar product is equal to 
the sum of the products of the appropriate coordinates of the 
vectors 

n 

(x, Y) = i~ xjyi (1') 
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The properties of a scalar product given above are then formu-
lated as: 

(1) (x, x) ~0 and if (x, x)-==0, then X=O, 
(2) (x, y) = (y, x), 
(3) (ax, y) = (x, ay) =a (x, y) (a real), 
(4) (x + y, z) = (x, z) -+ (y, z), 

(x, y+z)=(x, Y)+(x, z). 
Using the scalar product, we can define the basic metric con

cepts in an n-dimensional space: length of a vector and the angle 
bet ween two vectors. 

1. Length of a vector. The length of a vector in an n-dimen
sional space is the nonnegative scalar 

This definition is clearly in agreement with the notion of the 
length of a vector in three-dimensional space. 

2. The angle between two vectors. The angle cp between two 
vectors x and y is that angle (between oo and 180°) for which 

cos cp = (x, y) 
ixliY/ 

For vectors in three-dimensional space, this definition is in 
agreement with the ordinary expression of the angle between two 
vectors in terms of the scalar product. We can prove that the 
following inequality hoi ds true [I]: 

I (x, y) I~ r X I IY I 
For this reason, the angle between two vectors in real space is 
real. 

10.4 ORTHOGONAL SYSTEMS Of VECTORS 

Definitton 1. Two vectors x and y in En are called orthogonal 
if their scalar product is equal to zero: 

(x, Y)=O (1) 

If the vectors are nonzero, then orthogonality signifies that the 

angle between them is equal to ~ . The zero vector is plainly 
"" 

orthogonal to any vector in the space. 
Thus, orthogonality is a generalized property of perpendicula

rity. 

Definition 2. A set of vectors x<Il, x< 2 l, ... , x<m) is termed 
orthogonal if any two vectors of the set are orthogonal to each 
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other, that is, ' 
(xVl, x<kl) = 0 for j =F k 

It will be noted that if the vector x<Il is orthogonal to the 
vectors x<zl, ... , xcm), then this vector is orthogonal also to any 
linear combination of these vectors; in other words, the vector 
x 11 l is orthogonal to the space spanned by the vectors x 121 , ••• , 

x<m). Indeed, if 

then we have 

( x<Il, ~ekxckl) = ~eZ (xc1l, x<kl) = 0 
k=2 k=2 

'where e2 , ••• , em are arbitrary constants. 
Theorem. Nonzero pairwise orthogonal vectors xCil, xczJ, ••• , x<m) 

are linearly independent. 

Proof. Let 

(2) 

Form the scalar product of both members of (2) by xc1 l; we get 

e~ (x<l), x<1l) + e; (x<ll, x<2,) + ... + e~ (x<Il, x<rvl) = 0 

or, since 

· (x<1>, x<l)) =fo 0 and (x(1), x<il) = 0 for j =F 1, then e~ = 0 and e1 = 0. 

In exactly the same way we prove that C2 = 0, ... , em= 0. 
Hence, the vectors x(ll, x<2l, ... , x(m) are linearly independept. 

Corollary. An orthogonal system in n-di mensional space, En, 
has at most n vectors. · 

Definition 3. A basis e1 , E2 , ••• , en of. En is termed orthogonal 
if the basis vectors are pairwise orthogonal; that is, 

(i, k = 1, 2, ... , n) 

If, moreover, the vectors e (if= 1, 2, ... , n) are unit vectors, 
then the orthogonal ·basis is called a normalized orthogonal basis 
(an orthonormal basis, for short). We then have 

(F'j, Elf)= Bile 

where o!k is the Kronecker delta. 
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It is easy to see that the simplest orthonormal basis of. En 
space is the system of unit vectors 

e1 =(1, 0, 0, ... , 0), 
e2 =(0, 1,0, ... ,0), 

en = ( 0' 0' 0' ... ; 1 ) 

that constitute the initial basis. 
An orthogonal basis E1 , E2 , ••• , En can always be normalized 

by dividing each of the vectors Ei by its length. The resultant 
vectors 

E(.O) - Ej 
1 Y(ej,ej) 

(j=l, 2, ... , n) 

form an orthonormal basis. 
Let us express the coordinates of the vector x in the orthonor

mal basis E1 , E2 , ••• , Ew If 

X= £1El -+ s2E\ + ... + SnEn (3) 

then, multiplying (3) scalarly on the right by Ei, we get 

si=(X, Ej} (j= 1, 2, ... , n) (4) 

By analogy with vector algebra, we can say that the coordina
tes of a vector in an orthonormal basis are equal to the projections 
of the vector on the corresponding vectors of the basis. 

Squaring (3), we get 

Thus, the square of the length of a vector is equal to the sum of 
the squares of the moduli of vt§ projections by the basis orthonormal 
vectors (an analogue of the Pythagorean theorem). In particular, if 
the space En is real, then formula (5) may be written without 
the modulus sign: 

n 

(x, x) ~ (sj)2 

i= 1 
(5') 



348 Ch. 10. Essentials of the Theory of Linear Vector Spaces 

10.5 TRANSFORMATIONS OF THE COORDINATES 
OF A VECTOR UNDER CHANGES IN THE BASIS 

Suppose e1 , e 2 , ••• , en and E1 , E2 , ••• , en are two bases of one 
and the same linear space En. Each vector of the new (second) 
basis e1 has, in the old (first) basis e1, certain coordinates s11 , 
8 21, ... , Snf• 1

) that is . 

e1=s11e1 ---1-S2Jez+ ... +s,11en (j= I, 2, ... , n) (I) 

The nonsingular matrix S = [stj] is called the change-of-basis 
matrix from the old basis to the new basis. (The determinant 
det S ~ 0, otherwise the vectors E1 , E2 , ••• , en would be linearly 
dependent.) This matrix is the transpose of the matrix that speci-

'fies the transformation of the basis. Let x be a given vector. 
Denote by x1 the coordinates of this vector in the old basis and 
by £1 its coordinates in the new basis .. Obviously, 

n n 

X=~ Xiei= ~ s·E· 
i=l j=l J J 

whence, substituting into the second sum the expression (1) for e1, 
we get 

Thus, by virtue of the linear independence of the vectors e1 , 

ez, ... ' ern we find 

n 

Xi= ~l Si}Sj 
J= 

(i=l, 2, ... , n) (2) 

If we denote 

X=[JJ 
(in other words, we consider the vector x in the ·new coordinates 
as a transformed vector referred to the old basis), then relation (2) 
may be rewritten in the following matrix notation: 

x=Ss· (3) 

which is to say, the vector in the old coordinates (basis) is equal 
to the change-of-basis matrix S (or the transpose of the matrix 

1) In designating the coordinates, we put in the first position the number 
of the old basis vector, and in the second, that of the new basis vector. 
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specifying the new basis) multiplied by the vector in the new coor
dinates. 

From forml:lla (3) we get 

(4) 

We note an important special case similar to the transforma
tion of _rectangular coordinates. Suppose the old basis e1 , e2 , ••• , en 
and the new basis E1 , e2 , ••• , en are real. and orthonormal; that is, 

(ei, ei) = 8ii (5) 
and 

(ei, ej)=8i/ 

where 8u is the Kronecker delta. 
Then formula (1) implies 

(5') 

si1=(ei, ei) (i, j= 1, 2, ... , n} (6) 

that is, the elements of the change-of-basis matrix S are direction 
cosines and can be specified by Table 24. 

I 

TABLE 24 

THE COSINES OF THE ANGLES BETWEEN THE UNIT VECTORS 
OF TWO BASES 

Unit vedor5 of old 'ystem 

Unit vectors of new system 

I I I e, ez ... en 

81 

I sl\ I 
Szt 

I 
... 

I 
Snl 

Bz 
I 

S1z 

I 
Szz. I ... 

I 
sn2 

I I I 
... 

I .$-

Bn 
I 

~ln 

I 
Szn 

I 
... 

I 
s,m 

-

Substituting expression (!) into formula (5') we get, by formu
las (5), 

( 

n n ) n 
(ei, ek) = ~ sijei, ~ sikei = ~ s1isik = 8jk 

t=l i:;;;J t=l 

Thus, (I) the sums of paired products of the corresponding direction 
cosines of different coordinate axes of the new orthonormal system 

· are zero, and (2) the sum of the squares of the direction cosines for 
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each ne-w coordinate axis is unity. From this,

S'S=E (7) 
which means that the change-of-basis matrix from one orthonormal 
basis to another is orthogonal (for details concerning orthogonal 
matrices see Sec. 10.6). 

10.6 ORTHOGONAL MATRICES 

Definition. A real matrix A is called orthogonal if its trans
pose A' coincides with the inverse A -I; thus 

A'= A -I 
or 

An orthogonal matrix has the iollowing properties. 

(1) 

(2) 

1. The rows (columns) of an orthogonal matrix are orthogonal 
in pairs. 

Indeed, if A= [au], then from (2) we have 

and 
n 

~ akpk ·= 0 for i =fo j 
k=d J 

2. The sum of the squares of the elements of each row (column) 
of an orthogonal matrix is equal to unity. 

From (2), for i = j, we obtain 

n n 

~ azk= ~ a'kt= I 
k:=l k=l 

3. The determinant of an orthogonal matrix is equal to + l. 
Thus, on the basis of (2), we have 

det A det Af = det E 

whence, since det A'= det A and det E = 1,- it follows that 

(detA)2 =1 
and, hence, that 

det A=---=: +1 

4. The transpose and the inverse of an orthogonal matrix are 
also orthogonal matrices. This property follows directly from for
mulas (1) and (2). 
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10.7 ORTHOGONALIZATION OF MATRICES 

Suppose we have a matrix with real elements, 

A = [~:: ~:: : : : ~::] 
anl an2 ... ann 

We consider the columns of A as the vectors 

aci> = [~;; l 
. an/ 

(i = 1, 2, ... , n) 

I hus, we can write this matrix in the form 

~ = [I a"' I ... I a'"' I] 

3St 

Theorem 1. Any nonsingular real matrix A may be represented 
in the form of ~ product of a matrix with orthogonal columns by 
an upper triangular matrix: 

A=RT 

where R is a matrix with orthogonal columns and T is an upper 
triangular matrix with unit diagonal. 

Proof. For the sake of simplicity, we carry out the proof for 
the case when the order of the matrix is n = 3. The reasoning 
however will be of a general nature. Let 

A = [~:: ~:: ~::] 
as1 as2 ass 

Write this matrix as 

[ali] 
where aii> = a2~ are column vectors. 

as, 
Since the matrix A is nonsingular, the vectors a(l), ac2>, acs> are 

I inearly independent. 
This is so because if these vectors were linearly dependent, 

then in det A one of the columns would be a linear combination of 
the other two and, hence, det A= 0, which is impossible. 
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We seek the matrix R also in the form 
R = [r<t>, r<z>, r< 3 )] 

where r<i> (j = 1, 2, 3) are the required orthogonal columns. 
Set 

(I) 

Now decompose the vector a<z> into its components t12 r(l) and 
r<z>, of which the first is directed along the vector r<t>, and the 

Fig. 51 

where 

second is perpendicular (orthogonal) to 
rw it (Fig. 51); thus 

a.<2> = tlzr<t> + r<z> (2) 
where 

(2') 

Similarly, decompose vector a<:>> into 
the three components t 13 r<l), t 23 r<z> and 
r< 3>, of which the first two are directed, 
respectively, a long the vector r<o and 
r<z>, and the last is perpendicular both 
to the vector r<1 > and to the vector r< 2 ) 

(Fig. 51); thus 

a<3> = tl3r<I> + t 23r<z> + r<3> (3) 

('r<1l, r< 3>)=0 and (r< 2 >, r< 3>)=0 (3') 

From the construction it is evident that the vectors r<I>, r<z> 
and r< 3

> will be mutually perpendicular. From the systems (2) and 
(3), \Ve determine the vectors rCt> and r< 3

> and also the coeffi
cients tiJ. Multiplying both members of (2) scalar1y by r<I> = a<l), 
we obtain, by virtue of the orthogonality condition (2'), · 

(a<2>, r<1l) = t 12 (r<1>, r< 1>) 

where 
(r(l), r<l)) =1= 0 

Hence 

and 

Note that since the matrix A is nonsingular, the vector 
r( 11 = a<o =1= 0 and therefore (r(I), r<1l) =1= 0. Moreover, r<2l -=1= 0 since 
otherwise the vectors a<l) and auJ would be linearly dependent. 

Analogously, multiplying both members of (3) scalar ly and 
successively by r<1 > and r<zJ, we get, by virtue of the orthogona-
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lity ~onditions (2') and (~'), 

(.a< 31 , r(1 >) = t
13 

(r<1), r 11>), 
(a<s>' r(Z>) = t'l3 (r<z>' r(2>) 

3Sl 

From this, noting that (r 11 >, r<1 >) + 0 and (r<z>, r<z>) -:::fo 0, we get 

and 

(a<sl, r<Z>) 
tn = (r<Zl, r<Zl) 

r<3> = a(J>- ttsr<1l -· t23r<z> 

It is easy to verify that the thus constructed vectors rUJ, r<z> 
and r< 3> are pa·irwise orthogonal. And so we finally have 

a<1
> = r<1l, } 

a<z> = tl2r<l) + r<z>' 
a<3> = tur<I> + t2ar<z> +- r<3> 

where 
(a<f>, rUl) t .. = ------'-

,, (r<i>, rli>) (i<j) 

and 

or 

(r<i>, r<f>) = 0 for 

The system (4) is clearly equivalent 

A=RT· 

to the matrix 

tl2 tl3J 
1 t23 

0 1 

equation 

(4) 

(5) 

where R = {r;1] is a matri_x with orthogonal columns and T = [ti1] 
is an upper triangular matrix with unit diagonal. 

Example. Orthogonalize the columns of the matr,i.x 

~-j 
1 . 

Solution. Set 

Then 

23 9616 
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V.fe now find that 

r"' =a"'- t.,r'" = r ~ 1-0.4 fil =I : .6] 
[_ 0_, L2J L -0 .. 8 

To determine r 13>, compute t13 and t 23 to get 

whence 

(a (3). rill) 

t 1a = (r(ll, rll) 
2·0+0· l+ 1·2=~=0 4 

5 5 . 

(a<3J, r<2>) 
t2a = (r<Z>, rt2>) 

2.1 -to.J.6+ 1 ·(-0.8) = 1·2 ,....., 0 3 P+ 1.62 +0.8·~ 4.2 ,._, . 

r 13
) =a 13>-t13r 11>-t23r 2 

= [~l-0.4 [~] -0.3 [ ~.6] = [-:-~:~~J-
1 J 2 - -0. 8 0.44 

Thus 

and the vectors 

r'" = l~l r< 2
) = [ ~ .6] , 

-08 [ 
1.7 J r 13

> = -0.88 
0.44 

are pairwise orthogonal. This can be verified directly. 
In certain cases it is better to orthogonalize the rows of a mat

rix, regarding them as corresponding vectors. 
Suppose A' is the transpose of A and is reduced to the form 

A'= RT (6) 

where R is a matrix with orthogonal columns and T is an upper 
triangular matrix with unit diagcnal. Taking the transpose of (6), 
we get 

A=T'R' (7) 

where T' is a lower triangular matrix and R' is a matrix with 
orthogonal rows. Thus, the above-described devtce for orthogona
lizing the columns of a matrix is also suitable for orthogonaliza
tion of rows, and we have the following theorem. 

Theorem 2. Every nonsingular real matrix can be represented in 
the form of a product of a lower triangular matrix with unit diago
nal and a matrix with orthogonal rows. 
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We give yet another technique for orthogonalizing the rows of 
a matrix, which Is sometimes of greater practical uti! ity [ 5 J. Sup~ 
pose we have a nonsingular real matrix 

From each ith row of A, beginning with the second, subtract 
the first row .multiplied by a scalar Ai1 (i = 2, ... , n) dependent 
on the number of the row. We then get the transformed matrix 

where a}}>= aij for i = 1 and a2J> = aif-Ai1a1i for i~ 2. 
Choose multipliers Ai1 such that the first row of matrix A<1> is 

orthogonal to all the other ro1,vs of the matrix. We have 
n n n n 

-~· awaw = ~ alj (aij-Ailaij) =- ~ aljaij-Ail.~ a~;= 0 
1= 1 r==J r=I r=l 

whence 
n 

~ at;aif 

Atl = ,...:..i_= n_l --

}2 a~i-
i== I 

(i = 2, ... , n) 

Perf.orm the same operation with matr~x A<u, na-mely, leave 
. unchanged the firsJ two rows, and from each ith row where i ~ 3, 

subtract the second row of A< 1
> multiplied by a scalar A;2 

(i = 3, ... , n). The new m'atrix is then 

[a

('.?.) a(2) a(2)·1 11 12 • •. • ln 
a(2) a<2) a(2) 

A('.?.) = 21 22 • • • 2n 

........ 
(2) (2) (2) am afl'l, • • . a /l/l_J 

W here a(2>- an> for· i- 1 2 and a\~)= aq> -A· a( 1) when ; -... 3 ij - if - ' If if 12 2J ~ r ' 
Since the first row of A (2 ) coincides with the first row of A 11 > 

and all the other rows of A<z> are linear combinations of the rows 
of A <t> orthogonal to the first row of A <l>, then the rows of A<z> 
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will also be orthogonal to its first row. We choose the multipliers 
"A-i'!; so that the rows of A t2.,, from the third onwards, are orthogo
nal to the second row. This yields 

n ~ n n 

~ aiJ>aW = ~ a~y (a}}> -'Ai2aiY) = ~ aWaW -'Ai2. ~ [aiYP = o 
!=I j=l /=1 i=l 

whence 
n 
~ a(l) m 
~ 21 at! 

'A;2 = -~-:-~--- (i = 3, ... , n) (A) 

~ [a~}'] 2 

j=l 

This process is continued till we get the matrix 

[

a(n-l) a(n-1) a(tt-1)--, 
a~~-11 a~~-1) · · · at;-1)j 

A (n -1) = 21 22 • • • 211. 

. . . . . . . 
ah~-t> a~~-1> a~~~-1> 

all the rows of which are orthogonal in pairs: 
n 

~ akn.- 1 >a~~-t> = 0 when k -=I= i 
i= I I I 

The matrix A(n-1) = R with orthogonal rows was obtained from 
the given matrix A as a result of a chain of elementary transfor
mations. We therefore have the valid equality 

(8) 

where A is a nonsingular matrix, which in our case is a ·lower 
triangular matrix. 

It is easy to restore matrix A -by taking the unit matrix E and 
perforrn~ng all the elementary transformations carried out with 
respect to A. From formu1a (8) we finally get 

where _f =A - 1 is a lower triangular matrix. 
We give some properties of matrices with orthogonal rows. 

Lemma. If the columns of a real matrix constitute an ort!wgonal 
system of vectors, then the product of the transpose of a matrix by 
that matrix is equal to the. diagonal matrix. 
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Proof. Let A= [ aii] be a given matrix. 1t is required toJrove 
that A' A= D._, where A'= [a1iJ is the transpose of matrix and 

ldll 0 0 l 
D -- 0 .. d. 2~ •••• 0. ·is a diagonal matrix. 

L 0 0 ... dnn 

Assuming D= [d1i] we have, by the rule of matrix multiplication, 
n. 

d;i = ~ akiak; 
k=l 

whence, since aki are the coordinates of. the ith vector a(i> and akf 
are the coordinates of the jth vector av>, we get 

n 

dij = ~ akiaki = (a(i>, aV>) = 0 if i =1= j 
k==l 

Consequently, D = {di;] _is a diagonal matrix. 

Corollary. The product oi a real matrix with orthogonal rows 
by the transpose of that matrix. is equal to the diagonal matrix, 
that is, AA' =D. 

Theorem· 3. Any nonsingular real matrix A with orthogonal co
lumns is an orthogonal matrix postmultiplied by a diagonal matrix. 

Proof. By the lemma we have 

A'A=D (9) 

where D = [d;j] is a diagonal matrix. If A~ [a;i], then obviously 
n 

dii= ~ akt > 0 
k=l 

Put 
(i=l, 2, .. ~, n) 

and 

[

P1 0 ... 0 l 
0 P2 ... 0 

d= .... " . 
0 0 ... Pn 

It is plain that D=dz. From (9) we have A'A=d2 , whence 
d- 1 A' Ad- 1 = E 

Since (d- 1)' =d- 1 , it follows that. (Ad- 1 )' (Ad- 1 )=£. Consequently, 



JSI Ch. 10. Essentials of the Theory of Linear Vector Spaces 

matrix Ad- 1 = U is orthogonal and, hence, 

A=Ud 

which completes the proof. 

( 10) 

Corollary. A nonsingular real matrix with orthogonal rows may 
be represented in the form of a product of a .diagonal matrix by 
an orthogonal matrix. 

Indeed, let A be a matrix· with orthogonal rows: then ~, is a 
matrix with orthogonal columns. By formula ( 10) we have A'= Ud, 
where U is an orthogonal matrix and d is a diagonal matrix which 
may be determined from the relation 

AA' =d2 

From this we get 
A= (A')' =d'U' =dU' 

where U' is also an orthogonal matrix. 

Note. In order to transform a give.n nonsingular real matrix A 
with orthogonal columns (rows) into an orthogonal matrix, it is 
sufficient to normalize the columns (rows), which means that the 
element of every column (row) is to be divided by the square root 
of the sum of the squares of the elements of that column (row). 
For instance, if A= [aii] is a matrix w~th orthogonal columns, 
then the matrix 

A=[ai;], 
- a .. 

where a;;= ~ ~~ (i, j = 1, 2, ... , n) ·is an orthogonal 

matrix. 

,.., 2 

~ att/ 
k=l 

10.8 APPLYING ORTHOGONALIZATION METHODS TO THE 
SOLUTION OF SYSTEMS OF liNEAR EQUA liONS 

A. FIRST METHOD (ORTHOGOHALIZATIOH OF COLUMNS) 

Suppose we have a system of linear equations 

Ax=IJ (1) 

with a nonsingular real matrix A. Orthogonalizing the columns of 
A we obtain a matrix R; here, A= RT, where T is an upper 
triangular matrix. We have 

RTx=b (2} 
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Premultiplying both members ·of (2) by R', we get 

R'RTx=R'b 

359 

(3) 

But, as we know, R' R = D, where D is a diagonal ·matrix. Intro
ducing the notation R' b = ~, we have 

DTx=~ 
whence 

X= (DT) - 1 ~ = T- 1D- 1 ~ (4) 

The matrix D- 1
• which is the inverse of the diagonal matrix, 

is found without difficulty; namely, if 

l
-d11 0 ... 0 l 
0 d'l2 ••• 0 D= . 

" ..... 
0" 0 dnn 

then 

l 
rd1i

1 
0 ... 0 l 

D-J = 0 d-;;l ... 0 
0 0 ... d;,: 

It is also relatively simple to find the inverse r-l of the trian
gular matrix T. 

Example t. Using the method of orthogonalization of columns, solve 
the following system of equations: 

0.4x1 +0.3x2 -0.2x3 =2, } 
0.6x1 - 0.5x.2 + 0.3x3 :. 2 .5, 
0.3x1 + 0.2x2 + 0.5x3 - II 

Solution. -Represent the matrix A of this system in the form of 
a product of matrix R with orthogonal columns by a triangular 
matrix with unit diagonal: 

A= RT J~:: ~:: ~::l [~ ~12 ~::] 
lr31 r:1z r33J 0 0 I . 

Set 

We have 

l 0.4] 
rtll = 0.6 

0.3 
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Using formulas (4) of the preceding section, we get 
(a<2>, rll>) 0.12-0.3+0.06 0.12 

Au =,(r<1 >, r(1 >) 0.16+0.36+0.09 =- 0.61 =- 0·1967• 

[ 
0.3] [ 0.4] [ 0.3787] 

r(z> = -0.5 + 0.1967 0.6 = -0.3820 
0.2 0.3 0.2590 

Check: 

(r'"· r"') =. 0.6 1-0.3820 =- 0.2292 = o, 
[

0.4 ]' r 0.3787l 0.1515} 

0.3 L 0.2590 0.0777 

A = (a<s>, r(ll)=: -0.08+0.18+0.15 =0.25=0 4098 
1s (r<l>, r<l>) o. 61 0. 61 · • 

A = (a<s>, r<z>) = _ o.07574-0.ll460+0.I2950 = _ 0 1714 aa (r<Z>, rO!>) o. 35 . · ' 

[ 

-0.2 J [ 0.4 J lr- 0. 3787] [-0. 2990] 
r<s> = 0.3 -0.4098 0.6 + 0.1714 -0.3820 = -0.0114 

0.5 0.3 0.2590 0.4215 

Check: 

Thus~ 

[

0.4 0.3787 -0.2990] [1 -0.1967 0.4098] 
A= 0.6 -0.3820 -0.0114 0 l -0.1714 

0.3 0.2590 0.4215 0 0 1 
;:---' '- f ~ 

From formula (4) we have 
x= r-lD- 1R'b 

where. D = R' R is a diagonal matrix and 

For the matrix D and its inverse D- 1 we obtain the values 

[

0.61 0 0 J 
D = 0 0.35 0 

0 0 0.2672 
and. D-1 = [~·

64 

~.81 b ] 
0 0 3.75 
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Furt11ermore, 

R'b = [~:!787 -~~~820 ~:~590] [ ;.5] = [~:~7] 
0.2990 -0.0114 0.4215 ll 4.08 

Finally, we compute (in the usual way) 

[

1 0.1967 -0.3761] 
r- 1 = o 1 0.1714 

0 0 1 
The result is thus 

[

l 0.1967 -0.3761] [1.64 0 0 J [5.61 [ 5. 0238] 
X = 0 1 0. 1 714 0 2. 81 0 2. 6 7 = 1 0. 04 7 5 

0 0 1 0 0 3. 75 4.08-J 15.0087 
and, hence, 

X1 = 5.0238. X2 = 10.0475, x3 = 15.0087 
The exact values of the roots are x1 = 5. x2 = 10, x3 = 15. 

B. SECOND MEtHOD (ORTHOGONALIZATION OF ROWS) 

Suppose we have a system 
Ax=-b 

where det A =1= 0. 
(5) 

Transform the rows of (5) by the device given in the preceding 
section so that the matrix A is transformed to the matrix R with 
orthogonal rows. Then the vector IJ, will pass into some vector ~
As a result, we get the equivalent system 

Rx=~ 
Hence 

(6) 

(7) 
As we know, RR' = D= rP, where d is a diagonal matrix and 
R = dU, where U is an orthogonal matrix, and so 

R- 1 = (dU)- 1 = u-td- 1 = U'd'd- 2 = (dU)' d-z = R'd- 2 = R' D-1 

Thus, on the basis of formula (7) we finally have 
x=R'D- 1~ 

where 
D=RR' 

(8) 

(9) 

By using (8) we can avoid the most l~borious process of find
ing the inverse of a nondiagonal matrix. The presence of D-1 

does not complicate matters because D is a diagonal matrix. 
Formula (9),_ which is needed anyway, may al$o be used for a check. 
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Example 2. Use the method of orthogonalization of rows to solve 
the system of equations 

3.00x1 + 0.15x2 -0.09x3 = 6·.oo, } 
0.08x1 + 4.00x2 -0.16x~ = 12.00, 
0.05x1,+ 0.30x2 + 5.00x3 = 20.00 

(I) 

Solution. Using the formulas of the preceding section, we deter
mine the multipliers: 

'A = 3.00·0.08+0.15·4.00+(-0.09):(-0.16) = 0.8544 = 0 0946 
2l 3.002+.0.152 +0.092 9.0306 . ' 

'A = 3.00·0.05+0.15·0. 30-0.09·5.00 =- 0.2550 =- 0 0282 
3l 3. 002 + 0. 152 + 0. 092 9. 0306 . 

Retaining the first equation of system (I), subtract from each 
subsequent equation the first multiplied by the corresponding mul
tipliers 'A11 (i = 2, 3): 

3.00x1 + 0.15x2 -0.09X3 = 6.00 } 
-0.2038x1 + 8.9858x2 -0.1685x3 = 11.4324, 

0.1346x1 + 0.3042X2 + 4.9975x3 = 20.1692 

For system (II) we determine the multiplier 

(II) 

J.. = -0.2Q38·0.1346+3.9858.0.3042-0.1685·4.9975 = 0.3430 = O 0215 
_32 0.20382 +3.98582+0.16852 15.9565 . 

Retaining the first two equations of system (II), subtract from 
the third equation the second multiplied by 'A32 : 

3.00x1+ 0.15x2 -0.09x3 = 6.00, } 
-0.2038x1 + 3.9858x2 -0.1685x6 = 11.4324, 

0.1390x1 + 0.2185x2 + ?.0011x3 = 19.9234 

The matrix 

[ 

3.00 0.15 -0.09 ] 
R= -0.2038 3.9858 -0.1685 

0.1390 0.2185 5.0011 

has orthogonal rows. As a check, form the matrix 

[ 

9.0306 0.0017 -0.0002] 
D= RR' = 0.0017 15.9565 -0.0018 ~ 

-0.0002 -0.0018 25.0780' 

[

9.0306- 0 0 ] 
~ 0 15.9565 0 

0 0 25.0780 

(III) 



10.8 Orthogonaliz. methods for systems of lin. eqs. 

Using formula (8), we get 

[ 

3.00 -0.2038 0. I390l 
x=R'D-~~= 0.15 3.9858 0.2185 X 

-0.09 -0.1685 5.0011 _. 

[0~1107 0 0 ] l6.00 J [1.957] 
X 0 0.0626 0 11.4324 = 3. 126 

0 0 0.0399 19.9234 3.803 

Hence 

C. THIRD METHOD (METHOD OF ORTHOGONAL MATRICES) 

Suppose we have a linear system reduced to the form 

l63 

Rx=~ (10) 

where R = [r1j] is a nonsingular matrix with orthogonaf rows and 

is the vector of constant terms. 
Multiplying each equation of the system (10) by the normali

zing factor 

(i=l, 2, ... , n) 

we get the system 

Rx=~ ( 11) 

[~1~1 l where R = [~;r ij] is an orthogonal matrix and ~ = ~~~ 2• is 

~n~n 

the 

new vec-tor of constant· terms. 
From equation (11) we have 

x=·'j~-~~= R'~ ( 12) 
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10.9 THE SOLUTION SPACE OF A HOMOGENEOUS SYSTEM 

We now consider a homogeneous linear system of equations 

a21x1 +a22X 2 + ... + a2nXn- 0, (l) 
a11x1 + aux2 + ... + a1nXn = 0, }. 

•• Ill .......... " .... . 

a~1X1 + anzX2 + · · · + annXn = 0 

or, briefly,. 

Ax=O {l') 

where A= [a1i] and X= [JJ is the desired vector. 

If det A =1= 0, then, by the Cramer rule. the system (1} has a 
unique trivial solution x = 0. 

Let det A=O. Then (I) has an infinite number of solutions 
(including nontrivial solutions). _ 

From formula (l ') it follows that: ( 1) if x is a solution of ( 1 '), 
tnen ex, where c is an arbitrary constant, is also a solution of 
this equation; (2) if x(t> and x<z> are solutions of (l'), then the 
sum x(l) + xt2 > is also a solution of ( l '). 

Indeed, if 
Ax=O 

then 
A (cx)=cAx= 0 

Hence, ex is a solution of the homogeneous system (1 ). 
Sim.ilarly, if 

Ax<t> = 0 and Ax<a> = 0 

then 
A (x(1>+x(2>)=AxU>+ Ax<z>=O+O=O 

That is, x<u + x(z> is also a solution of the homogeneous system ( 1 ). 
In this way we find that any linear combination of solutions of 

the homogeneous system ( 1) is also a solution of the system. Hence, 
the set of all solutions of ( 1) form a vector space which we call 
the solution space. The following theorem holds true. 

Theorem. If n is the number of unknowns of a homogeneous sy· 
stem ( 1) and r is the rank af its matrix ·A, then the dimensionality 
of the solution space is k = n- r. 
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The basis of a solution space is termed the fundamental system 
of solutions. If for system ( 1) the fundamental system of solutions 

x(l) = ( xjl>·, xi]>, ... ' x~l>)' 

X <z> _ (x<2> ·x<2> x<2>) 
- 1 ' 2 ' • • ·' · n ' 

is known, then all its solutions are contained in the formula 

(2) 

or, written out, 

xl = clxtl> + c2xiz> + ... + ckxik)' } 
X ='' x< 1> +c x<z.> + +c x<k> 2 '-'1 2 2 2 • • • k 2 ' 

........ " ....... . 
Xn = clxizt> + c2xhz' + ... + ckxhk> 

where c1 , C2 , ••• , ck are arbitrary constants. 
To find the fundamental system of solutions, one isolates the 

nonzero rth order minor 6,. in the matrix A. Suppose 

au au ... air 

l5 = 
a21 a2z ... a2r 

=f=O r 

arr a,.z ... a,.,. I 
This can always be done by interchanging the equatic;ms of system 
(1) and altering the numbering of the unknowns. It is then easy 
to prove that the equations of. (I), beginning with the (r + 1 )th, 
are consequences of the first r equations of the system; that is to 
say, they are satisfied if the first r equations of system ( 1) are · 
satisfied. It is therefore sufficient to consider the subsystem 

allxl + al2x2 + ... + alrxr =- al, r+lxr+J- ... -alnxn, } 
a21x1+a22x2+ · · · +a2,.x,.--a2,r+txr+1- · · · ~a2nxn, (3) 
... "· ... " ................ " ....... . 

a,.1x1 .+ a,.2x 2 + ... +a,.,.x,.=- a,.,,+1x,.+1 -. :. ___:_amxn 

whose determinant l5,. is nonzero. 
In the system (3) the values of the unknowns 

may be considered arbitrary. Solving (3) for the unknowns x1 , x2 , 
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... , x,, we get 

X 1 = CX 11C1 + cx 12C2 + ... + cxlkck, } 

~· := ~·~c,_+_a~,c: ~.:. -~·a,_,p~, 
x,- a.,1c1 + cx,2c::. + ... -1 cx,kck , 

(4) 

where cxlf (i = 1, 2, ... , r; i = 1, 2, ... , k) are quite definite constants . 
. Moreover~ 

Xr+l = Cp .} 

Xr+2 = C2, 

.... 
. Xn = Ck .· 

(4 ') 

Formulas (4) and (4') yield the complete system of solutions of 
system ( 1 ). For the fundamental system of solutions we <;~n take 

a,I cx,2 

l 0 
x(l) = 0 

X'(2)= 
I ' . "., x(k>= 

0 0 

Lo~ L~_j 

Xr+J = 1, X,+ 2 = ... = Xn = 0, 
Xr+J=O, Xr+2=71, xr+3= •.. =Xn=O, 

Xr+l= • · • = xn-t = 0, Xn = 1 

ark 

0 
0 
0 

Example. Find the fundamental system of solutions of the following 
system of homogeneous equations: 

X1 - X2 + 5x3 - X4 = 0. ') 
X1 + X2- -2x3 + 3x4 = 0, 

~- (5) 
3x1 - x2 +Bx_a+ X4 =0, 

x1 +-3X2 - 9x 3 + 7x4 = 0 
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Solution. The rank of the matrix of system (5) r = 2, and 

6~1: --:1~2*0 
For this reason, the last two equations of (5) are consequences 

of the first two. We solve the subsystem 

XI -Xz = -5x3 + x4, t 
X1 + X2 = 2x3 -3X4 J 

First assuming X3 = I, X4 = 0, and then x3 = 0 and x4 = 1, .we get 
two linearly independent solutions 

x(1 ) = (- ~ , ~ , ·1, 0) , 

x(zl=(-1, -2, 0, 1) 

which form the fundamenta I system of solutions of the system. (5). 
The vectors xu, and x(z) form a basis of the solution ·space of 

the given system, and all its solutions are determined by the for
mulas 

where c1 and c2 are arbitrary constants (for the sake of convenience, 
the first constant is taken in the form 2c1 ). 

10.10 LINEAR TRANSFORMATIONS OF VARIABLES 

Suppose x1 , x2 ; ••• , xn are a set of variables and y1 , y2 , ••• , Yn 
are another set of variables connected with the first set by the re
lations 

, Y1 = fl (Xp Xz, ... ' xn), } 

:·:'·(·~·: ~·· .... ·: ~,): 
Yn- fn (xl, -'z• · · ·, xn) 

(1) 

where {1 , { 2 , ••• , fn are given functions. 
We will use the term transformation for a transition from the 

set x1 ,X2 , ••• ,xn to the set !fi,-Y2 , ••• ,y,1 • 

Defini.tion. The transformation (I) is called linear if the new 
variables Yp y2 , ••• , y

11 
are homogeneous 1 in ear functions of the 
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old Variables X 1 , X 2 , ••• ,· Xn; t~at is, 

Yt :== anx1 + aaXz + · · · + alnxn, } 
Yz = a2lxl + a2zXz + ... + aznXn, 
...... , ........ . 
Yn = an1X1 + an2xz + · · · + annxn 

(2) 

where ail (i = 1, 2, ... , n; 1 = 1, 2, ... , n) are constants. 
The linear transformation (2) is uniquely defined by its square 

matrix of coefficients (transformation matrix) 

~ = [;::. ~_:: . : :. : . :~ l 
ani an2 ann 

Conversely, having a square matrix A~ [ aij], one can construct 
a linear transformation for which this matrix will serve as the 
matrix of coefficients. There thus exists a one-to-one correspondence 
between linear transformations and square matrices. 

The sets of variables X1 , X2 , ••• , xn and y1 , y2, .••• , Yn may be 
regarded as column vectors 

rx;~ ryl~ 

Xz Yz 

X= and y 

LXn~ LYn~ 

of the same vector space En·. For this reason, the transformation 
(2) maps the space En onto itself or onto a proper subset of itself. 

Example 1. The transformation 

Yt =~1 +x2, } 
Y2=X1 +x2 

carries the space £ 2 into the subspace y1 = y2 of dimensionality 1. 
The relations (2) are equivalent to a single matrix relation~ 

y =Ax (3) 

Indeed, by the rule for multiplying matrices we have 

l ... Yt llr a11X1 + a12X2 + ... + a1nXnl 
Y.2 = a21 X1 + a22X 2 + ... + a 2nXn 
. . ......... .. 

.lin. . anlxl + an2x2 + ... + annxn 
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From this, via the notion of t~e equality of matrices. we get for
mulas (2). By formula (3), matrix A ·may be regarded as a linear-
transformation operator. · 

It is easy to see that a linear transformation has two· basic 
properties: 

(1) ·a constant factor can be taken outside the sign of the li
near-transformation operator: 

A (ax)=aAx 

(2) the linear-transformation operator of a sum of several vectors 
is equal to the sum of the operators of these vectors; thus 

A(x+z)=Ax+Az 

As a consequence, we have 

A (ax+~z)=aAx+~Az 

where x and z are vectors, a and ~ are scalars. 
Example 2. We have a plane Ox1x2 • Suppose each vector 

X= [::] 

------- xf.zo.:c~J 
j 

I is associated with a vector 
I 
I 
i 
I 
I 

Y= [~:] 
I which is the projection of vector x on the 1 

x1-axis (projection transformation) (Fig.' 52). --=0,..-f----~----;t~.:c. Show that the given transformation is a !!f!J,,!Jz} 
1 

linear transformation and find the transfor- Fig. 52 
mation matrix. 

Solution. We obviously have 

and consequently the projection transformation is linear. The trans
formation matrix is 

A=[~ ~] 
Let us investigate the meaning of the elements a;i of A. We 

consider the unit vectors directed along the coordinate a.xes Ox1 , 

l"lA Qfi\6 
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I} I 

0 

IOI 

1 

' . ~ . , en= 

Applying the transformation A to ei, we have 

101 

0 

IQI 

0 

= a~J 

r

a1 i I 

(j=l, 2, ... ,n) 

Lanj -· 

Thus, a0 is the ith coordinate of the transformed jth unit vector. 

Example 3. Suppose every radius vector x in the x 1x 2
-plane is 

replaced by a radius vector y of the same length turned through 
an angle a from x (rotation transformation) (Fig. 53). 

' 
',, r{.x

1
,Z

3
} 

\ 
\ 
\ 
\ 

Fig. ·53 
.r, 

Show that the given transformation is ljn~ar and find the trans
formation matrix. 

Solutio11. Connect vector y with a coordinate system Oy1y2 , which 
is turned through an angle a relative to the coordinate system Ox1X 2 • 

Since the coordinates of the vector y in the system Oy1y2 are cle
arly x1 and X~11 the coor_dinates of this.vector in the old Ox1X 2 system 
are given, by familiar formulas of analytic geometry, by 

y1 = X1 cos a-X2 sin a. \ 

y2 =X1 sina+x2 cosa J 
(4) 
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The rotation transformation is thus linear and its matrix is of 
the form 

A= [c~s a . -sin aj 
sma cosa 

The problem can be solved differently: as a result of the trans
formation, the unit vector e1 will plainly go into the vector 
{cos a, sin a} and the unit vector e2 wi 11 g.o into the vector f--sin a, 
cos a}. Hence, by th~ foregoing, the transformation matrix is · 

A= [c~sa -sina] 
sm a cos a 

and we again arrive at formulas (4). 
We now define the following operations with the linear trans~ 

format ions A and B: (1) addition A+&, (2) multiplication by a 
scalar a A, (3) composition BA: 

(1) (A+B)x=Ax+Bx (5) 
(2) (aA)x=a(Ax) (5') 
(3) (BA) x = B (Ax) (5") 

where x is a vector. 
It can readily be shown· that if A and B are linear transforma

tions, then the resulting transformations A+B, aA, and BA are 
also 1 inear. 

The following principle holds true: each operation from ( 1) to (3) 
involving linear transformations is associated with the same operation 
on the. matrices of these linear transformations; this is taken to 
mean that the formulas (5), (5') and (5'') are to be regarded in 
their literal meaning. 

· For the proof, we confine ourselves to the third case (5") [for
mulas (5) and/ (5') are verified more simply]. 

Suppose it is required to perform two linear transformations in 
succession: 

Yt = anxt + al2x?. +· ... +- alnxn' }\ 

Y2 = a21X1 + a22x2 + · · · + a2rzXn, 

;,l ~ ~nl~l + ~n:x2 .+. · ... 1- ~rz~Xn. 
with matrix A= [a1i] and 

Z1 = bnYt + b12Yz + · · · + btnYn•} 

z~ =b~,y~ ~ b:,y., ~ ·.· .. + b,~y~, 
Zn ~ bn1Y1 + bn2Y2 + · · · + XnnYn 

. with matrix B = [bu]. 

(6) 

(7) 
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Denote by C =-lei J the matrix of the composition of these trans
formations in the indicated or::ler, that is, going from the variables 
Xp x2, ... ' xn to the variables Zu 22, ••• ' Zn. Writing the trans
r ormations (9) and (7) compactly as 

n 

Yk= ~ ak.x. 
i= I J J 

n 

Zi= ~ bikYk 
k=J 

(k= 1, 2, ... , n), 

(i = 1, 2, ... , n) 

and substituting formula (6') into (7'), we get 

(6') 

(7') 

(8) 

Thus, the coefficient of xj in the expression for zi, or element 
cu of the matrix C, is of the form 

n . 

Cii = ~ b ikakf = b ilalf + b t·P21 + · · · + b inanf 
b::l 

We see that the element of C in the ith row and jth column 
is equal to the sum of the products of the correspondihg elements 
of the ith row of matrix B and the jth column of matrix A, which 
means it coincides with the corresponding element of the product 
of matrix B by matrix A. Hence, C= BA. 

The proof is much simpler in matrix notation. Suppose 

X= [1] y= [): 1 and Z= [j:J 
are the respective ·vectors. From formulas (6) and (7). we have 

y=_Ax and z=By 
whence 

z=B (Ax)=(BA)x 

Consequently, the matrix of the resultant transform.ation C = BA. 

Example 4. Find the result of the following succession. ·of 1 in ear 
transformations: 

Yl = 5xl-x2·+ 3xa, 
y2 =· xl-2x2, 
Ya= 7x2-Xa 
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and 
zl = 2yl +Ys, 
zz = Yz-5Ya, 

. Za = 2yz 

Solution. Write the transformation matrices 

[5 -1 3] 
.. A= 1 -2 0 

0 7-1 [
2 0 11 

and B= 0 1 -5 
0 2 o .... 

l7l 

Multiplying these matrices, we get the matrix of the resultant 
transformation 

C= BA = [~ ~ -~] [~ =; · ~l = [l~ -3; 5
05] 

- 0 2 0 0 7 -lJ 2 - 4 

And so the desired linear transformation has the form 

Z1 = 10x1 + 5x2 -5x3 , 

z.l'. ==:== x1 - 37 X2 + 5x3 , 

Z3 =2X1 -4X2 

10.11 INVERSE TRANSFORMATION 

Suppose a given transformation 

Y1 = anx1 + a12X2 * · ·. · + alnxn, } 
Y<A = azl X1 + azzXz + · · · + aznxn, 
................ 

·Yr..=anlxl +anzXa+ · · · +am,.Xn. 

(1) 

c3rries a set of variables X1 , X2 , ••• , xn into a set of variables 

Definition. The transformation which carries a set of variables 
y1 , y2 , ••• , Yn into the set of variables X11 x2 , ••• , xn is termed 
an inverse transformation relative to the transformation (1 ). 

We obtain the formulas of the inverse transformation by solving 
system (1) for the variables X1 , X2 , ••• , xn. 

Let A if (i. j = 1, 2, .... , n) be the cofactors of the elements aij 
of matrix A= [a,j] and 

det A= det [a;jl= L1 ;:;j=O 
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Multiplying the equations of the system (1) by A11 , A21 , 
An1 respectively,. and adding, we get, by a familiar formula, 

AuY1 + AnYz + · · · + A,llYn = L\xl 

In similar fashion we derive 

whence 

A1Zy1 + Az2Yz + · · · + AnzYn = Llxz, 

An + Az1 + + .. Anl 1 X1=TY1 TY2 • • • TYn' . 

A12 + A 22 + . + A 11 2 1 Xz=-:;r-Y1 TYz · · · TYn' \ (2) ,. 
• . Aln. ', ·A~n, .... A

1111

• • I 
Xn=L\Yl+/,\Yz+ · · · +TYn} 

Thus, Uie inverse transformation of a linear transformation (if 
it exists) is also linear. 

Theorem. A linear transformation has a unique inverse if and 
only if the matrix of the given transformation is nonsingular. The 
inverse of a linear transformation is linear and its matrix is the 
inverse of the matrix of the initial transformation. 

Proof. ·If A= ['a 1) is the matrix of transformation (1) and L\ = 
= det A ::f= 0, then the inverse exists and is defined by formulas (2). 
The matrix of the inverse transformation is clearly equal to 

If L\ = 0, then, by routine algebra, the equations (1) cannot be 
uniquely solved for the variables X1 , x:H •.• , xn. Thus, a unique 
inverse transformation does not exist, and there will definitely be 
values of the variables YH y2 , ••• , Yn for which there are no cor
responding values of the variables xH X 2 , ••• , xn. In this case, 
the linear transformation is called singular (degenerate). 

Mote 1. \Vrite the transformation ( 1) in matrix form 

V= Ax (3) 

where A= [aif] is the transformation matrix and x and ·y are 
column vectors. 

If the transformation A is nonsingular (det A :;fo 0), then the 
inverse transformation 

x= A- 1y (4) 
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exists and each vector x of the n-dimensional space Ox1X2 ••• xn 
is associated, by virtue of formula (3), with one and onlY. one 
vector y of that space; thus, formula (3) transforms the space Ox1 x2 ••• 

. • • Xn into itself. . 
If the transformation A is singul(lr (det A= 0), then (3) transforms 

the space Ox1 X2 • • • xn into a subspace of a smaller number of 
dimensions. 

Example. Consider the projection transformation (see Sec. 10.10, 
Exam pie 2) defined by the matrix 

A~ [~ ~] 
Here A is singular and the transformation y =Ax carrjes the space 
Ox1X2 into the coordinate axis Ox1 • . · 

Note 2. We take -Ex to mean the identical transformation that 
leaves the vector x unchanged. 

Since the relations 
y =Ax and x= A_-ly 

imply 

it follows that 

10.12 EIGENVECTORS AND EIGENVALUES OF A MATRIX 

Given a square matrix A= [ail]. Consider the linear transformation 

y =Ax (1) 

where· x and y are n-dimensional vectors (column matrices) of, 
generally speaking, a complex n-dimensional space. 

Definition 1. A nonzero vector is called an eigenvector of a given 
matrix (or of the linear transformation defined by it) if as a 
result of an ap_propriate linear. transformation the vector is carried 
i"nto a collinear vector; that is, if the transformed vector differs 
from the original one only by a scalar factor. 

In other wotds, the vector- x =!= 0 is an eigenvector of matrix A 
if the matrix carries x into the vector 

Ax= AX (2) 

The scalar A in (2) is called an eigenvalue (or characteristic root, 
characteristic number, latent root) of the matrix A which eigenvalue 
corresponds to the given eigenvector X. 
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Example 1. Let us consider the projection transformation in two
dimensional space Ox1x2 defined by the matrix 

. A=[~ ~] 
H~re the eigenvectors are ( 1) the nonzero vectors x directed along 
the X1-axis with eigenvalue A1 = 1 and (2) the nonzero vectors y 

directed along the x 2-axis with 
eigenvalue A2 = 0 (Fig. 54). 

!I 

0 

Fig. 54 

or 

Theorem 1. Every linear transfor
mation (matrix) in a complex vector 
space has at least one real or complex 
eigenvector. 

Proof. Let A be the matrix of a 
linear transformation. The eigenvect

.z, ors of A are nonzero solutions of 
the matrix equation 

Ax=AX 

(A-/..£) X=O. (3) 

where the m~trix A -/..E is called the characteristic matrix. Equation 
(3) is a homogeneous linear system which has nontrivial solutions 
if and only if the de term in ant of the system is zero; thus, the 
following c?ndition must be met: 

det (A-i..£)=0 (4) 

The determinant (4) is called the characteristic. (secular) deter
minant. of matrix A, and equation (4) is called the characteristic 
(secular) equation of matrix A. Expanded, the characteristic equa
tion ( 4) ·looks like this 

a11 -A a12 ••• a1n 

a21 a22 -A ... a2n 
( 4') 

... ann-/.. 
or 

A,n-alA,n-l+o}~.n-z_ ... +(-l)n-lcrn-1/..+(-l)ncrn=O (5) 

The polynomial in the left member of (5) is called the charac
teristic polynomial of matrix A. Its coefficients adi = I, 2, ... , n) 
are defined by the following rules. The coefficient cr1 is equal to 

n 

the sum of the diagonal elements of matrix At or 0'1 = ~ au. This 
i= l 
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number is called the trace of matrix A and is denoted by a1 = tr A. 
The coefficient o2 is the sum of all diagonal second-order minors 
of· A. Generally, the coefficient ak is the sum of all the diagonal 
kth-order minors of A. Finally, the constant term an ·is equal 
to the determinant of the matrix A: 

an =-det A 

The characteristic equation (5) is an 'algebraic equation of degree 
n in 'A, and, hence, as is proved· in algebra, has at least one real 
or CQmplex root. Let 'A1 , A2 , ••• , 'Am (m ~ n)· be distinct roots of 
equation (5). These roots are called etgenv~lues (or characteristic 
numbers) of the matrix A, and the set of all eigenvalues is termed 
the spectrum of the matrix A. Take some root 'A= 'A1 ~nd substitute 
it into (4) to get (A-/..1£) X=O or, in expanded form, 

(a11 -~/) X1 + ~12X2 + · ·: + alnxn: 0, ~ 
a21X1 -f ( a22 A;) ~2 + · · · + a2nXn - 0' 

(6) 
" ' ' ... ' . " ' " . ' " " ' ' . 
anlxl + an2x2 + ... +(ann -'A/) xn = 0 ) 

Since the determinant of system (6) det (A -'A1E) = 0, this system 
definitely has nontrivial solutions, which are the eigenvectors of A 
that correspond to the eigenvalue 'A 1. If the -rank of the matrix 
A-'A1E is equal to r (r < n), then there are k = n-r linearly inde
pendent eigenvectors 

xutJ, xt2/), ... , xtkfl 

associated with the root "A1. The theorem is proved. 

Mote. It ma'y be proved that the number of linearly independent 
eigenvectors corresponding to one and the same root of the charac
teristic equation does not excee.d the multiplicity of that root. 
One thing that this implies is that if the roots of the characteristic 
equation (5) are d~~tinct, then each eigenvcdue is associated with 
one and 6nly one eigenvector to within the factor of proportion·ality. 

Example 2. Find the eigenvalues and the eigenvectors of the matrix 

[
2 1 1] 

A= 1 2 1 
1 1 2 

Solution. Set up the characteristic equation of the matrix A: 

[

2-'A 1 1] 
1 2-'A .1 = 0 
1 1 2-'A 
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whence (A-ly~ (4 -A)= 0 and A1 = A2 =I. A3 = 4. Take A1 = 1 and 
put it into equation 

to get 

OJ7 

X1 + X2 + X3 = 0, } 
X1 + x2 + x3 = 0, 
x1 +x2 +x3 = 0 

(7) 

(8) 

Since the rank of the matrix of system (8) r = 1, two of the equations 
are consequences of the third (which, incidentally, is obvious). It 
therefore suffices to solve the equation 

X1 +x2 +x3 =0 

J?utting X1 = c1 , X2 = C2, we get 

x3 =- (c1 +c2) 

where c1 and c2 are arbitrary scalars not simultaneously zero. 
In particular, first choosing c1 = 1, c2 = 0 and then c1 == 0, c2 = 1, 

we will have the simplest fundamental set of solutions consisting 
of two linearly independent eigenvectors of matrix A: 

All the other eigenvectors of A t-hat correspond to the eigenvalue 
A1 = 1 are linear combinations of these basis vectors and fill the 
plane spanned by the vectors x(ll and X( 2 ) (with the exception of 
the origin). 

Now take A3 = 4. Substituting this value into (7), we get 

rl-2 1 1] [x1
] 1 -2 1 X2 = 0 

1 1 -2 X3 

or 

(9) 
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The rank of the system (9) is r = 2, and the upper left minor 

8=\-~ -~\*o 
r 

Thus, the third equation of the system is a consequence of the 
first two equations, and so we can confine ourselves to a system 
of the first two equations: 

whence 

or 

-2x1 + X 2 + X 3 : 0, } 
x1 - 2x2 + x3 - 0 

xl x2 x3 . th t 3=3=3, a is, X1 =X2 =X3 =C 

where c is a constant different from zero. 
Putting c = 1, we get the simp lest solution that effects the eigen* 

vector of A 

. x'"= m 
.. Definition 2. A linear subspace Ek (k ~ n) is said to be invariant 

with respect to a given linear transformation 

y=Ax 

if each transformed vector of this subspace also belongs to it; · 
thus, x E Ek implies AxE Ek. 

The proof of Theorem 1 clearly holds if we consider, in some 
invariant space, a linear transformation defined by matrix A. 

Theorem 1 '. Every linear transformation defined on an invariant 
subspace of' a complex vector space has at least one eigenvector. 

We note one more important property of eigenvectors. 

Theorem 2. The eigenvectors of a matrix which correspond to 
pairwise distinct eigenvalues are linear_ly independent. 

Proof. Let A be a given matrix and 

(j=l, 2, ... , m) (10) 
where 

x<j> =!= 0 and 'A j =!= 'Ak for j =F k 
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Suppose that 
( 11) 

where lc1 l+lc2 l·+ ... +lcmi=F0. 
For the sake of definiteness, let c1 =f: 0. Applying the transfor

mation A to (11), we get, by virtue of formulas (10), 

(12) 

Now, multiplying (11) by "-m and subtracting (12) from the 
res~lting equation, we find 

('Am-XI) C1X\1 > + (Am-A2) c2xcz> + · · · +('Am ___:_"-m-1) Cm-Ixcm-Il = 0 
. . (13) 

Then, from (13) we can eliminate the vector x(m-~> in similar 
fashion, and so on. Thus, eliminating the vectors 

x(m)' x(m-1)' ... ' x(2) 

we get 
('Am-'AI)('Am-1-'Al) · · · (A2 -Al) C1X(l) = 0 (14) 

But this equation is impossible because not one of the factors 
of the }eft-hand ·member is equal to zero. Thus, our assumption 
is false and the eigenvectors x(l), X( 2 >, ..• , x(m) ·are linearly inde
pendent. 

Corollary. If all the eigenvalues of a matrix A of order n are 
pairwi:5e distinct, then the corresponding eigenvectors of ·this mat
rix (n altogether 1 ,) form a basis of an appropriate n-dimensional 
space. 

10.13 SIMILAR MATRICES 

Definition. Two matrices associated with one and the same linear 
transformation in different bases are called similar. 

If a ·matrix A is similar to a matrix B, we write A \.FJ B. Let 
us derive a condition for the similarity of two matrices. Suppose, 
in a certain basis, matrix A represents the linear transformation 

y =:=Ax (1) 

In a new basis (in new coordinates), this same linear transfor
mation will be described by another matrix, B: 

11 = Bs (2) 
where 

Bc.nA 

1> It is assumed that one eigenvector is taken for each eigenvalue. 
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Denote by S the change-of-basis matrix from the new system 
to the old system; thus, let 

X=S~, y=STJ (3) 
where 

det S =f: 0 

Putting formulas (3) into ( 1), we get 

S11= AS~ 

Then, premuHiplying the last equation by the inverse matrix S-1 , 

we get 
'fi=S- 1AS~ 

Comparing formulas (4) and (2), we obtain 

B=S-iAS 

( 4) 

(5) 

With regard to· the matrices A and B connected by the rela
tion (5), we say that th.e matrix B is obtained from A via a trans
formation by means of matrix S. We thus conclude that two mat
rices are similar if and only if one of them. is obtained from the 
other by a transformation effected by some nonsingular matrix. 

From (5) we derive A·= SBS- 1 , which is to say, if matrix B 
is similar to matrix A, then also, conversely, matrix A is similar 
to matrix B. The following are some properties of a transforma
tion by means of a matrix S. 

I. The transformation of a sum is equal to the sum of the trans
formations: 

s- 1 (A+ B) S = s- 1 AS + s- 1BS 

2. The transformation of a product is equal to the product of the 
transformations of the factors: . 

s- 1 (AB) S = s- 1 AS ·S- 1BS 

3. The transformation of an inverse matrix is ·equal to the inverse 
of the· transformed matrix: 

s- 1 A - 1S = (S- 1 AS) - 1 

4. The transformation of an integral power (positive or negative) 
is equal to the same power of the transformation: 

S- 1 AnS= (S- 1 AS)n 

Theorem 1. Similar matrices have the same characteristic polyno• 
mials. , 

Proof. Let B (f) A. It is required to prove that 

det·(A-A.E) = det (8-"A£) 
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Since 

then 
det (B-'AE)= det [S-1 (A-'AE)S] = 

= det s- 1 det (A-/..£) det S = det (A-A.£) l) 

Thus 
det (B -'A£)= det (A -A.£) 

Corollary 1. Similar matrices have identical traces and the same 
eigenvalues (including their multiplicities). 

Corollary .2. The property of a vector to be an eigenvector of 
a given linear transformation is independent of the choice of basis. 

Indeed, suppo~e 

Ax=~,x (x =1= 0) 

If in the new basis the vector x is equivalent to the vector s, 
then we have 

X=Ss. 

where S is the change-of-basis matrix. 
From this we have ASs=A.Ss and, hence, s- 1 ASs='Ag, which 

means that s is an eigenvector of the matrix B = s- 1 AS(..() A that 
describes our linear transformation in the new basis. 

Note. Since the characteristic polynomial, the eigenvalues and 
the eigenvectors are the same for all matrices representing a given 
linear transformation, they are called, respectively, the characte
ristic polynomial, eigenvalues and eigenvectors of the linear trans
formation itself. 

Theorem· 2. If a given square matrix of order n has n linearly 
independent eigenvectors, then, taking them for basis vectors, we 
obtain a diagonal matrix similar to the given one. 

Proof. Suppose we have a square matrix A. Form a basis from 
the eigenvectors e1 , e2 , ••• , en. Since e j are eigenvectors, it fol
lows that 

(j=.l, 2, ... , n) 

1l Here we make use of familiar theorems (see Sees. 7.2 and 7.4): (1) the 
determinant of the product of two square matrices of the same order is equal 
to the product of the determinants of the matrices; (2) the determinant of an 
inverse matrix is equal to the reciprocal of the determinant of the original 
matrix. · 
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Consider any vector x of our space. Decomposing it into its 
basis vectors ej (j =I, 2, ... , n), we have 

·7:! 

X= 1.: X ·e: 
jc:;;-. I J I 

where xj are the coordinates of the vector x in the given basis. 
Applying the transformation A to the vector X, we get a new 

vector 
n 

y=Ax=A~xje1 
j= I 

or, since the transformation A is linear, 

n n 

Y= ~ xAe·= }2x·"-·e· 
j= I J J i= I 1 J J 

whence we see that the coordinates of the vector y in the given 
basis are 

(]=1, 2, ... , n) 

or 

where oik is the Kronecker delta. 
Thus, in the new basis the transformation matrix is the diago

nal matrix 

or, expanded,. 

[

A1 0 0 ... 0 l 
\ 0 A2 0 ... 0 

A= . .. .. 
- 0 0 0 ... An 

Corollary. Any square matrix whose eigenvalues are pairwise 
distinct can be reduced to diagonal form by means of a similarity 
transformation. 

This re·sult follows directly from Theorem 2 of the preceding 
section. 
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10.14 BILINEAR FORM OF A MATRIX 

Let A= [ajk] ·be a real square matrix and let x, y be vectors 
in an n-dimensional complex space. Form the scalar product 

n n n 

(Ax, y) = ~ (Ax)i Yi = ~ ~ ajkxky[ 
i=l j=l k=l 

(1) 

Expression ( 1) is called a bilinear form of matrix A. 
Let us derive an important property of a bilinear form. The 

sum ( 1) will plainly have the same value if we change the. order 
of summation and at the same time interchange the summation 
indices. We therefore get 

n n 

(Ax, Y) = ~ ~ ak1x1yz 
i=l k=l 

Let us write this sum as a scalar product: 

(Ax, y) =I~.~. akjxjyk = c~ k~l akjy.xj) * = (A'y, x)* = (x' A'y) 

Thus, 
(Ax, y) = (x, A'y) (2) 

This means that in the scalar product ( 1) the real matrix A may 
be moved from first to second position if we replace it by its trans
form. 

Corollary. If matrix A is real and symmetric (A'= A), then 

(Ax, y) = (x, Ay) (3) 

In a scalar product, a real symmetric matrix may be moved from 
first position to second. 

10.15 PROPERTIES OF SYMMETRIC MATRICES 

Theorem 1. All the eigenvalues of a symmetric matrix with real 
elements are real. 

Proof. Let 'A be an eigenvalue of matrix A and x the correspon
ding eigenvector; thus, 

A X = 'Ax ( x =I= 0) ( 1 ) 

Since A':= A, then 
(Ax, x) = (x, Ax) 

or, by (1), 
('Ax, x) = (x, f..x) 
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whence 
A.(x, x)=l.*(x, x) 

The eigenvector is nonzero by definition, and so 

(x, x)=i=O 

and, consequently, A=A*, or A is a real number. 

385 

Corollary. The characteristic equation of a symmetric real mat~ 
rix has only real roots. 

Theorem 2. The eigenvectors of a symmetric real matrix that 
correspond to distinct eigenvalues are orthogonal among themselves. 

Proof. Let A be a symmetric real matrix. Consider two eigen
vectors x<i> and x<J> associated with the eigenvalues 'A,- and 
A-1 ('Ai=FA-1). We have 

and 
.4 xV> = "'A .,x<i> 

J 

Form the scalar product 

(Ax<o, x<il) =(xU>. Ax<i>) 

From this, by (2) and (3), we get 

and 
(/..ix<il, x<i1) = (x<i>, "'A1xVJ) 

'Ai (x<i>, x<i>) = f..j (xU), x<i>) 

Since on the basis of Theorem 1 the eigenvalue t..1 
follows that "'Aj = "'A1. 

Hence, from (4), we have 

But 
(!vi- '"J.v1) (x<i>, x<i>) = 0 

and so-
(x<i), x 1i>) = 0 

(2) 

(3) 

(4) 

is real, it 

or the eigenvectors x<i> and x<t> are orthogonal among themselves. 

Note. The eigenvectors of a symmetric matrix with real elements 
may be assumed to be real. 

Theorem 3. Any real symmetric matrix can be reduced to diago
nal form by mear:s of a similarity transformation. 

Proof. For the purpose of pictorialness, let us confine our proof 
to three-dimensional space, £ 3 • 

Suppose we have a symmetric matrix A of order three. As we 
know, every matrix has at least one eigenvector (see Sec. 10.12,. 

25 9615 
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Theorem I). Denote by e1 an eigenvector of matrix A. Since A is 
symmetric, the eigenvector e1 can be chosen real. 

Consider all eigenvectors x that are orthogonal to e1 , that is 
such that 

(5) 

We will show that they form an invariant subspace £ 2 with res
pect to the transformation A (Fig. 

Fig. 55 

55). . 
First of all, if x E £ 2 andy E £ 2 , 

that is, 

(x, e1 ) = (y, e1 ) = 0 

then for arbitrary scalars a and ~ 

we have 

(ax+~y, e1)=a(x, e1)+ 
+~ (y, e 1 ) = 0 

and, consequently, 

ax+~yEE2 
Thus, the set of eigenvectors sa
tisfying CondHion (5) form a li~ 
near space, and it is easy to see 
that this space is two-·dimensional. 

Now let x E £ 2 • Consider the scalar product 

(Ax, e1 ) = (x, Ae1 ) = (x, A-1e1 ) = /..1 (x, e1 ) = 0 

Thus, 
AxEE2 

By Theorem 1' (see Sec. 10.12), there also exists in the two
dimensional space £ 2 an eigenvector e 2 of matrix A. Now consi
der the eigenvectors x that are orthogonal both to e1 and to e 2 , 

that is, such that 

(x, e1)=(x, e2)=0 

Similarly it is proved that these eigenvectors form a one-di
mensional space £ 1 that is invariant under the transformation A. 
Again, space £ 1 has an eigenvector e 3 of matrix A. The eigenvec
tors el' e 2 , e3 are pairwise orthogonal and so are linearly inde
pendent. We thus construct an orthogonal basis for the space £ 3 
consisting of the eigenvectors of the matrix A. 

Denote by t..1 the eigenvalues associated with the eigenvectors ei. 
By Theorem 2 of Sec. IO .. J3, the matrix A of the given linenr 
transformation will be diagonal in the proper basis e1 , e2 , e8 , and 

I 
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in our case, 

r
Al 0 ' 0] 

A= 0 ~2 0 
.... o 0 A3 

The proof of the· theorem in_ the general case is analogous. 

Corollary 1. For every linear transformation with a real sym
metric matrix there is an orthogonal basis (consisting of real 
eigenvectors of the given matrix) in which the transformation 
matrix is diagonal. 

Corollary 2. If the matrix is symmetric, then every eigenvalue 
is associated with as many linearly independent eigenvectors as is 
the multiplicity of the eigenvalue. 

Theorem 4 (extremal property of eigenvalues).: 
Let A be a real symmetric matrix and· 

A= min (f..~' 1..2 , ••• , An), 
A= max (A11 A2 , •.• , f..n) 

where A1 , A2 , •.. , An are all the eigenvalues of A. 
Then the following inequality is valid for any vector x; 

f..(x, x)<(Ax, x)<A(x, x) (6) 
Proof. By virtue of Corollary 1 of Theorem 3, there is a set of 

eigenvectors e1 , e2 , ••• , en of the matrix A: 
Ae1=A1e1 (i= 1, 2, ... , n) 

which form an orthof!ormal basis of the space En. Then any vec
tor x can be represented in the form 

x = x1e1 +x2e2 + ... +xnen 

where x1 , X2 , ••• , xn are the coordinates of vector x in_ the given 
basis, whence 

Ax=x1 Ae1 +x2Ae2 + ... +xnAen=A1x1e1 +A2X2e2 + ... +lvnxnen 

Taking into account the orthogonality of the vectors of the _basis, 
we have 

(Ax, x) = ( ± A .x .e., ± xkek) = 
i== 1 J J J k= 1 

n n n n n 
= .~ ~ \x1xZ (e1, ek) = .~ ~ .f..1x1xZ61k = ~ 'A1 I x1 1

3 
J==l k=l J=l k=l ' j=l 

or 
n 

(Ax, x) = ~ f..j I xi r~ 
J=l 

(7) 
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Replacing 'Ai by the least value of lv in (7), we obtain 
n 

(Ax, x)~lv ~ lxiF=I.fx, x) 
j=l 

Similarly, putting in (7) the greatest value of A in plac.e of 'Aj, 
we find 

n 

(Ax, x) ~A ~ I x1 1
2 = A ( x, x) 

. i=l 

And inequality (6) is proved. 

Corollary. The minimal eigenvalue 'A and the maximal eigenvalue 
A of the symmetric real matrix A are, respectively, the smallest 
and largest values of the quadratic form 

u=(Ax, x} 

on a unit sphere (x, x) = 1. 
Indeed, putting (x, x) = 1 in inequality (6), we have 

'A~(Ax, x)~A 

Moreover, if Ax='AX, then 

(Ax, x) =('AX,· X)= 'A 

Similarly, if Ax=Ax, then 

(Ax, x')= (Ax, x) =A 
Thus, 

'A=min(Ax, x) for (x, x)=l 
and 

A=max(Ax, x) for (x, x)=l 

A symmetric real matrix A= [ai1] will be called positive definite 
if the corresponding quadratic form 

n n 

u =(Ax, x) = ~ ~ aiJxixj" 
i=l j=: 1 

is positive definite (see Sec. 8.13), that is, for any vector x =1= 0 
we have 

(Ax, x) > 0 

Theorem 5. A symmetr{c real matrix is positive definite if and 
only if all its eigenvalues are positive. 

Proof. If A is a symmetric real matrix and its eigenvalues 'A1 
are such that t..i > 0 (j = 1, 2, ... , n), then on. the basis of for-
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mula (7) we have, from the proof of the preceding theorem, 

n 

(Ax, x)= ~ "-·lx-[2 

i=l J J 

where x = (x1, X2, ••• , x,), whence for x =/=: 0 we have 

(Ax, x)>O 

Thus, the matrix A is po'sitive definite. 

J89 

Conversely, let A be a positive definite symmetric real matrix. 
By Theorem 1, all its eigenvalues A1 , A2 , ••• , 'An are real, and 

A= min ('A1 , 'f.2 , ••• , 'An) · 

is the smallest value of the quadratic form u =(Ax, x) on the 
sphere (x, x) = 1. Since the sphere (x, x) = 1 is a compact boun~ 
ded set and the quadratic form u is continuous and positive on 
this sphere, then by the Weierstrass theorem, there is a smallest 
value of. u and it is positive; that is, · 

"->0 
whence, all the more so, 

/vi> 0 for j = I, 2, ... , n 

We give without proof the conditions of a positive definite real 
matrix [2]. 

Theorem 6. For a real matrix A= [au}. where au= ail, to be po~ 
sitive definite, it is necessary and sufficient that tfie following Syl
vester conditions be fulfilled: 

.... ' 

Thus, a symmetric real matrix A is positive definite if and only 
if a II the princi pa I diagona I minors of its determinant det A are 
strictly positive. 

*10.16 PROPERTIES OF MATRICES WITH REAL ELEMENTS 

In the sequel we will, as a rule, consider matrices A= [alj] 
whose elements ai, are real. These are called real matrices. 

Let A= [an] be a real square matrix of order n. Since its cha'~ 
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racteristic equatioll 

det (A -'A£)= 0 

is a polynomial with real coefficients, the roots A1 , A2 , ••• , "-n of 
the characteristic equation, which are the eigenvalues of the matrix A, 
are conjugate in pairs if they are complex (see Sec. 5.I); that is, 
if "-s is an eigenvalue of A, then the conjugate ~v; is also an eigen
value of the matrix A and is of the same multiplicity. 

A real matrix may not have real eigenvalues. However, in one 
important case when the elements of the matrix are positive, the 
existence of at least one real eigenvalue is guaranteed [6]. 

Perron's theorem~ If all the elements of a square matrix are 
positive, then the numerically largest eigenvalue is also positive and 
is a simple root of the characteristic equation of the matrix; it is 
associated with an eigenvector with posit{ve coordinates. 

Eigen\tectors of a real matrix A with distinct eigenvalues are 
complex in the general case and do not possess the property of 
orthogonality. However, by invoking the eigenvectors of the transpose 
A' we can obtain the so-called biorthogonality relations, which for 
the case of a symmetric matrix are equivalent to the ordinary re-
lations of orthogonality. -

Theorem 1. If a matrix A is real and its eigenvalues are pairwise 
distinct, then there exist two bases, {xi} and {xj}, of the space E; 
consisting respectively of the eigenvectors of matrix A and the eigen
vectors of the transpose A' which satisfy the following conditions of 
biorthonorrnalization: 

, f 0 for j =F k, 
(x i• Xk) = \ I for j = k 

Proof. Let 'A1 , A2 , ••• , 'An be the eigenvalues of the matrix A. 
Since A is real, we know that its eigenvalues are conjugate in 
pairs, which means that besides the eigenvalue 'Ai the conjugate 'A j 
is also an eigenvalue of A. Denote by xi (j = 1, 2, ... , n) the 
corresponding eigenvectors of matrix A, that is, 

Ax i = 'A ix i (j = I , 2, ... , n) ( 1 ) 

The eigenvectors {x1} form a basis for the space En (Sec. 10.12, 
Theorem 2, ~orollary). 

Since a determinant remains unaltered under an interchange of 
rows and columns, ' 

det (A' -'AE) == det (A -'A£) 

and, consequently, the transpose A' has the same eigenvalues 'A;' 
as the matrix A. Let xj (j = 1, 2, ... , n) be the eigenvectors of 



- 10.16 Properties of matrices with real elements 391 

the matrix A' which correspond to the conjugate eigenvalues 'Aj, 
that is, 

A' ' 'A* •' ( 1 2 X;= ;X; j=,, ... ,n) (2) 

The eigenvectors {xj} also form a basis for the space En. 
The bases. {x1} and {xj} are biorthogonal, namely: 

(x1, xk) = 0 for j =1= k (3) 

Indeed, on the one hand~ we have 

(Ax1, Xk)=('A;x1, X~)='A1 (x1 , Xk) (4) 

On the other, taking into consideration that A is -real, we get 

(Ax1, xk)=(x1, A'xk)=(x1, 'AZxk)='Ak(x1, xk) (5) 

From (4) and (5) we derive 

'Ai (xi, xk) = 'Ak (x1, xk) (6) 

Since 'A1 =1= 'Ak when i =1= k, from (6) follows (3). We will show that 
the eigenvectors {xJ and {xj} may be normalized so that 

(x1, xj)=l (j=l, 2, ... , n) (7) 

Indeed, decomposing x1 in terms of the eigenvectors of the basis 
{x~. x~, ... , x;,} we have 

x1 =c1x~ + ... +cixj+ ... +cnx~ 

whence, taking into account the biorthogonality condition (3), we 
get 

and so 

(x1, xj) = c; (x1, x~) + ... +cj (x1, xj) + ... 
. . . + c~ (x1, x~) = cj (xi, xj) > 0 

(x1, xj) = a1 =1= 0 

T k. th . t 1 , 1 " 1 f , ' a mg e etgenvec ors -* X1 , ••• , - .. Xn 1n p ace o X 1 , ••• , Xn, 
~1 an 

we get the required normalization (7) since 

( x 1, ~xi)=_!_(x1 , xj)=~·ai=I (j=l, 2 .... , n) 
a; a1 a; 

Thus, if the eigenvalues of the real _matrix A are distinct, then 
for the proper basis { xJ of matrix A it is always pos~i ble to find 
a proper basis {xj} of the transpose A' such that 

(x1, Xk) = Ojk (8) 

where o Jk is the Kronecker delta. 
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Corollary. If the matrix A is real and symmetric (A'= A), then 
we can put x{'·= x1 (j = 1, 2, ... , n) where x 1 are the normalized 
eigenvectors o A (see Sec. 10.15). Then 

(Xj, Xk)=O/k 

Let us now derive the_ so~called bilinear expansion of matrix A. 

Theorem 2. Let A be a real square matrix and let 

(J = 1, 2, ... , n) be its eigenvectors regarded as column matrices 
and let 

Xk= [x~k ... x~k] 

(k = 1, 2, ... , n) be the correspondingD eigenvectors of the trans
pose A' regarded as row matrices; also let the conditions of biortho
gonality (8) be met: 

(X1, Xk*) = xkx1 = o1k 

Then the following relation is valid: 

A=lv1X1X~ +lv2X2X~+ ... +"-nXnX~ 
where A-1 , A2 , ••• , lvn are the eigenvalues of matrix A. 

Proof. We consider the matrices 

and X = · · · · · 
, [X~1 ... x~1] 

X~n .•. X~n 

which consist of the ~o!umns X 1 (j = 1, ... , n) and 
(k = 1, ... , n), respectively. 

By (9) we have 

(9) 

(10) 

rows xk 

( 11) 

where E is the unit matrix. Since the matrix X consists of line
arly independent columns, it is nonsingular, that is, det X =1== 0 
and, hence, there is an inverse x- 1 • On the basis of (11) (see 
Sec. 7.4, Theorem, Note 1) we have 

x- 1 =X' 

1 l That is, corresponding to the same eigenvalues of the matr{ces A and A'. 
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which implies that 
XX'=E 

and, thus, we obtain the second set of biorthogonality relations [7]: 

( 12) 

Using these relations, we have 

X 1X~ ·+X zX ~ + ... + XnX~ = [ Xi 1Xj1 ] + [ Xi 2Xj2 ] + ... + [ xinxfn] = 

= [-~ xil~x!k] = [8ii] = E 
k:=l 

That is, 
E=X~X~ +X2X;+ ... +XnX~ 

Premultiplying this equation by A and taking into account that 

AXi="-iXi (j= 1, 2, ... , n) 

we will clearly get equation (10). 
It will be well to note that in formula (1 0), X f and Xj (j = 1, 

2, ... , n) are the eigenvectors of the matrices· A an,d A' corres
ponding to one and the same eigenvaiue A; despite the notations 
of Theorem 1, where xi and xj are the eigenvectors of the matri
ces A and A', which eigenvectors correspond to the complex con
jugate eigenvalues A; and Aj. 
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*Chapter 11 

ADDITIONAL FACTS ABOUT THE CONVERGENCE 
OF ITERATION PROCESSES FOR SYSTEMS 
OF LI~EAR EQUATIONS 

11.1 THE CONVERGENCE OF MATRIX POWER SERIES 

Theorem 1. The matrix power. series 

(1) 

with numerical coefficients ak converges if all eigenvalues lv1 , 'A
2

, ••• , A
11 

of matrix X are lpcated in the closed circle of convergence I xI~ R. 
1J (Fig.- 56) of the scalar power series 

(2) 

(x =£+ill); and the eigenvalues on the 
t circumference of the circle of convergence 

are simple and are the points of conver
gence of the series (2). 

Series ( 1) diverges if even one eigerwa
lue of matrix X lies outside the closed 

Fig. 56 circle of convergence of series (2) or if 
there is an eigenvalue of matrix X· lying 

on the circumference of the circle of convergence for which series 
(2) diverges. 

Proof. (1) Let the matrix X _be such that 

J Al I ~ R • • · • ' JAn I ~ R 
For the sake of simplicity we assume that the eigenvalues lvj 
(j = 1, 2, ... , n) of matrix X are simple. Then the matrix X can 
be reduced to diagonal form with the aid of the nonsingular 
matrix S:_ 

X= s- 1 [lv11 ••• , ?v,.) S 
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Introducing the notation 
m m 

F m (X)= ~ akXk, f m (x) = ~ akxk 
k=O k=O 

and 
'X) 

f (x) = lim fm (x) = ~ akxk 
m->-:n k=O 

we have 
m 

F m (.X)= ~ a,~ {S- 1 [lv1 , ••. , !..,.} S}k = 
k=O 

~ s-{~ a.[ A~ •... 'A~]} s =s-lUm (1c,), ... 'In (An)] s (3) 

Since the eigenvalues A; lie within the circle of convergence of the 
power series (2) or coincide with the points of convergence of that 
series belonging to the circumference of the circle of convergence, 
there exist finite limits 

to~;)= lim fm ('Aj) (j~I,2 . ... ,n) 
rn-• oo 

For this reason, passing to the limit in (3) as m---+ oo, we obtain 

F(X)= lim Fm(X)=S-r [f('A1), •.• , f(A.,J] S (4) 
rn-~ ro 

Thus, the matrix SPries ( 1) converges at the point X. 
It can 1 ikewise be proved that the assertion of the theorem is 

also true for the case of multiple eigenvalues !vi, but we will not 
examine this case [1]. 

(2) Suppose, for instance, that at least one eigenvalue A1 of 
matrix X is such that 

l"-1! > R 
Since A1 I ies outside the circle of convergence of the power series 
(2), it follows that fm (A1 ) has no limit as m _____,._ oo. Formula (3) 
implies that F,,, (X) likewise has no limit as m-+ oo; thus, series 
(1) diverges at the point X. 

if:) 

A similar result is obtained if I A1 I= R and the series ~ akM 
k=O 

diverges. 

Note. Formula (4) implies that if A10 A2 , ..• , "-u are simple eigen-
values of matrix X, then f (A 1 ), f (A 2 ), ••• , f (lv,J, where · 

00 

f (x) = ~ akxk, 
k=O 



396 Ch. 11. More About Converg. of lterat. Processes 

are eigenvalues of the function 

00 

F(X)=~akXk 
k=O 

In particular, the numbers /v1, ... , 'A~ are eigenvalues of the 
matrix Xk. 

Theorem 2. The geometric series of matrices 

E +X + X 2 + .... + X k + ... , (5) 

where X is a square matrix of order n, converges if and only if 
all the eigenvalues 

'Aj=Aj(X) (i= 1, 2, ... , n) 

of X are located within the unit ~ircle 

I 'Ai I < I (j = I, 2, ... , n) (6) 

If the series (5) diverges, then Xk r 0 as k---'>- oo. 

Proof. Indeed, since for the appropriate power series 

(7) 

the radius of convergence R = 1, and for I x] = 1 (7) diverges, then 
by Theorem 1 the geometric series (5) converges only when Condi
tions (6) hold true. 

If the series (5) diverges, then 

I AJ I> I (j = 1, 2, ... , n) 

whence, assuming for the sake of s·implicity that the eigenvalues 
A1 , •.. , 'A" are distinct, we have 

X = S- 1 ['Au ... , An] S 

where S is a nonsingular matrix. Therefore 

Xk = s- 1 [M .... , 'A~] s 
and so Xk r 0 as k---+ oo. This assertion also holds true for multiple 
eigenvalues 'Ai (we ~mit this part of the proof). · 

Theorem 3. The modulus of each eigenvalue 'A1 , ••. , An of the 
square matrix X does not exceed any canonical norm of it: 

I 'Ai I~ II X II . (j =I, 2, ... , n) 

Proof. Put 

[IX\l=P 
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and consider the matrix 

where e > 0. Obviously 

Y·=-1-X r-+s 

II YI =-
1
-IIXII=-p-< 1 ' r+s r+s' 

Hence (see Sec. 7.10, Theorem 5) ·the series 

E+Y +Y2 + ... +Yk+ ... 

converges. 
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(8) 

From this we conclude, by Theorem 2, that the eigenvalues 
f-t1 , ••• , ~n of matrix Y $atisfy the inequalities 

lf-ljl<1 (j=1,.2, ... ,n) 

But from formula (8) it follows that 

(j= I, 2, ... , n) 

Consequently 

(j = 1, 2, ... , n) 

or, because the number e is arbitrary, 

I 'Aj I~ p =II X II· (j = 1, 2, ... ~ n) 

which completes the proof. 

11.2 THE CAYLEY-HAMILTON THEOREM 

Theorem. Every square matrix X is a root of its characteristic 
polynomial; thus, if 

'J' ('A)= An+ PlAn-1 + • •. + Pn 

where ¢('A)= det (A.E- X), then 
'J'(X)=Xn+p1Xn-1+ ... +Pn£==0 

Proof. Let all the eigenvalues A17 A2 , ••• , 'An of matrix X, that 
is the roots of the characteristic equation 'J' (A)= 0, be distinct. 
Then X may be reduced to diagonal form with the. aid of some 
nonsingular matrix S: 

X= s- 1 [A1 , A2 , ••• , lvn] S 

Since ¢(X) is a particular case of a matrix power series, we haye, 
by formula ( 4) of Sec. 11.1, 

1JJ (X)= s- 1 ['I' (A-1 ), 'P (A2), ••• , 11' (An)] S 
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But, clearly, 

(i=1, 2, ... , n) 
and so 

¢(X)____:_ s- 1 [o, o, ... , o] s = o 
If the characteristic equation '¢(A)= 0 has m1,1ltiple roots, then 

they may be regarded as the limits of noncoincident roots under 
infinitesimal perturbations of the coefficients of the equation [I]. 
As a result, the theorem can be' generalized to this case as well. 

11.3 NECESSA-RY AND SUFFICIENT CONDITIONS FOR THE 
CONVERGENCE OF THE PROCESS OF ITERATION 
FOR A SYSTEM OF LINEAR EQUATIONS 

Using the eigenvalues of the matrix a= [aij], it is possible to 
specify necessary and sufficient conditions for the convergence of 
the iteration process for a linear system 

x=ax+~ (1) 
where 

~= [~J and X=[]:] 
Theorem. For the convergence of the iteration process 

xttn = ax1k-l) + ~ (k = 1, 2, ... ) (2) 

for any choice of the initial vector x<o) and for any constant term ~, 
it is necessary and sufficient that the eigenvalues of the matrix a, 
t!uft is the roots of the characteristic equatir;;n 

det (a -'A£)= 0 

be less than unity in modulus. 

Proof. From formula (2) we get 

x'k)=(E+a+a2 +. ·'· +ak- 1)~+a~x<o) (3) 

whence it follows that the convergence of the iteration process (2) 
for arbitrary ~ and x<o) is equivalent to the convergence of the 
geometric s_eries of matrices 

fS) 

E+a+a2 + ... =~ak (4) 
k=D 

_... 

By Theorem 2 of Sec. 11.1, the geometric series ( 4) converges lf 
all eigenvalues 'A1 (j = 1, 2, ... , n) of the matrix a satisfy the 
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inequalities 

(j= 1, 2, ... , n) (5) 

Since, in that case, ak -+ 0 as k-+ oo, from formula (3) it follows 
that the process of iteration converges for arbitrary ~ and xlo), 

that is there exists a limit 

where x is clearly a solution of system (1). 
If inequalities (5) are not valid, then the series (4) diverges. 

In that case· the iteration process will ·obviously diverge too for a 
certa]n choice of the initial vector xlo). 

Thus, for convergence of the process of iteration (2), it is neces
sary and sufficient that all the roots A11 A- 2, ••• , An of the charac
teristic equation 

a 11 -A al2 aln 

a2t az2-A a2n =0 

ani an2 ... rxnn-'A 

satisfy the conditions: I A1 I < 1 (j = I, 2, ... , n). 

Corollary. For convergence of the process of iteration· (2) it 
is sufficient that 

llall <I (6) 

·no matter what Jhe canonical norm (cf. Sec. 9.1). 
Indeed, we obtain inequalities (5) by virtue of Theorem 3 of 

Sec. 11.1 and on the basis of inequalities (6). 
Note. Consider the linear system 

Ax= b (7) 

where A= [aii] and b= [b1 •.• bn·] is a column vector. 
Suppose 

1a11 0 . . . 0 l I 0 a22 . . . 0 
D= I· ....... =FO 

L 0 0 ... ann 

To reduce (7) to the special form (1) we ordinarily set 

A = D + ( .4 --D) 
whence 

Dx=b-(A-D)x 
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and since det D =·a11a?-2 ••• ann --=t= 0, then 

X=D- 1b+D-1 (D-A) X 
We can take 

a= D- 1 (D-A) 

Thus. for the convergence of an ord.inary iteration process for the 
linear system (7) given any constant term b and any initial vec
tor xlo>, it is necessary and sufficient that a 11 the roots A11 A2, ... , 'An 
of the characteristic equation 

det [D- 1 (D-A)-A,E] = 0 (8) 

be less than-unity in modulus. Taking advantage of the theorem 
on the determinant of a product of two matrices, equation (8) 
may be transformed as follows: 

det D- 1 det [(D-A)-AD] = 0 
or 

det ['AD+ (A-D)]= 0 
That is, 

a12 • . • aln 

a22A · · · azn 

11.4 NECESSARY AND SUFFICIENT CONDITIONS 
FOR THE CONVERGENCE OF THE SEIDEL PROCESS 
FOR A SYSTEM OF LINEAR EQUATIONS 

Given the linear system 
X= ax+~ 

where a=[aii] and ~=[~:'l. consider the Seidel process 

~nj 
i-1 n 

(1) 

xc_k> - ~ a .. xc.k> + ~ a· .xcfr-l> + R. (1 = 1 2 n· k 1 2 ) 
t - ~ lJ J ~ IJ 1 t-'t ~ ' ' • • • ' ' = ' ' • · • 

j==l j=i 

for an arbitrary initial vector 

Set 
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where 

Then the Seidel process can be written in matrix form as follows: 

x 1k> = Bxtk> + Cxtk-1) + ~ (k = 1, 2, ... ) (2) 

Theorem. For the convergena,e of the Seidel process (2) for system 
( 1) given an arbitrary choice of opnstant term ~ und initial vector x10 >, 

it is necessary and sufficient th(lt all the roots A1 , ••• , An of the 
equation 

det [C-(E-·B)A] _ 

be less than unity in modulus. 

Proof. From formula (2) it follows ~hat 

(£-B) x!k> = Cx<k-u + ~ 
The matrix E -B is nonsingular, since 

det (£-B)= 1 

and so (4) can be written as 

x 1k> = (E -B)- 1 Cxlk-1) + (E- B)- 1 ~ 

(3) 

(4) 

(5) 

It is then clear that the Seidel process is equivalent to the pro
cess of simple iteration as applied to the linear system 

x = (E -B)- 1 Cx + (£ -B)-t ~ 

By virtue of the theorem of the preceding section, for convergence 
of the iteration process (5) it is n~cessary and sufficient that the 
roots A1 , •.. , An of the cha-racteristic equation 

det [(£-B.)- 1 C-:A.E] =0 (6) 

satisfy the conditions 

(j=l, 2, .·· ., n) 

Equation (6) is plainly equivalent to equation (.3). 

Note, Let 

Ax=b (7) 

?fl 96!6 
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Set 

In order to apply the Seidel method to (7), we ordinarily write 
it in the form 

or 

Set 

where 

and 

Then 

where 

Dx=(D-A)x+b 

X=D- 1 (D-A)x+D- 1b 

A-D=B1 +C1 

. D- 1 (D-A)=B+C 

B=--D- 1B1 and C=-D-1C1 

(8) 

and the triangular matrices B and C effect the partition of the 
matrix of system (8) that is necessary for application of the Seidel 
process. By formula (3), the convergence of the Seidel process for 
system (7) depends on the properties of the roots of the equation 

det [- D- 1C1 -(E + D-1 B1) h] = 0 (9) 

Equation (9) can be replaced by the equivalent equation 

det [(D+B1 )'A+C1 ] =0 

or 

au/.. ar?.'A • • • arn 

a21/.. a22A, • · • 0 2n = 0 ( 1 0) 
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Thus, for the convergence of the Seidel process for system (7) gi
ven an arbitrary constant term b and an arbitrary initial appro
ximation x(o), it is necessary and· sufficient that all the rqots ·f..i 
of equation (10) satisfy the conditions 

l/..il< 1 (j=l, 2, ... , n) 

11.5 CONVERGENCE OF THE SEIDEL PROCESS 
FOR A NORMAL SYSTEM 

Theorem. For a normal system, the ordinary Seider process con
verges for any choice vf the initial vector. 

Proof. Let the linear system · 

Ax=b (1) 

be normal, that is, let the matrix A= [ aij] be symmetric and 
positive definite. 

Set 
A=D+ V +V* 

where 

is a diagonal matrix, 

is a lower triangular matrix, and 

V* =·[~.a~:.~:~ ~0',~]-
0 0 .... 

is an upper triangular matrix, which, because A is symmetric, is 
the transpose of V. We then have 

( D + V + V*) x = b 

whence 
Dx=b-(V+V*)x 
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and, consequently, 

where 

D-~= 

rJ 
0 o' 

al~ 

0 
1 

0 
a22 

1 
0 0 ... -

L ann_j 

(2) 

According to the foregoing, the Seidel process for system (1) or 
the equivalent system (2) is constructed as follows: 

(k=l, 2, ... ) (3) 
where 

B =- D- 1V and C =- D- 1V* 

'By virtue of the theorem of the preceding sect ion, for the process 
to converge it is necessary and sufficient that all the eigenvalues A 
of the matrix 

M = (£-B)- 1 C 

be less than unity In modulus. 
In our case we have 

M = - ( E + D- 1V) - 1 D - 1V* = - [ D- 1 ( D + V) J -t 0- 1V* = 

=- (D+ V)- 1 DD- 1V* =- (D+ V)- 1V* 

Let e be a unit eigenvector of matrix M corresponding to the 
eigenvalue A, that is, 

or 

From this, 

and hence 

(D+ V)- 1 V*e =- Ae 

V*e = - 'A ( D + V) e 

(V*e, e)=- A [(D+ V) e, e] 

A=- (V*e,e)_ 
(De, e)+(Ve, e) 

We introduce the notation 
J1 

(De, e)=~ a--le-!2 =a > 0 
i= 1 JJ J 

and 
(Ve, e) =a+ ip 

where a and 13 are r€al and i 2 =- 1. 
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Since the matrix V* is the transpose of V, we obtain 

(V*e, e)=(e, Ve)=(Ve, e)*=a-i~ 
Therefore 

and hence 
fa2+~2 

lf•l = Y(cr+a)2+~2 
Using the positive definiteness of the matrix A, we get 

(Ae, e)=(De, e)+(Ve, e)+(V~. e)= 
= a+ (a + i~) + (a- i~) = a+ 2a > o 

that is, 

(4) 

(5) 

Furthermore, taking into account the positive nature of at we 
clearly have 

Thus, the inequality 

(6) 

is always valid, whence for the terms of the fraction (4) we get 

V(cr+a)z+~2 > Vaz+~i>O 
or 

llvl < 1 

which is what we set out to prove. 

11.6 METHODS· FOR EFFECTIVELY CHECKING 
THE CONDITIONS OF CONVERGENCE 

In order to verify the conditions of the theorems of convergence 
of iteration processes, it is necessary to have effective criteria 
that permit determining whether the roots /.. 1 , A2 , ••• , "-n o( a 
given algebraic polynomial 

f(/..)=PoA11 +PIAn-z+ · · • +Pn (1) 

meet the requirement 

1"-jl < 1 (j = I, 2, ... , n) (.2) 

or do not. This problem is settled very simply by using the well
known Hurwitz conditions [2j. 
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Theorem (Hurwitz). Let the coefficients Pk (k = 0, 1, ... , n) of 
the polynomial (1) be real, and 

Po> 0 
and let 

r~!Po 0 0 

P3 P2 P1 Po 

0 0 

0 0 

0 -, 

0 

0 0 0 0 Pn Pn-1 Pn-2 

L () 0 0 0 0 0 Pn _j 

be a matrix of o[der' n whose rows are extended sequences of the co· 
efficients of polynomial ( 1 ), 

where Pk = 0 for k < 0 and k > n. Then all roots A-1 , A-2 , ••• , "'-n of 
( 1) have negative real parts 

R e A,/ < 0 (j == 1 , 2 , . . . , n) 

(c9.1hich is to say they are located in the lej t half-plane of the com
plex plane A,= a+ i~) if and only if the principal diagonal minors 
of' matr_ix M are positive; that is 

.11 = P1 > 0 I 
~2 =IP1Poi>O, I 
. . . p.'p: . . . t (3) 

~n = Pn/).n-1 > 0 ) 

Example 1. For the quadratic trinomial 

Po"'-2 + P1"'- + P2 

the Hurwitz conditions are 

Po > 0, Pl > 0, p2 > 0 

We would like to know when the roots of polynomial (1) satisfy 
Condition (2), that is, when they lie in the complex plane A, with
in the unit circle 

[Aj <I 

Using ihe linear-fractional function 

A= p. + 1 
p --1 

we can transform the interior of the unit circle I A I < 1 into the 
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left half-plane Re !J. < 0. Our polynomial (1) then becomes 

( ~t+l) (1-L+J)n (1-L+I)n-1' f .1-L- 1 =Po 1-1-1 + P1 1-1-1 + · · · + Pn = 

= (!-L__:_I)n [Po (~J.+ I)n+.P1 (~J.+ 1)~:-l (~J.~l)+ · • · +Pn (~-l)n] 
Hence, the roots of (1) are located inside the unit circle if and -
only if the auxiliary polynomial 

F (~)=+[Po (~J.+ l)n + P1 (~ + 1)n-1 (~-1) + · · • + Pn (~J.-l)n] 

satisfies the Hurwitz conditions (3), and the sign is chosen so that 
the L~ading coefficient 

+ (Po+Pl + · .. +p,z) > 0 

Example 2. Consider the quadratic trinomial 

f (to) = A2 + plo + q (4) 

wh€re p and q are real. The auxiliary polynomial is of the form 

F (~J.) = + [(~J. + 1 )2 + p (~ + 1) (~~ 1) + q (~-1 )2
] = 

= + [ ( 1 + P.-+ q) !J. 2 + 2 (I - q) ~ + ( 1-p + q)] 

From the Hurwitz conditions we get 

Consider the cases: 

+ (1 + p + q) > 0, } 
+(1-q)>O, 
+ (1-p+q) > 0 

(a) q < 1, then q >-p-I and q > p-1; 
(b) q >I, then q < -p-1 ·and q < p-1, which is impossible. 
Consequently, equation ( 4) has the roots /o1'A2 which are less than 

uni~y in modulus if and only H 

IPI<I+q, \ql<l (5) 

Since for n = 2 the characteristic equation of the matrix r:x is 
of the form 

or 

A2 
-· (r:x11 + rt22 ) "- + det r:x = 0 

then for the convergence of the appropriate iteration process for 
a system of bvo equations it is necessary that 

! det r:x l < 1 
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The regions of convergence of the process of ordinary iteration 
and the process of Seidel over lap, generally speaking. There are 
cases of linear systems for which the ordinary iteration process 
converges while the Seidel process diverges, and conversely [3]. 

Example 3. Consider the linear system 

X= cxx+ ~ (6) 

with the matrix 

where p and q are real. 
The characteristic equation of matrix ex is of the form 

Fig. 57 

9J. lp q" P_'l_"i=o 
or 

whence 

Al, 2 = p + iq 

r ~ For the convergence of the process 
of ordinary itera_tion it is necessary 
and sufficient that 

I Al, 21 = J/ p'? + qz < 1 

that is 

(region A in Fig. 57). 
For the Seidel method, the equation defini~g convergence is of 

the form 

l

p-lv 

-qt.. q 1-o p-lv-

or 
(7) 

On the basis of the .results of Example 2, for the roots A1 and A2 

of equation (7) to sati~fy the conditions 

it is necessary and sufficient that the following inequalities be 
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valid: 
I 2p- qal < 1 ·+ p2' p"' <I 

whence 

IPI <I, lql<l+p 
(region B iri Fig. 57). Since the regions A and B partially over
lap, it follows that for system (6) one can choose the coefficients 
p and q, firstly, so that the process of iteration converges and the 
Seidel process diverges (for example, p = -0.5, q = 0.6), and, se
condly, so that, conversely, the Seidel process converges and the 
iteration process diverges (for example, p = 0.5, q = 1 ). 
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Chapter 12 

FINDING THE EIGENVALUES 
AND EIGENVECTORS OF A MATRIX 

12.1 INTRODUCTORY REMARKS 

In solving theoretical and practical problems, one often finds it 
necessary to determine the eigenvalues of a given matrix A, that 
is, to compute the roots of its characteristic (secular) equation 

det(A-1.£)=0 (I) 

and also Ao find the corresponding eigenvectors of A. The second 
problem is simpler because if the roots of the characteristic equ
ation are known, then finding the eigenvectors reduces to finding 
nontrivial solutions of certain homogeneous linear systems. We 
therefore begin with the first problem: to compute the roots of the 
characteristic equation (1). 

Here, two techniques are chiefly used: ( 1) expanding the secular 
determinant into a polynomial of degree n: 

D (/.) = det (A -I.E) 

and then solving the equation D (I.)= 0 qy one of the familiar 
approximate methods (like, say, the Lobachevsky-Graeffe method 
described in Sees. 5. 7 to 5.12) and (2) approximating the roots of 
the characteristic equation (mostly the numerically largest ones) 
by the method of iteration without any preliminary expansion of 
the secular determinant. 

In this chapter we discuss the principal methods of solving the 
given general problem and begin with the expansion of secular de
terminants. 

12.2 EXPANSION OF SECULAR DETERMINANTS 

As is well known, the secular determinant of a matrix A= [ai ] 
is a determinant of the form 

au -A al2 aln 

D ('A)= det (A- 'AE) = 
azl an -'A a2,z 

( 1) 
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Equating this determinant to zero we get the characteristic equ- I 

ation 
D ('A)= 0 

If it is required to find all the roots of the characteristic equ
ation, then it is desirable, first of all, to compu~e determinant (1). 

Expanding determinant (1), we get an- nth-degree polynomial: 

D(A.)=(-lr [A.n-crl'An-l+cr2'An-2_, .. +(._l)n crn] (2) 

where 

is the sum of all first--order diagonal minors of the matrix A, 

b"
2 

= ~ I a a a aaB I 
a<~ a~a a~~ 

is the. sum of all second-order diagonal minors of A, 

aaa aa~ aa1 

0'3 = ~ a~a a~~ a~1 
a <~<v a1a a1~ a11 

is the sum of all third-order diagonal minors of matrix A, and so 
forth. Finally, 

O'n= det A 

It is easy to see that the number of kth-order diagonal minors 
of A is 

Ck _ n (n- 1) ... (n-k'+ 1). 
n- kl (k=l, 2, ... , n) 

From this we find that direct computation of the coefficients of 
the characteristic polynomial (2~ is equivalent to computing 

C~+C~+ ... +C~=2n-1 

determinants of various orders, which, generally speaking, is a 
problem that is hard to handle when the values of n are large. 
This has given rise to special methods for expanding secular de
terminants (the methods of A. N. Krylov, A. M. Danilevsky, 
Leverrier, the method of undetermined coefficients, the method of 
interpolation, and others) (see [1 ]). Some of these methods will 
be examined in the following sections. 
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12.3 THE METHOD OF DANILEVSKY 

The essence of the Dani Ievsky method [1] consists in reducing 
the secular determinant to the so-called Frobenius standard form: 

p -A 
1 ' P~ .P3 Pn 
1 -A 0 0 

D (''A)= 0 -A 0 (1) 

0 0 0 -'A 

If we succeed in writing the secular determinant in the form (1), 
then, after expanding it in terms of the elements of the first row, 
we get 
D (/o) = (p

1
-/o) (-A)n-l_p2 (-A)n-2 + p3 (-A)n-3_ ... ·+ (-i)n-tPn 

or 
D(to)= (-l)n·(/on~p1An-l_p2An-2_p3An-3_ ... -pn) (2) 

Thus, expanding a secular· determinant written in the normal 
form ( 1) does not present any difficulties. Denote the given ma
trix by 

[
au a12 · · · a1nl 
a2t a22 • • • a2n 

A= ......... 
L ant an2 · · · ann 

and the Frobenius matrix similar to it by 

Thus 

jPt P2 · · · Pn-t Pnl 
P=ll· ~ ...... 0 .. 0. 

0 0 .. . 1 0 

P = s-1 AS 

where S is a nonsingu1ar matrix. 
Since similar matrices have the same characteristic polynomials, 

we have 

det (A-A£)= det (P-'AE) (3) 

Thus, to substantiate this method, it will suffice to show how 
matrix P is constructed by proceeding from matrix A. According 
to the Danilevsky method, the transition from matrix A to the 
similar matrix P is effected by means of n-1 similarity trans-
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formations which successively transJorm the rows of A, beginning 
with the last, into corresponding rows of P. 

Let us ill-ustrate the beginning of the process. Our purpose is to 
carry the row 

into the row 0 0 1 0. Assuming that an, n- 1 =I= 0, divide all 
elements of the (n -1 )th column of A by an, n- 1 · Then its nth row 
wi 11 take the form 

'Then subtract from all the other columns the (n-l)th colum11 
of the transformed matrix multiplied by the numbers an!> anz• ... 'ann• 
respectively. ,- · 

We thus obtain a matrix whose last row is of the desired form: 
0 0 . . . I 0. The foregoing operations are elementary transforma
tions performed on the columns of matrix A. Performing these 
same transformations on the unit matrix, we get the matrix 

where 

and 

r 1 o o o 1 

0 I 0 0 

M - . n-1-

L 

mn-1, 1 m n-1, 2 mn-1, n-1 

0 0- 0 

ani f . 1 mn-1, i=--a-- or t=fon-
n, n-1 

l 
mn-1, n-1 =-a-

n, n-1 

(4) 

(4') 

From this we conclude (see Sec. 7 .14) that these operations are 
equivalent to postmultiplying matrix Mn-I by matrix A; that is, 
the foregoing transformations result in the matrix 

I bll bl2 bl, n-1 bl, n I 

b21 b22 b2, n -1 b2. n 

AMn_1 =B= (5) 
bn-1, 1 bn-1, 2 • • • bn-1, n-1 bn-I, n 

L 0 0 1 0 _j 

Using the rule of matrix multiplication, we find that the ele
ments of B are computed from the following formulas: 

bi1=aij+ai,n-lmn-l,j for l~i~n. j=Fn-I, (6) 

bj. n-1 =ai. n-imn-1, n-1 for 1 ~ i ~ n (6') 
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However the matrix B = AMn_1 will not be similar to A. To 
have a similarity transformation, it is necessary to postmultiply 
the inverse matrix M;;-!..1 by the matrix B: 

M;;-2.1AMn_ 1 = M-;;2.18 

It is readily seen by direct verification that the inverse matrix 
M;;-!..1 is of the form 

[ 1 

0 0 

a~. l 0 0 
-1 -Mn-1- a an2 an, n -1 nl 

0 0 0 - 1 

(7) 

Let 
M;;-2.1AMn_ 1 = C 

Then 
C=M;;-2.18_ (8) 

Since it is quite obvious that postmultiplication of matrix M;-2..1 

by matrix B does not alter the transformed row of B, matrix C 
is of the form 

r en ea e1, n -1 eln I 

eu e22 e2, n-1 e2n 
C= 

en-1. 1 en-1. 2 ••• en-1. n-1 en~l. n 
L 0 0 1 0 _J 

Multip-lying matrices M;2..1 (7) and B (5) together, we get 

eii = bii for 1 ~ i ~ n- 2 

and 
n 

en -1, j = ~ ankbkj- for 1 ~ j ~ n 
k.:=:l 

(9) 

( 10) 

( 10') 

Thus, multiplication of M;;-.:.1 by B only changes the (n-l)th 
row of B. The elements of this row are found from formulas ( 10) 
and ( 10'). The resulting matrix C is similar to A and has one 
reduced row. This concludes the first stage of the process. 

Now, if en- 1 , n_. 2 =fo 0, then similar operations are performed on 
matrix C by taking its (n-2)th row as the principal one. We 
then obtain the matrix 

D= M;;!..2 CMn_ 2 

with two reduced rows. This matrix is subjected to the same ope
rations, and the process is continued until we finally obtain the 
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Frobenius matrix 

P = M11 
••• M;;-.:2M;;-.:1AMn-tMn-z ... Ml 

if, of course, all the n-1 intermediate transformations are possible. 
The entire process can be arranged in a convenient computatio

nal scheme, the formation of which is illustrated by the following 
example. 

Example. Reduce the following matrix to the Frobenius form: 

2 1 2 3 

[ 

1 2 3 4] 
A= 3 2 1 2 

4 3 2 1 

Solution. The computations are arranged in Table 25. 
Enter the elements aii (i, i = 1, 2, 3, 4) of the given matrix 

n 

and the check sums ai5 = ~ aij (i = 1, 2, 3, 4) (~) in rows 1 to 
!==I 

4 of- Table 25. We mark element a~3 = 2 in the third column 
(marked column). In row I we enter the elements of the third row 
of the matrix Mn_ 1 = M3 computed from formulas (4) and (4'): 

rrlsl=-aa41=- 42 =-2, 
- 43 

m32 = - a42 = - 23 = -I. 5, 
a43 

1 l 
mss=-=-2 =0.5, 

a43 

ms4=_a4-t=--21 =-0.5 
a43 

Here also (Row I of Table 25) we enter the element 

m35 = _a45.= _10 = -5 
a43 2 

which is obtained by a ·similar device from the check column ~· 
The number -5 must coincide with the sum of the elements of 
Row I that do not enter the check column (after element m33 is 
replaced by -1 ). For the sake of convenience, we write the number 
-1 alongside the element m33 and separate it from the latter by 
a dash. 

In rows 5 to 8 of column M- 1 we enter the third row of the 
matrix M- 1 ,· which, by virtue of formula (7), coincides with the 
fourth row of the original matrix A. In the appropriate columns 
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TABLE 25 

COMPUTATIONAL SCHEME OF DANILEVSK.Y'S METHOD 

Row I 
I 

Columns of matrix 

I ~ I ~ number M-1 

' I I 4 I I 2 3 

l 1 2 3 4 10 
2 2 1 2 3 8. 
3 3 2 1 2 8 

4 4 3. ~~ 1 10 

I IMS1
1 M31 -2 1-1.5 lo.51-l 1 -0.5 1-5 · 1 

5 4 -5 -2.5 1.5 2.5 -3.5 -5 
6 3 2 -2 1 2 -1 -2 

[!] 2 1 0.5 0.5 1.5 3.5 3 

8 1 0 0 1 0 1 0 

~I \-24 I 1-151 I 11 I 19 I -9 l 
II 

\1M, -1.600 -0.0671 0.733 1.267 -0.600 
-1 

9 I -24 I -1 I 0.1671-0.3331-0.6671-1.8331-2 

~I! -15 I 1.2 l 0.1331 -0.4671 -0.533[ 0.3331 0.2 

11 1 11 I 0 I 1 I 0 I 0 I 1 I 0 

12 1 19 I 0 I 0 I 1 l 0 I 1 I 1 

I~ I I I 6 I I 5 I 34 I 24 I 69 I 
III 1~11 1 M1

1
0.167

1
-1

1
-0.833

1 
-5.667

1 
-4.000 l-11.500 

1 

I~ I 6 1 -0.1671 1 I 5.3331 3.3331 9.5001 9.667 

14 1 s I 1 I 0 I 0 I 0 I 1 I 0 

15 1 34 I 0 I 1 l 0 I 0 I 1 I 1 

16 1 24 I 0 l 0 I I I 0 I l I 1 

@]I I 4 I 40 I 56 I 20 I 120 I 
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of rows 5 to 8 we enter the elements of the matrix 

B=AM3 

which are computed from the two-term formulas (6) for nonmarked 
columns and by the one-term formula (6) for the marked column. 
Thus, for the first column we have 

and so forth. 

b11 = 1 +3(-2)=-5, 
b21 = 2-t- 2 (-2) = -2, 
b31 = 3 + 1 ( -2) = 1' 
b41 =4 +2 (-2) =0 

The transformed elements of the third (marked) column are 
obtained by multiplying the initial elements by m33 = 0.5. For 
example, -

b13 ' 3. 0.5 = 1.5, 
b23=2·0.5=1, 
833=1·0.5=0.5, 
b 43 = 2 . 0. 5 = 1 

Note that the last row of matrix B must have the form 
0 0 1 0 

For a check, we augment the matrix B with transformations 
by analogous two-term formulas with m35 = -5 corresponding 
elements of the column marked ~· For instance, 

b16 = 10+3·(-5) =-5, 
b26 ~ 8+ 2·(-5) =-2, 
b36 =8+ 1·(-5)=3, 
b46 = 10 + 2. ( -5) = 0 

The results obtained are entered in the ~ column in appropriate 
rows. Adding to them the elements of the third column, we have 
the check sums 

(i = 1' 2, 3·, 4) 

for the rows 5-8 (column ~). 
The transformation M;-1 which was performed on the matrix B 

and which yielded the matrix C = M-;1 B only alters the third row 
of B, that is, the seventh row of the table. The elements of this 
transformed row 7' are obtained from formula ( 10); they are thus 
the sums of the paired products of the elements of column ~- 1 

27 9616 
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located in row·s 5 to 8 by the corresponding elements of each 
of the columns of matrix B. For example, 

C31 =4(-5)+3(-2)+2·1 =-24 

and so on. 
We perform the same transformations on the ~ column: 

C35 =4(-3.5)+3(-1)+2·3.5+ 1·1 = -9 

This way we get a matrix C consisting of rows 5, 6, 7', 8 with 
check sums Y,, and C is similar to A and has one reduced row 8. 
This complete's the construction of the first similarity transforma
tion C = M;-1 AM3 • 

Now, taking matrix C as the initial matrix and isolating ele
ment c32 = -15 (second column), we continue the process as before. 
We thus get the matrix D = Mz-1CM2 , the elements of which are 
located in. rows 9, 10', 11, 12, which niatri"x contains two reduced 
rows. Finally, starting from element d21 = 6 (first column) and 
transforming the matrix D into a similar matrix, we get the desired 
Frobenius matrix P, whose elements are entered in the rows 13', 
14, ·15, and 16. Checking at each stage -in the process is effected 
via columns ~ and ~', 

Thus, the Frobenius matrix is 

P=[! 4~ 5~ 2~1, 
o o 1 · o_ 

whence the secular determinant reduced to the Frobenius standard 
form wi 11 be written as 

4-A 40 56 20 
1 -A 0 0 

D ('A)= 0 1 -'A 0 

0 0 -A 

or 

12.4 EXCEPTIONAL CASES IN THE DANILEVSKY ·METHOD 

The Danilevsky"'·process proceeds without any complications if 
the chosen elements are nonzero. We will now examine exceptional 
cases when this requirement is not met. 



12.4 Exceptional cases in the Danilevsky method 419 

Suppose that in transforming matrix A into the Frobenius 
matrix P we arrived, after a few steps, at a matrix of the form 

D= 

1 du d12 · • • dlk • • · d1, n-1 dln "l 

d21 d22 • • • d2k • • • d2, n-1 d2n 

dkl dk2 • • • d/?k • • • dk, n-1 dkn 

0 0 1 ... 0 0 
0 0 0 ... 0 0 . 

Lo 0 0 ... I o.J 

and it was found that dk, k- 1 = 0. 
It is then impossible to continue the transformation by the 

Dani lev sky method. Two cases are possible here. 
I. Let some element of matrix D to the left of the zeroth ele

ment dk, k-I be different from zero, that )s, dk, t =fo 0, where 
l < k-1. We then move this element to lhe position of the 
zeroth element dk, k- 1; that is, we interchange the (k-I)th and 
lth columns of D and simultaneously interchange the (k-I)th 
and lth rows. H can be proved that the resulting new matrix 
D' wi 11 be similar to the earlier one. We then apply the Dani-' 
levsky method to this new matrix. 

2. Suppose dkt=O (l= I, 2, ... , k-1), then D is of 
the form 

I (D1) (L) I 

Cu C12 · .- · CJ, k-1 elk ••• c1, .n -1 c1n 

D= 
ck-1, 1 ck-1' 2 • • • ck-1, k-1 ck-1' le ••• ck-1, n-l ck-1, n 

-
0 0 ... 0 ckk ... ck,n-1 ckn 

0 0 ... 0 1 ... 0 0 
. . 

0 0 ... 0 0 ... I 0 
L (0) (D2) J 

. = [~'i~J 
In this case the secular determinant det(D-J..E) breaks up 

into two determinants: 

det (D-f.vE) = det (D1 -'A£) det (D2 -'A£) 
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Here, the matrix D
2 

is already reducerl to the canonical form of 
Frobenius and so det(D2 -/...£) is com.puted at once. It remains 
to apply the DaniJevsky method to the matrix D1 • 

12.5 COMPUTATION OF EIGENVECTORS 
BY THE DANILEVSKY METHOD 

The method of Danilevsky permits finding the eigenvectors of 
a given matrix A if the eigenvalues are known. Let 'A be a_Q_~
eigenvalue of matrix A and, hence, an eigenvalue ot_tbe -Frcr5·e
nius matrix P which is similar to it. 

We find the eigenvector y = (YH y2 , ••• , Yn) of P corresponding 
to the given eigenvalue t..:· Py=J..y, whence (P-A.E)y=O or 

lp1-/.. p2 Pa Pn 11Y1 1 

1 -/.. 0 0 l y2 
0 -A 

.0 I yt =0 

0 0 0 L -'A _j LYn_3 

Multiplying the matrices together., we get a system for deter
mining the coordinates y1 , y2 , ••• , Yn of the eigenvector y: 

{I) 

System (1) is homogeneous. Its values, to within the propor
tionality factor, can be found as. follows. Put Yn= 1. We then 
successively obtain 

Yn-1 =A, }' 
Yn-2 = J..z, 

• a • • 

Yl=J..,n-1 

(2) 

Thus, the desired eigenvector is 
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Now denote by x the eigenvector of matrix A corresponding 
to the eigenvalue 'A. It is clear then that we have 

X= Mn-lMn-2' .. M2M1y 

The transformation M1 performed on y yields 

rn I 
~ mlkyk 

k=l 
')._n-z Mly = [ ~". ~." .: · .. : ~~~ l [t.: l =~.~I :·•Y•' 

0 0 ... 1 y : 
n L Yn _l L _l 

Thus, the transformation M1 only alters the first coordinate of 
the vector. Similarly, the transformation M2 alters only the se
cond coordinate of the vector M1y, etc. Repeating this_ pr_ocess 
n -1. times, we obtain the desired eigenvector x of matrix"' A. 

12.6 THE METHOD OF KRYLOV 

We will now examine a method of expanding a secular deter
n:inant .that, is du.e t_o A. N. Krylov f2] and is ba_sed on an essen-
bally different prmc1ple than the mefhod of Damlevsky. -

Let 

D ('A)== det ('A£ -A)= ')._n + P1An-l + ... + Pn (1) 

be the characteristic polynomial (apart from sign) of' the mat
rix A. By the Cayley-Hamilton theorem (Sec. 11.2), matrix A 
reduces its characteristic polynomial t~ zero, and so 

(2) 

Now let us take an arbitrary nonzero vector 

Postmulti plying both members of (2) by yw, we get 

(3) 

Set 

(k = 1, 2, ... , n) (4) 
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Then equation (3) takes the form 
y<n) + P1Y(n -1) + · · · + PnY(o) =·0 (5) 

or' 

[

yin-u Yin-
2
> : Yi

0
>l [P1 l [y1ml 

Yln-1> yuz-z> . y<O> p I y<n> 
2,~ .2 : 2 .2 = - ~ 
. . . . . . . . . . 

Yhn-1> y~n-2> : y~o> _. PnJ y~m · 

(5') 

where 

l
yik>l <k> 

y(k) = y~ 

y::> 

(k = 0, 1, 2, ... , n) 

Hence, the vector equation (5) is equivalent to the system of 
equations 

P1Y~n-1 > + p"y~n-2> + · · · + PnY~o> =- y~m (j = 1, 2, · · ·, n) (6) 

from which we can, generally speaking, determine the unknown 
coefficients p1 , P2 , • • ·, Pn· 

Since on the basis of formula (4) 
y<k> = Ayck"""n 

(k = 1, 2, ... , n), the coordinates yik>, y~k>, .•. , y~k> of the vector 
y<k> are successively computed from the formulas 

n 

Y<.l> = ~ a- -y~o>, 
' ~ If' ' . i= I · 

n 

Y~2> _ ~ a .. y~1> 
l- ~ IJ l' 

I j:} 

n 

Y!m- ~ a .. y<.n-1> 
' - ~ lf I 

i= 1 

l ,(7) 

I 
((=1,_ 2, ... t, n) f 

I 

Thus, determining the coefficients pj of the characteristic poly
nomial ( 1) by the Krylov .method reduces to solving the Hnear 
system of equations (6). whose coefficients are computed from the 
formulas (7); note that the coordinates of the initial vector 

Y'''= lyt'J 
ly~> -

are arbitrary. If system (6) has a unique solution, then its roots 
PP p2 , ••• , Pn are the coefficients of the characteristic polyno-
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mial (1). This solution can be found, for example, by the Gauss
ian method (Sec. 8.3). If system (6) does not have a unique 
solution, the problem is complicated [I]. In this case it is advi.: 
sable to ~hange the initial vector,. 

Ex,;mple. Use Krylov,s method to find the characteristic polyno
mial of the rnat~ix (se_e Sec. 12.3) 

A=[! i ~ !] 
Solufion. We choose the initial vector. 

Using formulas (7), we determine the coordinates of the vectors 

y<k> = Aky<o> (k= 1, 2, 3, 4) 

Thus; we have 

y'" = Ay"' = [ l 2 3 

4' n l'l 1 2 ~J ~J = ~ • 
2' 1 
3 2 

Y'" = Ay'" = [ l 2 3 

~] [;] = ';~1 1 2 
2 1 2 3 18 ' 
3 2 1 4 L20..J 

Y"' = Ay"' = [_! 
2 3 4] [30] r208] 2 3 22 178 
2 1 2 18 = 192 ' 
3 2 1 20 L242 

Y"' = Ay"' = ~~ 
2 3 4] [208] [2108] 1 2 3 178 I 704 
2 1 2 192 - 1656 

L4 3 2 I 242 1992 
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which in our case has the form 

whence 

[

208 30 1 1] ~p1] f""21 08] 178 22 2 0 p2 _ _ 1704 
192 18 3 0 p3 - 1656 
242 20 4 0 LP~. Ll992 

208p1 + 30p2 + p3 + p4 = -2108, \ 
178pl + 22p2 + 2p3 = - 1704, l 
192pl + 18p2 + 3p3 = -1656, J 
242pl +20p2 + 4p3 = -1992 

Solving this system, we- obtain 

p1 =-4, p2 =-40, p3 =-56, p4 =-20 

Hence 

det ("A£- A)= t·./>- 4f.,3- 40').,2- 56 A- 20 

which coincides with the result obtained by the Danilevsky meth
od (see Sec. 12.3). 

127. COMPUTATION OF EIGENVECTORS 
BY THE KRYLOV METHOD 

The method of A. N. Krylov makes it possible, in simple fa
shion, to find the corresponding eigenvectors [ 1]. 

For the sake of simplicity, we confine ourselves to the case when 
the characteristic polynomial 

( l) 

has distinct roots "A1 , A2 , ••• , "An. Let us assume that the coeffici
ents of the polynomial (1) and its roots have been determined. It 
is required to find the eigenvectors x<u, x<z>, ... ,x<m correspon
ding to the eigenvalues A1 , A2 , .•. , 'An, respectively. 

Let y<o>, y<I) = Ay<o>, .... , y(n-1) = An-ty<o> be the vectors tised 
in Kry lov' s method for finding the coefficients p; (i = I, 2, ... , n). · 
Decomposing the vector y<o> into the eigenvectors x<i> (i = 1, 2, ... , n) 
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we have 
(2) 

where Ct (i = 1, 2, ... , n) are certain numerical coefficients. From 
this, taking into consideration that 

Ax< 0 = "f...ix<i>, 

A2xU> = "J...[x<i> (i= 1, 2, ... , n) 

we get 

(3) 

Let 
(4) 

(i = 1, 2, ... , n) be an arbitrary set of polynomials. Forming a 
linear combination of the vectors ycn- 1>, y<n-z>, ... , y<o> with the 
coefficients 1, q1 _t, ... , qn-Pi we find, by relations (2) and (3)_, 

y<n- 1) + q1iy<n-Z) + · · · + qn -l'iy<o> = 

= clcpi (AI) x<l> + c2cpi (A,2) x(z> + · · · +cncpi (f..,n) x<n> 

If we put 

then obviously 

and 

D('A) 
cpi (A,)= 'A- 'A· 

I 
(i=1, 2, ... , n) 

rf>i (A1) = D' (t:.i) =J= 0 

Formula (5) then becomes 
C;Cj\ (Ai) x<i> =Y(n- 1 ) +qliy<n-z) + ... + qn-l'iy<o> 

{5) 

(6) 

( i = 1 , 2, ... , n) (7) 

Thus, if ci =F 0,- then the resulting linear combina.tion of vectors 
y<n -1>, y<n -z>, ... , y<oJ yields the eigenvector x<n to within a 
numerical factor. The coefficients q1i (!=1, 2, ... , n-1) can 
easily be found from the Horner scheme 
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12.8 LEVERRIER'S METHOD 

This method of expanding a secular . determinant is based on 
the Newtonian formulas t3J for the sums of powers of the roots 
of an algebraic ec;uation. 

Let 
(1) 

be the characteristic polynomial of a given matrix A= [aiil and 
let /...1 , /... 2 , ••• , f...n be the complete set of its roots, where each 
root is repeated as many times as its multiplicity. 

Set-

(k = 0, 1, 2, ... , n) 

Then for k~ n the Newtonian formulas [3] hold true: 

sk+P1Sk_ 1 +···+Pk- 151 =-kpk (k=l, 2, ... , n) (2) 

whence 

(3) 

If the sums sl' S2 , ••• , sn are known, then by means of formulas 
(3) we can, step by step, determine the coefficients p1 , p2 , ••• , Pn 
of the characteristic polynomial (1). 

The sums s1 , S2 , ••• , sn are computed as follows: for S1 we have 
(Sec. 10.12) 

that is, 
n 

s1 =~a a 
. i= 1 

(4) 

Then, as we know (Sec. 11.1 ), A~, At ... , ')...~ are the eigenvalues 
of the matrix Ak. Therefore 

Sk= A1+A~+ ... +A~= tr Ak 
That is, if 

then 
n 

sk= ~ail> (5) 
i= I 

The powers Ak = Ak- 1 A are found by direct multiplication. 
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Thus, the scheme for expanding a secular determinant by the· 
Leverrier method is extremely simple, namely: first compute 
Ak (k = 1, 2, ... , n), the powers of the given matrix A, then find 
the corresponding sk, which are the sums of the elements of the 
principal diagonals of the matrices Ak and, finally, determine from 
formulas (3) the desired coefficients p; (i = 1, 2, ... , n). 

The Leverrier method is extremely laborious because one has to 
compute high powers of the given matrix. Its merit lies in the 
simple computational scheme and the absence of exceptional cases. 

Example. Use the Leverrier method to expand .the characteristic 
determinant of the matrix (see Sec. 12.3) 

[
1 2 3 4] 
2 1 2 3 

A= 3 2 1 2, 

4 3 2 1 

Solution. Form the powers Ak (k = 2, 3, 4) of the matrix A. We 
have 

A 
2 

= [: ! ~ ~l [: n ~J· = [~: :: :: !~J , 
4 3 2 1 4 3 2 1 20 18 22 30 

r30 22 18 20] [1. 2_ 3 4] [208 178 192 .242] 
3 ~ l20 18 16 18 2 1 2 3 - 1 78 148 154 192 

A - 18 16 18 22 3 2 1 2 - 192 154 148 178 ' 
20 18 22 30 4 3 2 1 . .242 192 178 208 

[

208 178 192 242] [1 2 3 4] [2108 ~704 1656 1992] 
178 148 154 192 2 1 2 3 1704 1388 1368 1656 

A~ = 192 154 148 1 78 3 2 1 2 = 1656 1368 1388 1704 
242 192 1 78 208 4 3 2 1 1992 1656 1 704 2108 

Note that it was not necessary to compute A4 comp·letely, it 
being suf-ficient to find only the elements of the principal diagonal 
of the matrix. 

Whence 

s1 = tr A= 1 + 1 + 1 + 1 = 4, 
S2 =tr A2 =30+ 18+ 18+30=96, 
s3 =tr A3 =208+ 148+ 148+208=712, 
S4 =tr A~=2108+ 1388+ 1388+2108=6992 
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Hence, from formulas (3), we get 
Pt=-Sl=-4, 

1 I 
P2 =- 2 (s2+ p1S1 ) =- 2 (96-4·4) = -40, 

I I 
Pa= -3 (53+ P1S2 + p~1 ) = -3_(712-4· 96-40· 4) =-56, 

1 
P4 = :-- 4 (s4 + P1S3 + P2S2 + p3s1 = 

1 = -4 (6992-4· 712-40· 96-56-4) = -20 

Thus; we obtain the already familiar result (see Sec. 12.3): 

A .-1 -2 -3 4 
-2 'A -1 -2 -3 

= f.. 4 -4'A3 -40'A2-56t..,-20 
-3 --2 A -1 -2 
-4 -3 -2 A, -1 

12.9 ON THE METHOD OF UNDETERMINED COEFFICIENTS 

A secular determinant can also be expanded by finding a suffi
ciently large number of its numerical values. 

Let 
D (A)= ~n+ Pl')._n-l + · · · + Pn (1) 

be the secular determinant of the matrix A, that is, 

D (A,)= det (t..,E -A) 

If in (1) we successively put 'A=O, 1, 2, ... , n:-1, then for 
the coefficients Pi (i = 1, 2, ... , n) we get the following system 
of linear equations 

Pn = D (0), 

ln+p1·In-t+ ... +Pn = D(l), } 
2n + P1' 2n-1 +., . + Pn = D (2), (2) 

(n -1 )n + 'p
1 

(n ~ i )n·-1·+· .. ··. + ~n ·= 'D(n~ i) 
whence 

P1 + P2 * ... + p ,~ - 1 = D ( 1)-D ( 0)- 1 , ) 
2n- 1P1+2n-2p2 + ... +2Pn-1=D(2)-D{0)-2n, I, 
. . . . . . . . . . . ·, . . . . . . . . . . . ~ (3) 
( n- I-)~ - 1 p 1 + ( n - 1 )n- 2 p 2 + ... + ( n - 1) p n -1 = I 

= D(n-1)-D(O)-(n-1).) 
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and 
Pn=D(O)=det(-A) 

From system (3) we can determine the coefficients. P-l (i.= 1, 
2, · ... , n) of the characteristic polynomial ( 1 ). 

Introducing the matrix 

and the vectors 

we can write system (3) in the form of a matri'x· equation: 

CnP=D (4) 
whence 

(5) 

Note that the inverse matrix C-,;1 depends only OJ!. the order n 
of the secular determinant and can be found beforehand if orie 
has to expand large numbers of secular determinants of the same 
order. 

Thus, the use of this method reduces to computing the nume
rical determinants 

D(k) = det (kE -A) (k=O, 1, 2, ... , n-1) 

and to finding the solution of the standard linear system ( 4). 

12.10 A COMPARISON OF DIFFERENT METHODS 
OF EXPANDING A SECULAR DETERMINANT 

~ 

An indication of the relative effectiveness of various methods 
of expanding a secular determinant is given in Table 26 [4J, which 
states the number of operations required by each method depending 
on the order of the determinant. 

From this table it is seen that the best method for expanding 
secular determinants of order higher than fifth is,· from the view
point of number of operations, the Danilevsky method. 
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11.11 FINDING THE NUMERICALLY LARGEST EIGENVALUE 
OF A MATRIX AND THE CORRESPONDING EIGENVECTOR 

Suppose we have the characteristic equation 

det (A -"AE) = 0 

The roots of this equation "A1 , /.. 2 , ••• , 'An are the eigenvalues of 
the matrix A. Suppose that to them correspond the linearly indepen
dent eigenvectors x<I>, x< 2>; ... , x<n>. We will. now give certain 
iteration methods for computing the numerically larges.t eigen
value of. matrix A that do not require expanding its secular 
determinant. 

Case 1. Among the eigenvalues of matrix A there is one which 
is largest in modulus. For the sake of definiteness, let us assume 
that 

(I) 

so that the numeriCally largest eigenvalue is the first one. It is 
obvious that for a real matrix the numerically largest eigenvalue 
f...1 is real. We note that such is the case if the matrix A is real 
and its elements are positive (Sec. 1 0.16, Perron's theorem). 

TABLE 26 

THE NUMBER OF OPERATIONS USED BY VARIOUS- METHODS 
IN EXPANDING A SECULAR DETERMINANT DEPENDING ON !TS ORDER 

Order 

3 4 5 7 9 

~ 
u 
~ 

!':: :a 
.=:a ::1 

Method V) 

]:£ jV'i 
<nl 

P..n .£< ·- ~ ·-<F) 0 0 Q 0 
:;.~ V) V) (/') (/') 

"0~ I I I I I I- I I "00 
~·;; <::;: ~ < ::g < ~ < ~ < 

Direct expansion 1-2 10 60 46 320 238 13 692 10 078 986 400 725 758 
Danilevsky 14 12 42 36 92 80 282 252 632 576 
Krylov 67 38 179 118 389 280 1287 1022 3209 2688 
Leverrier 41 27 153 114 414 330' 1791 1533 5228 4644 
Undetermined coeffi- 67 41 171 116 364 265 1189 945 2966 2481 

-cients 

Interpolation formula 46 38 125 102 279 230 972 826 2525 2202 
(see Sec. 14.23) 
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We now give an approximate method for computing the root A1 . 

Take an arbitrary vector y and decompose it into the eigenvectors 
x<i> of A: 

n 

y = ~ c-x<i> 
i=l J 

where ci (j = 1, 2, ... , n) are constant coefficients. Operating on 
vector y by the matrix A we have 

n . 

Ay= ~ c-Ax<i> 
i= 1 J 

whence, since x<i> is an eigenvector of the transformation A, that 
is, AxV> = f..jx<i•, we get 

n 

Ay = ~ c .f... .x<J> 
. i= 1 J J 

We ca 11 Ay an iter:ation of the ·v~ctor y. 
Forming the iterations Ay, A2y, .. ~, Amy in succession, we find 

(mth iteration). 
In the space En= {y} choose a basis e1 , e2 , 

sarily the unit basis). Let 
... , 

(m= 1, 2, 3, ... ) 
and 

(2) 

en (not neces-

where y[m> (i:::;: 1, 2, ... , n) are the coordinates of the vector y<m> 
in the chosen basis. 

Decomposing the eigenvectors x 1f> into the vectors of. the basis, 
we have · 

(3) 

whence, substituting (3) into (2), we obtain 
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or, changing the order of summation, 

(4) 

The coefficient of ei is the ith coordinate of the vector y 1ml. 

We can thus write 

(4') 

Similarly 
n 

Ylm+l) = ~ C ·X .. ').,,'[1+1 
~ I~ J IJ I 

(4") 

Dividing the second sum by the first, we get 

(5) 

Suppose that c1 =I= 0 and x11 =I= 0. This can be achieved by appro
priate choice of the initial vector y and the basis (e1 , e2 , .' •• , en)· 

Transform expression (5) as follows: 

From this, passing to the limit as m-+ oo and taking in~o account 
inequality (1), we obtain 

(6) 

( since lim ('A/ )m = 0 for j > 1) or, approximately, 
m -+ o:> A1 

I !m+l) 
o:~ ,._, Yt 
1\,ll""o/~ 

Yt 
(i = 1, 2, ... , n) 

"'"' 
(7) 

and, more exactly, 

!m+l> ( ( ').. )m) 
/..1 = y,Y1m> -+ 0 A.: 

By taking a sufficiently large iteration number m, we can deter
mine from (7) the largest (in modulus) root A.J of the characteristic 
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equation of the given matrix A to any degree of accuracy. To find 
this root one can use any coordinate of the vector y(m>; ·in parti~ 
cular, one can take the arithmetic mean of the corresponding 
ratios. 

Note 1. In exceptional cases when the initial vector y is not 
aptly chosen, formula (6) may not yield the required root or may 

<m+l> 
even be meaningless, which is to say the limit of the ratio y;. ~m> _ 

Yt 
may not exist. This is readily seen from the "oscillating" values 
of the ratio. In such cases one should try a different initial vector. 

Note 2. To accelerate the convergence of the iteration process 
(6) it is sometimes advantageous to form the sequence of matrices 

A2 =A·A, 
A4=Az.Az, 
A8 = A4

• A', 

from which we find 

and 
y(m+l) = Ay(m) 

where m = 2k. Then we assume, as usual, 

(i = 1, 2, .. n n) 

The vector y<m> =Amy is approximately the eigenvector of the 
matrix A corresponding to the eigenvalue A-1 • 

Indeed, from formula (2) we have 

where x(j> (j = 1, _2, ... , n) are the eigenvectors of matrix A. 
From this, 

Amy= c1/..'f {xm + ± 2 (!:L)m xU>} 
i = 1 cl ~1 

Since ( ~:) m-+ 0 as m ~ oo (i > 1 ), for a sufficiently large m 
we will have~ to any degree of accuracy, 

Am,Y ~ C1A'f X\1 ) 

?R 9616 
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Thus, Amy differs from the eigenvector x(l) solely by a numerical 
factor and, consequently, is also an eigenvector corresponding to 
the same eigenvalue "A1 • 

Example. Find the largest eigenvalue of the matrix 

A=[! f :] (8) 
and the eigenvector corresponding to it. 

Solution. Choose the initial vector 

Form Table 27. 

TABLE 27 

COMPUTING THE FIRST EIGENVALUE 

y I Ay I A•yl 
A3y 

I 
A4y I A•y I A•y I A'y I A&y 

I 
A9y 

I 
A lOy 

1 ·5 24 Ill 504 2268 10161 45433 202833 905238 4038939 
1 4 15 60 252 1089 4779 21141 93906 417987 1862460 
I 2 6 21 81 333 1422 6201 27342 121248 539235 

Stopping w.ith the iterations A9y = y< 9l and A10.V = y<10l, we get 
the values 

y~lO) 4038939-
-(9-) = 905238 - 4. 462' 

Y1 
y~lO) 1862460 
-m = 417987 = 4.456' 

Yz 
y~lO) 539235 
(9)= 121248 = 4.447 

Ys 

Hence, we can take, approximately, 
1 

A,l =3(4.462+4.456+4.447)=4.455 ~ 4.46 

For the first eigenvector of matrix A we can take 

[

4038939] 
Aioy = 1862460 

539235 
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Normalizing it, we finally obtain 

[

0.90] 
xu)= 0.42 

0.12 

Case 2. The largest, in modulus, eigenvalue of matrix A is 
multiple . 

. Let 

and 
t"-1 I>! "-k I for k > s 

From formula (5) we have 

yJm+l> C1Xi1t.~+l+ · · · +csXisl.~+l+cs+lxi, s+1A~i1 + · · · +cnXinA~+l 
y/m> = c1x;1A~ + ... +csXisA-f +cs+Ixi, s+l]..~+l + ... +cnXin'A':i' 

whence, if c1x,1 + ... + csxis =fo 0 and taking into account that 

( ~: ) m-+ 0 as m ---+oo and k > s 
we get 

(i=l, 2, ... , n) 

or, more exactly, 

Thus, the foregoing method for computing /..1 is applicable in 
this case as well. 

As before, 
y(m>=Amy 

is one of the approximate eigenvectors of matrix A corresponding 
to the eigenvalu~ A-1 • Generally speaking, by changing the initial 
vector y, we obtain a different linearly independent vector of 
matrix A. Note that in this case there is no guarantee that our 
technique will determine the entire set of linearly independent 
eigenvectors of A for the eigenvalue lv1 • 

For Cas~s 1 and 2 we can offer a faster iteration process for 
finding the numerically largest eigenvalue /1.1 of matrix A, namely: 
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form the sequence of matrices 

A, A2, A4, AB, ... ' A2k 

As we know (see Sec. 10.12), 
n 

~ A;=trA 
i=l 

Similarly, 
n 

~ Ar=tr Am 
l=l 

where m = 2k. Confining ourselves to Case 1 for the sak~ of simpli
city, we have 

A'[! +A'!; + . , . + A';; = A'[! [ 1 + ( ~: ) m + ... + ( ~: ) m] = tr Am 

whence 

As m---. oo we get 
IA1 J= lim Vftr Am 

m-+-oo 

or · 

I A1 I ~ V' tr Am 

where m is sufficiently great (m }> n). 
In order to avoid extraction of high-degree roots, we can find 

Am+1 =Am A· 
Then 

and 
A'r +A~+ ... +A~= tr Am 

whence, taking into account the smallness of- I A2 J, ••. , JAn I as 
compared with I /,1 I, we obtain 

·A1 ~ tr Am~ 1jtr Am 

12.12 THE METHOD OF SCALAR PRODUCTS FOR FINDING 
THE FIRST EIGENVALUE OF A REAL MATRIX 

A somewhat different iteration process (an"d at times a more 
advantageous one) can be given for finding the first eigenvalue A

1 
of a real matrix A. This method is based on the formation of 
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scalar products 

(Akyo, A'kYo) and (Ak-1Yo, A'kYo) 

(k = 1, 2, ... ), where A' is the transpose of A and Yo. i_s the 
initial vector chosen in some manner. 

Let us now take up the method itself. 
Suppose A is a real matrix and A-1 , A2 , ••• , f..n are its eigen

values which are assumed to be distinct, and 

I A1 [ > I "-zl ~ · · · > I "-n I · 
We take some nonzero vector Yo and with the aid of matrix A 

construct a sequence of iterations 

Yk=AYk-1 (k=1, 2, ... ) (1) 

For the vector Yo we also form, using the transpose A', a second 
sequence of iterations 

Yk=A'Yk-1 (k=l, 2, ... ) (2) 

where Y~=Yo· 
By Theorem 1 of Sec. 10.16, in the space En- we choose two 

proper bases {x;-} and {xj}- for the matrices A and A', respeeti
vely, satisfying· the conditions of biorthonormalization: 

(xi, xj) = oii (3) 

where Axi="-ixi and A'xj=A-jxj (i, i= I, 2, ... , n). Denote the 
coordinates of the vector Yo in the basis {x) by a1 , ••• , an, 
and in the basis {xj} by b1 , ••• , bn, that is, 

whence 
/ 

and 

Yo= a 1X:1 + ... +anxn and Yo= b1X~ + ... + bnx~ 

n 

Yk =A kyo= ~alA-r xi 
/;;:: 1 

(4) 

n 

y~ = A'kYo = ~ b/Ajkxj (k = 1, 2, ... ) (4') 
i= 1 ' 

Form the scalar product 

(Yk• Yk) =(A kyo, A' kYo)= (Yo• A'zkyo) = (.± aixi, .±'b iA_j2kxj) 
· t = 1 I= 1 

From this,. by virtue of the orthonormalization condition, we find 

n 

( ')- ~, b*'12k_ b*'12k+ b*'12k+ + b*'12k Y k, .Yk - . .:.J ai ;/\,; - a1 1/1,1 az zl'vz . . . an nl'vn 
1 =7l 

(5) 
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Similarly 

(y ') b*'l2k-l+ b~'12k-I+ + b"''l2k-I k-H Yk = al I""l a2 2 1112 • • • an n""n (6) 

Hen~;e, for a1b; =/=: 0 we have 

(yk, Yk) alb;t..ik +a2b;A.~k + ... +anb~:A.~,k 
(yk~t,y~) aib;t..r-1 +azb;A.~k-I+ ... +anb~J...~k-I 

Thus 

(7) 

This method is especially convenient for a symmetric matrix A, 
since then A'= A, and we simply have 

f.. (Aky0 , Akyo) 
1 ~ (Ak-Iyo, Akyo) 

and so we only have to construct one 
(k= 1, 2, ... ). 

(8) 

Example. Use the method of scalar products 
eigenvalue of the matrix (see Sec. 12.11) 

to find the largest 

- [4 1 
A= I 2 

0 1 

Solution. Since the matrix A is symmetric, it suffices to construct 
only one sequence of iterations A kyo (k = 1, 2, ... ). Taking 

y, = [i] 
for the initial vector we can use the results of Table 27. For 
instance, when h = 5 and k = 6 we have 

[
2268] 

A 5y 0 = 1089 
333 

[ 

10161 J 
and A6y 0 = 4779 

1422 
whence 

(A 5y 0 , A6y 0 ) = 2268 · 10,161 + 1089· 4779 + 333 · 1422 = 28,723,005 

and 
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And so 

f.. "'-/ (A 6y 0 , A6y 0 ) = 128,106,846 _ 4 46 1 ,....,. (A&y0 , A6y 0) 28,723,005- . 

which coincides (within the digits written) with the value found 
earlier with the aid of A10Y0 (see Sec. 12.11). 

Note. The method for finding the numerically largest root of 
a characteristic equation (Sec. 12.11) may be used to find the 
numerically largest root of an algebraic equation: 

xn+plxn-I+ ... +Pn=O {9) 

Indeed, equation (9), as may be readily verified direc0y, is the 
secular equation of the matrix (cf. Sec. 12.3, Frobenius matrix) 

r
-pl -p2 · • • -Pn-1 -/Jnj-

1 ·0 . . . 0 0 
P= " ,. . ,. ,. ...... . 

L 0 o .. . 1 0 

which means that equation {9) is equivalent to the equation 

de.t (x·P- E)= 0 

If (9) does not have zero roots, then, in analogous fashion, we 
can determine the smallest (in modulus) root of the equation, 

namely for Pn =fo 0, assuming ~ = y, we obtain 
X 

( 1 0) 

The reciprocal of the numerically largest root of (10) will ob
viously give us the numerically smallest root of equation (9). 

12.13 FINDING THE SECOND EIGENVALUE OF A MATRIX 
AND THE SECOND EIGENVECTOR 

Suppose the eigenvalues f..J (j = 1, 2, ... , n) of matrix A are 
such that 

(1) 

that is, there are two distinct numerically largest eigenvalues f..1 
and 'f..2 of matrix A. In this case, we can use a device similar 
to the one discussed above (Sec. 12.1l) to approximate the second 
eigenvalue A2 and the eigenvector x<2> corresponding to it. 

From formula {2) of Sec. 12.11 we have 

(2) 
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and 
Am+1y=c1f..T+rx<t>+c2A,~Hx<z>+ ... +cnA,~+l,x(n> (3) 

Eliminate from (2) and (3) the terms containing A1 • To do 
this, subtract from (3) the equation (2) multiplied by 1..1 to get 

Am+ly-'A1Amy= C2A~ (A-2-A-1) X(2) + ... +en/..~ ('An-/..1) x<n> (4) 

For the sake of brevity, we introduce the notation 
L\AAmy == Am+ly-'AAmy (5) 

We will call expression (5) the ·'A-difference of Amy. If C2 =!== 0, 
then, clearly, the first term in the right member of ( 4) is its 
principal term as m-+ oo and we have the approxima~e equation 

(6) 

whence 
(7) 

Let 

From formulas (6) and (7) we derive 

{i=l, 2, ... , n.) (8) 

Using formula (8) we can approximateli compute the second 
eigenvalue A2 • Note that in 'practical situations it is sometimes 
better (because of loss of accuracy when subtracting nearly equal 
numbers) to take a smaller iteration number k for determining A-2 

than the iteration number m for deteqnining 1.1 ; in other words, 
it is advisable to se~ 

(k < m) (9) 

where k is the smallest of the numbers for which A-2 begins to 
dominate the subsequent eigenvalues. Generally speaking, formula (9) 
yields rough values of 'A2 • It will be seen that if the moduli of 
all the eigenvalues are distinct, then by means of formulas simi
lar to (9) one can also compute the remaining eigenvalues of 
a given matrix. However, the results of the computations will be 
still less ~reliable. 



12.13 Finding second eigenvalue and second eigenvector 441 

As for the eigenvector x12\ we can, as follows from (6), put 

x<2> ~ LlAlytk> (10) 

There is also an extension of this method to the case of mul
tiple roots of a characteristic equ~tion (1]. 

Example. Determine the subsequent eigenvalues and eigenvectors 
of the matrix (see Sec. 12.11, Example) 

A=[~ ~ ~l 
0 1 1J 

Solution. To find the second eigenvalue we take k = 8. We have 
(see Table 27) 

A1y I A8y I A~y 

45433 202833 905238 
21141 93.906 417987 

6201 27342. 121248 

Form the A.-differences using the formula 

(i= 1, 2, 3) 

where y<J> = Ajy. For each of the columns, 1..1 assumes a value; 
1..1 = 4.462, 1..1 = 4.456, A1 = 4.447 (Table 28). 

TABLE 28' 

COMPUTING THE SECOND EIGENVALUE 

Asy I A1A7y I ~A.1A7y I 
A~y 

> I AlAey I dA1ABy 

202833 202722 Ill 905238 905041 197 
93906 94204 -298 417987 418445 -458 
27342 27576 -234 121248 121590 -342 
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And so, we have approximately, 
l "-a= 3 ( 1. 78 + 1.54 + 1.46) ~ 1.59 

For the second eigenvector we can take 

[ 
197] 

L\AI A By= -458 
-342 

Normalizing this vector, we obtain 

[ 

0.33] 
x<z> = -0.76 

-0.56 

Since matrix A is symmetric, the vectors xt1 ' (Sec. 12.11) and x<z> 
must be mutually orthogonal. Verification yields 

(x<1 >, x<2>) = 0.90. 0.33 + 0.42· ( -0. 76) + 0.12. ( -0.56) = 0.09 

whence the angle (x<1 >, x12>) = 85°, which is rather inaccurate. 
The third eigenvalue /..3 is found from the trace of A: 

1..1 + A2 + 1..3 = tr A = 4 + 2 + 1 = 7 
whence 

Aa = 7-4.46-1.56 ~ 0.95 

The eigenvector 

may be computed from the orthogonality conditions: 

0.90xi3
> +0.42x~3> +0.12x~=» =0,} 

0.33xi3
> + (-0.76) x~3 > + ( -0.56) x~3 > = 0 

whence 

x~ S> - x~s> - x13) 

l 
0. 42 0. 12 I - I ' 0.12 0. 90 I - I 0. 90 0 .421 ~ 

--0.76 --0.561 --0.56 0.33 0.33 --0.76 

or 
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Normalizing, we finally get 

[
-0.14] 

x(sJ = 0.53 
-0.81 

12.14 THE METHOD OF EXHAUSTION 

There is yet anoth~r method, called the method of exhaustion [1], 
for determining the second eigenvalue of a m(;l.trix and th~ eigen
vector belonging to it. 

Suppose matrix A= [ai;] is real, has distinct eigenvalues Au 
A2 , ••• , An and 

Besides A, we consider the matrix 

A1 = A-Al xlx~ 

where A1 is the first eigenvalue of A, 

I x11 I 

L Xnl _j 

(1) 

-is the corresponding eigenvector of A regarded as a column rna· 
trix, and 

X~= [x~1 x;l ..• X~1] 

is the eigenvector, corresponding to A1 , of the transpose A' which 
is regarded as a row matrix; the vectors X1 and X~ are normali
zed so that their scalar product is equal to !Jnity: 

n 

(Xu X~*)= x~xl = ~ X;lXfl = 1 
i= I 

(2) 

We assume A1 and X1 and X~ to be known. 
In expanded form, the matrix A.1 .is written as 
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[

a11 a12 • • • a1nl [XnX~~ Xux;l · · · XnX~~l 
= ~". ~" ...... ~·~ _A, ~21 ~~~. ~·~x~~ ... .' .x,~x~, 

ani anz · · · ann Xn1X11 Xn1X21 · · · Xn1Xn1 

(1') 

We will prove that the eigenvectors· X1 (i = 1, 2, ... , n) of rna-· 
trix A are also the eigenvectors of A1 , and the corresponding ei
genvalues are preserved, with the exception of A1 , in place of which 
a. zero eigenvalue appears. 

Indeed, using the associativity of matrix ·multiplication and the 
normalization condition (2), we have 

;l1X1 -: AX 1 -At (X1X~) X1 = A1 X1 -·A.1Xt (X~X~) = "-tXt-A.lXt = 0 

or 
A1Xl = oxl 

and, hence, zero is an eigenvalue of the matrix A1 • 

Then, for j > 1, taking into account that 

(X1, X~*)=X~X1 =0 (i=2, ... , n) 

(see Sec. 10.16, Theorem 1), we obtain 

A1X1= AX1-J..1 (X1X~)X1 =A.1X1 -A.1X1 (X~X1)=J..1X1 
(i=2, ... , n) 

Thus, /..2 is the numerically largest eigenvalue of A~' and so we 
can make use of the earlier indicated· methods (Sees. 12.11 arid 
12.12) to determine A2 and the associated eigenvector X 2 • This 
technique is ca lied the method of exhaustion. For example, procee-. 
ding from an arbitrary vector Yo, we can compute A2 from the 
"formula 

Also 

/.. ~ (AT.Vo)i 
z~(Am-1 )· 

1 Yo t 

(i=1,2, ... ,n) 

X 2 ~ cA~Yo (c =#: 0) 

We will now show that to find the iterations ATYo (m= 1, 2, ... ) 
one can use the formula 

ATYo= Amyo....:..~TXJX~Yo (3) 

which dispenses with direct iteration of the matrix A1 • 

Indeect, let the-eigenvectors X1 and Xj(i=1, 2, ... , n) of ma
trix A and its transpose A' satisfy the conditions of biorthonor
malization (Sec. 10.16, Theorem 2) 

XkX1= 61k 

where &1k is the Kronecker delta. We then have the bilinear ex-
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pansion of A 
(4) 

whence 
I 

A 1 =A-A.lX1X~=A2X2X~-+ ... +"-nX~X~ (5) 
Since 

AmXi=f..jXi (i= 1, 2, ... , n) 

then, by premultiplying (4) by Am- 1 , we get 

Am= AmX1X~ +AmX2X;.+ ... + AmXnX~= 
="-TX1X~ +A~X2X;+ ... +f..~XnX~ (6) 

Similarly, taking into consideration that 

ATXt = AT-1 (AtXl) = 0 
and 

(i=2, 3, ... , n) 
we obtain 

AT=ATX2X;+ ... +ATXnX~=f..~X 2X~+ ... +"-~XnX~ (7) 

after premultiplying (5) by AT-1 . From formulas (6) and· (7) fol
lows 

AT= Am-f..TX1X~ 

which is equivalent to relation (3). 

12.15 FINDING THE EIGENVALUES AND EIGENVECTORS OF A 
POSITIVE DEFINITE SYMMETRIC MATRJX 

\ 

Here we give an iteration method for finding sirpultaneously·the 
eigenvalues and eigenvectors of a positive definite matrix [5]. 

As we know, (Sec. 10.15), if a real matrix 

is symmetric and positive definite, then 
(1) the roots A~' A2 , ••• , "-n of its characteristic equation 

• •. ~n 

(1) 

are real and positive: 
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(2) the eigenvectors 

(i=l, 2, ... , n) 

can be taken real and satisfy the orthogonality conditions 

n 

~ xF'x/k' = 0 for i =I= k ("2) 
i:::::l 

Let us write the system for determining the ergenvector x<1>: 

(a11 -fv1 ) xp-> + a12xi1
' + ... + a1nX~1' = 0, )' 

aztxit> + (azz-At) xil> + ... + a2nx~I> = 0, 

~~n~i:' ~ a~ 2.~~~,· _;. ~. ~ (a~n ~~~)·Xh~' ~ ~ 
or 

(3) 

J 
Since the. coordinates of the eigenvectors are determined to wi

thin the proportionality factor, one of them is arbitrary; for example, 
except for a special case, we can put xhi> = 1. 'Generally speaking, 
system (3) can be solved by the method of iteration [5] by choos
ing suitable initial values xJL. 0

', f..i0
' and assuming 

I . (n-J ) 
x\t. k+l) = -k \"...,a. ·X~~. k> +a. 

' ')., < > ~ If 1 en 
1 j-=.1 

n-1 

f..<k+t> = ~ a .x<.l, k+I> +a 
1 .~ nJ 1 nn 

!=I 

(i=l, 2, ... , n-1), 

(k=O, 1, 2, ... ) 

It is also possible to take advantage of the Seidel process. Thus~ 
we find the first root of the characteristic ·--equation ( 1) 

(4) 
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and the first eigenvector 

x<l) ~ lr jl'· ., ' 
x~?-~:> 
1 _j 

To determine the second root A2 of equation (1) and the second 
eigenvector x 12,, write the appropriate system .of equations: 

n 
"A x( 2' = ,., a· .x<~> 

2 t ~ If ] (i = 1, 2, ... , n) 
i=l 

We eliminate from the orthogonality relation 

n 

~ x<.l>x<.2> =0 
i=l ] ] 

(5) 

(6) 

one of the unknowns x<?, say, -x~~. Then system (5) is replaced 
by the equivalent system 

n-1 

x<~> = - 1- ,~ a<J.Jx<~> 
l A £..,;. I] ] 

2 i= 1 

n-1 

"' __ I_~ a<2> <2> 
"'2 - i2> ../-t. n-1 IX i 

Xn-1 j= 1 , 

(i= 1, 2, ... , n-2), l 
J 

(7) 

Setting x~~~ = 1, we solve (7) by the method- of iteration, and 
thus find the second root "A2 of the characteristic equation (1) and 
the, eigenvector xlz>; the nth coordinate of this vector is deter~ 
mined from the orthogonality condition (6). The remaining roots J..1 
(j = 3, ... , n) of ( 1) and the corresponding eigenvectors x'f) are 
found in similar fashion. 

We do not consider any exceptional cases -that may arise in 
the use of this method. 

Example. For the following matrix find the roots J..j of the charac
teristic equation and the eigenvectors x 1i' [5]: 
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Solution. The matrix A is symmetric and positive definite since 

~1 = 4 > 0, 

~ = [
4 2

] = 16 > 0 2 2 5 , 

/) 3 = det A= 80 > 0 

The associated system is of the form 

A x<i> - 4x<i> + 2x<l> + 2x (J> } j 1 - 1 z 3 

A. X (j) = 2x<i> + 5x<i> +' rU> J 2 . 1 2 -~J 

"A x< i> - 2x<i> + x<i> + 6x<i> j 3 - 1 2 3 

Setting i = 1 and x~11 = 1, we get 

(i=1, 2, 3) 

xi11 
= ~1 ( 4xfu + 2x?> + 2), } 

x~1> = ~1 (2x~> + 5x~11 + 1), 

'A1 = 2x~u + x~1 > + 6 

(8) 

(9) 

We_ solve (9) by the _method of iteration, choosing the initial 
values 

Then we get "Al0> = 9 ftom the last equation of system (9). The 
computations are arranged in Table 29. 

TABLE 29 

USING THE ITERATION METHOD TO COMPUTE THE EIGENVALUES 
·AND EIGENVECTORS OF A MATRIX WHICH CORRESPOND 
TO THE FIRST ROOT OF THE CHARACTERISTIC EQUATION 

k 

0 
I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
II 

I X\ik) 

1 
0.89 
0.85 
0.83 
0.8I 
0·805 
0.806 
0.807 
0.8074 
0·8076 
0.8076 
0.8077 

I x~,., · I 
1 
0.89 
0.83 
0.80 

.0.78 
0.770 
0.771 
0.77I 
0.77I5 
0.7717 
0.7719 
0.7720 

x<lk> 
3 

1 
1 
I 
1 
1 
1 
I 
I 
I 
I 
I 
I 

9 

A<k> 
1 

8.67 
8.53 
8.46 
8.40 
8.38 
8.383 
8.385 
8.3863 
8.3869 
8.3871 
8.3874 
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We can take 

and 

x'" = lF~~b] 
Now put j = 2 in system (8). From the orthogonality condition 
for the vectors x<1 J and x<z> we have 

0.8077 xr~) + 0. 7720 xi'l) + X~2 ) = 0 
whence 

x~'l) = -0.8077 xr~) -0.7720 X~2) (10) 

Substituting this expression into system (8) and putting xi2
> = 1, 

we obtain 

Xi2
> = ~2 (2. 3846 xi2

> + 0. 4560), } 

'A2 = 1. 1923 ;t-~2> + 4. 2280 

We solve system (11) by the iteration method, setting 

xi2
• o> = 1 and 'Ai0> = 5. 42 

The results of the computations are arranged in Table 30. 

TABLE 30 

( 11) 

USJNG THE METHOD OF ITERATION TO COMPUTE THE EIGENVALUES 
AND EIGENVECTORS OF A MATRIX WHICH CORRESPOND 

TO THE SECOND ROOT OF THE CHARACTERISTIC EQUATION 

k 
I 

x(2k> 
1 

I 
xi'lk> 

I 
f.vlk) 

2 II 
k I xi2k> 

I 
xi2k> 

I 
')._lk) 

2 

--

I I 0 1 1 5.42 6 0.223 1 4.494 
1 0.52 1 4.85 7 0.220 1' 4.490 
2 0.35 1 4.64 8 0.218 1 4.488 
3 0.28 1 4.56 9 0.2174 I 4.487 
4 0.25 1 4.53 10 0.2171 1 4.4868 
5 0.23 1 4.500 11 0.2170 1 4.4867 

We can take 'A2 = 4. 4867 and xi2
> = 0. 2.170, xi2

> = 1. 
The third coordihate is determined from the orthogonal rela

tions (IO): 
x~2 > = -0.9473 

and so 

[ 

0.2170J 
x(z)= 1 

-0.~473 

29 9615 
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The third eigenvector x 131 is determined directly from the two 
orthogonal relations 

0. 8077 xf31 + 0. 7720 x.i3 ) + xJ3
) = 0, \ 

0. 2170 xi3
) + xi3)-0. 94 73 X'j3) = 0 J 

Putting xi3
> = 1, we get xi3

) = -0.5673, x~3 > = -0.3698. Hence 

x(3) = r -~.5673] 
l-0.3698 

From the last equation of system (8) we also find, for j = 3, 

"'3 = 2.1260 

For a check, form the trace of matrix A: 

tr A = A1 + 'A2 + A-3 = 8. 387 4 + 4. 4867 + 2. 1260 = 
= 15 . 000 I :;::::; 4 + 5 + 6 

Note that as a rule the roots obtained by the iter at ion process 
are arranged in descending order of their moduli. The eigenvectors 
of the matrix are determined to within the proportionality factors, 
and so all the solutions of (8) are: 

'),.,/ 
I 

x<{' 
I 

x<i) 
' 2 I 

x</) 
3 

8.3874 0.8077c1 0. 7720c1 cl 
4.4867 0.21 70c2 Cz -0.9473c2 

2.1260 c3 -0.5673c3 -0.3698c3 

where c1 , c2 , c3 are arbitrary· constants different from zero. 

12.16 USING THE COEFFICIENTS OF THE CHARACTERISTIC 
POLYNOMIAL OF A MATRIX FOR MATRIX INVERSION 

In Sees. 12.3 to 12.9 we gave techniques for polynomial expan~ 
sion of the secular determinant of a matrix. It is comparatively 
simple to obtain the inverse matrix A - 1 with the aid of the coef
ficients of this characteristic polynomial and by forming the po-
wers A, A2

, ••• , An- 1 of a nonsingular matrix A of order n. In 
this respect, the Leverrier method (Sec. 12.8) is particularly ad
vantageous.' 
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Suppose we have a nonsingular matrix A of order n. Consider 
its characteristic polynomial 

det (A.E-A)=A.n+PtA,n- 1 +·. · · +Pn-lA.+Pn 

According to the Cayley·Hamilton theorem (Sec. 11.2) we have 

An+ PtAn-t + ... + Pn-tA + PnE = 0 (1) 

Postmultiplying the matrix equation ( l) by A - 1 , we get 

An-t+ PtAn~z + ... + Pn-lE + PnA - 1 = 0 · {2) 

whence, for Pn=FO, we have 

A - 1 =- P~ (An- 1 + p1An--z.+ ... + Pn-1£) (3) 

Thus, if the coefficients of the characteristic polynomial of ma
trix A are known and the powers of this matrix are formed up to 
the (n-1)th inclusive, then the inverse A - 1 -can easily be com· 
pu.ted by formula (3). 

Note that if Pn = 0 and Pn- 1-=FO, then in order to obtain a for
mula containing A-t it is. necessary to postmultiply the matrix 
equation (1) by A- 2 , etc. 

Example. Find the inverse A - 1 of the matrix 

[
1 2 3 4] 

A= 2 1 2 3 
3 2 1 2 
4 3 2 1 

(see Sec. 12.8, Example). 

Solution. We take advantage of the earlier found powers of mat
rix A (Sec. 12.8): 

and 

Az = [~~ ~~ ;~ ~~] 
18 16 18 22 
20 18 22 30 

[

208 178 192 242] 
A 3 = 178 148 154 192 

192 154 148 178 
242 192 178 208 

Since the characteristic polynomial of matrix A is of the form 

det (A-A-£)= A4 -4A3 -40A2 -56A,-20 



452 Ch. 12. Finding Eigenvalues and Eigenvectors of a Matrix 

·then from formula (3) we get 

\1

208 178 192 242] 
A -I=- _l_ 178 148 154 192 -

-20 192 154 148 178 
L242 192 178 208 

[

30 22 18 20] 11 2 3 4] [1 0 0 0]) 
-4 22 18 16 18 -40 12 1 2 3 -56 0 .1 0 0 = 

18 16 18 22 3 2 1 2 0 0 1 0 
20 18 22 30 L 4 3 2 1 _ 0 0 0 1 

\ 

r 1 04 89 96 121] r 60 44 36 40] . 
1 l 89 74 77 96 l44 36 32 36 

= To 96 77 7 4 89 - 36 32 36 44 -
121 96 89 104 40 36 44 60 

[

20 40 60 80] [28 0 0 0]) - 40 20 40 60 - . 0 28 0 0 = 
60 40 20 40 0 0 28 0 
80 60 40 20 0 0 0 28 

[

-0.4 0.5 0 00.1] 
0.5 -1 0.5 

- 0 0.5 -1 0.5 
0.1 0 0.5 -0.4 

As a check, we form the product 



12.17 Method of Lyusternik 

1i.17 THE METHOD OF LYUSTERNIK FOR ACCELERATING 
THE CONVERGENCE OF THE ITERATION PROCESS 
IN THE SOLUTION OF A SYSTEM 
OF LINEAR EQUATIONS 

Suppose a system of linear equations 

Ax=b 

has been reduced to a form convenient for iteration, 

x=~+ax 

45l 

(1) 

( 1 ') 

According to the method of iteration (Sec. 8.8), the successive ap
proximations of the solution x of system (1') are determined from 
the formula 

x<m> = ~ + ax<m-1) (m=1,'2, ... ) (2) 

where x(O> is an arbitrary initial vector. 
We assume that the eigenvalues A11 A2 , ••• , "-n of the matrix a 

are distinct, and 

The process of iteration (2) converges if 

JA,l J < 1 

(3) 

The first eigenvalue A1 may be approximated with the aid of 
methods indicated above (Sees. 12.11 and 12.12). L. A. Lyuster
nik [6] demonstrated that by using the eigenvalue A1 it is pos
sible to substantially improve the convergence of the iteration 
process (2) for solving system (1'). We will now show how this is 
done. 

For m sufficiently large we can put, approximately, 
x~x<m> 

Let us estimate the error x -x<m 1
• Provided the process (2) is 

convergent, we have 

and besides 

Therefore 

m 

X= lim x<m1 = x<o> + ~ (x<k>-x<k-o) 
m-+oo k=l 

m 

x<m> = x<o> + ~ (x<k>-x<k-1>) 
k=I 

00 

x-x<m> = ~ (x<kl_x<k-1)) = 
k=m+l 

. = [xlm+I> ....:.....-x<m>] + [xCm+2>-xlm+I>] +... (4) 
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Since 

.,r<k>_x(k-u= [~+ax<k-1)] _ [~+ax\k-a>] = 
=a.(x1k-u_x(k- 2>)=ak- 1 (x11 '-X(0 >) for k=1, 2, ... 

if follows that 
X-X(Ifl) = cx,m (X(l)_X(O)) + a;m+l (X'l)_,.t"(O)) + , • • (5) 

Let Yu y 2 , ••• , Yn be the eigenvectors of the matrix a that 
correspond_ to the eigenvalues l.v1 , A.~P ••• , f..n and form a basis 
in the space En. Expanding the vector x 11 >-x<o> into the vectors 
of this basis., we get 

x(1>-,r<o> =C1Y1 +c:.-Y2+ · · · +cnYn 
where ci (j = 1, 2, ... , n) are certain definite scal~rs. From this, 

x(k>-x(k-1) = ak-1 (x(o-:-x(o>) = 

= cl"Ak-
1Y1 + c2y2')..,~-1Ya + · · · +cnf..~-1Yn (6) 

(k. m+1, m+2, ... ) 

Hence, we find, on the basis of (5), 

X- xm = C1 t..;n ( 1 + A1 + ')..,~ + · · · ) Y 1 + 

+ C2A~ ( 1.+ ')..,2 +A~+ ... ) y2 + ..• 

• .. + Cnfv~ (1 + "-n +f..~+ · · ·) Y n = 
c1 'A';! c2A~ CnA~ 

~- 1-Al Yl + l-'A2 Yz+. •. + 1-An Yn 

Then, taking into account inequality (3),~ we obtain, 

_ (m) _ cll,'f + 0 ('l.m) 
_X X - 1- Al Yl ""2 (7) 

Besides, from formula (6) we derive, for k = m + 1, 

(8) 
and so 

x\m+l>-x(m) -. 
x-xim) = 1-'Ai + 0 ('A~) 

Thus, we finally have 

(9) 

x\m+l>-xm . 
The additional t~rm 1_'A

1 
perceptibly accelerates the con-

vergence of the iteration process (2). 
Since it follows from (8) that . 

(I 0) 
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formula (9) may be replaced by the following one: 
').. x;::::::::x(m)+-1-(x(m)_x(m-1)) (11) 

1-/-,1 

Formula (11) makes it unnecessary to compute the next, in order, 
approximation. . 

On the basis of (10), the largest eigenvalue A1 may be deter
mined from the formula 

(i= 1, 2, ... , n) 

In the case of a symmetric matrix a, we get a more exact for
mula by using the method of scalar products: 

(x\m>-x\m-1) x\m>-x\m-1>)' 
f.~ , 

1 ~ (x\m-1>-x(m-r-2), x\m)_x(m-1>) 

In particular, if 

then 

and 
m. m 

x\m> = ,x\o> + ~ ak-1 (x(I>_x(O>) = ~ ak~ 
k=l k=O 

Therefore 

~ (amJi)i 
Al~(am- 1p)i (i=l, 2, ... , n) (12) 

where (am~)i and (am- 1 ~)i are the ith coordinates of the vectors 
am~ and a,m- 1~, respectively. Similarly, if matrix a is symmet
ric, then 

(13) 

Example. Using the method of iteration, solve the system of 
equations [1] 

0.78x1 -0.02x2 -0.12x3 -0.14x4 = 0.76, } 
-0.02x1 + 0.86x2 -0.04X3 + 0.006x4 : 0.08, 
-0.12x1 -0.04x2 + 0.72x3 -0.08x!l- 1.12, 
-0.14x1 + 0.06x2 -0.08x3 + 0.74x4 = 0.68 

and apply the Lyusternik method to improve the roots. 
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Solution. Reduce the system to a for'm convenient for application 
of the iteration method: 

x2 = 0.02x1 + 0. 14x2 + 0.04~3 -0.06x4 -+ 0.08, (
14

) 
xl = 0.22xl + o:o2x~ + 0.12x3 + 0.14x4 + 0.76, ) 

Xa: 0.12~1 + 0.04~2 + 0.28x3 + 0.08x4 + 1.12, 
x4 - O.l4x1 -0.06x2 + 0.08x3 + 0.26x4 + 0.68 

or, in matrix form, 

whence 

Since 

l
'-X

1
1 

~0:76] r0.22 0.02 0.12 0.14]r·xll 
X2 0.08 0.02 0.14 0.04 -0.06 x2 - + X 3 - 1.12 0.12 0.04 0.28 0.08 X 3 

Xc L 0.68 L 0.14 -0.06 0.08 0.26 LX4 

r

0.22 0.02 0.12 0.141 
0.02 0.14 0.04 -0.06 

a= O.J2 0.04 0.28 0.08 and 
'-0.14 -0.06 0.08 0.26 __; 

.-o. 76] 

~ = l~:~~ 
0.68 

II a ·Jim= max{0.50, 0.26, 0.52, 0.54) = 0.54 < 1 

the process of iteration for system (14) converges. 

( 14') 

Using the vector ~ as the initial vector x<o>, we obtain, for the 
mth approximation x(m> of the. desired solution 

the following express!on 

(15) 

Thus, in order to compute x<m> we have to form successive 
iterations of the vector ~ by means of matrix a. We have 

[

0.22 0.02 
0.02 0.14 

a~= 0.12 0.04 
0.14 -0.06 

0.12 0.141 ro. 76] r-0.3984"] 
0.04 -0.06 0.08 ll 0.0304 
0.28 0.08 1.12 = 0.4624 ' 
0.08 0.26 _J L 0.68 0.3680. 
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·o.22 
0.02 

cx,2~=a·a~= 0.12 

L 0.14 

0.02 0.12 0.14][0.3984l [0.195264] 
0.14 0.04 -·0.06 0.0304 0.008640 
0.04 0.28 0.08 0.4624J = 0.207936 

-0.06 0.08 0.26 ~ 0:3680 0.186624 
and so on. 

The results of the appropriate computations are listed in Table 31. 

TABLE 31 

SUCCESSIVE ITERATIONS OF THE VECTOR j) BY THE MATRIX o; 

p I ap I a2j) I a3j) I a4j) 

0.76 0.3984 0.195264 0.09421056 0.04527913 
0.08 0.0304 0.008640 0.0022~488 0.00055572 
1.12 0.4624 0.207936 0.09592928 0.04589292 
0.68 0.3680 0.186624 0.09197568 0.04472340 

a&f.l aBI} a7j) ~x"b±akjl 
k=o 

0.02174095 0.01043649 0.00.500961 0.00240463 1.532746 
0.00013570 0.00003285 0.00000792 0.00000190 0.122009 
0.02188361 0.01047017 0.00501763 0.00240654 1.972937 
0.02160525 0.01040364 0.00500170 0.00240272 1.410737 

In formula (11) we take m = 8. Since the matrix a is symmet
ric, to compute its first eigenvalue "A1 we use the method of sca
lar products. We have 

(aBj), aB~) 
Al ~ (a7j), asp) 

240 . 4632 + 1902 + 2 40 '6512 + 240' 2722 

~ 500,961 .240,463+ 792·190+ 501 '763 ·240,654+500, 170·240,272 
:=; 0. 480000 

whence, taking into account that X 18
> -xl7> = a8 ~, we find 

asp 
x ~ xs + "Al • 1 - A.l = 

1~:~~;~~~] ~ [~~~~;b~~]- [~~~~~~~~] 
-= 1.972937 + 13 0.002406 - 1.975159 

!_1.410737 0.002403 1.412955 
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To compare. we give the values of the roots of system ( 11) 
obtained by the Gaussian method [I]: 

X1 = 1.534965, x 2 = 0.122010, 
X3 = 1.975166, X4 = 1.412955 

Thus, whereas x<B> yielded values of the roofs xi (i = 1, 2, 3, 4) 
with a rough accuracy of 1· 10- 3 ~2 · I0- 3 , the corrections pf Lyus
ternik yield these roots with an approximate accuracy qf 10- 6 • 

The Lyusternik method of accelerating convergence can also be 
applied to the Seidel process. As we know, the Seidel process for 
system (2) is a process of iteration for the equivalent system 

X=~1 +a1x 
where the matrix a 1 is uniquely defined in terms of the matrix 
a (see Sec. 11.3); namely, if 

a=B+C 
where B is a lower triangular matrix with zero diagonal and C 
is an upper triangular matrix, then 

a 1 = (E -B)- 1 C 

For this reason, if £<m> (m = 1, 2, ... ) are successive Seidel appro· 
ximations of the root x of the system (2), then we can put 

't ;<m+l>-;<m> 
X ~ ~1m) + -=-----:------------''---

1--:~-tl 

where ~1 is the numerically largest eigenvalue of the matrix a 1 • 

There are also other methods for accelerating the convergence 
of iteration- processes in the solution of systems of linear equa
tions, such as the method of M. K. Gavurin [7], [8J and the 
method of A. A. Abramov [9]. 
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Chapter 13 

APPROXIMATE SOLUTION OF SYSTEMS 
OF NONLINEAR EQUATIONS 

13.1 NEWTON'S ~-\ETHOD 

We consider, generally speaking, a nonlinear system of equa 
tions 

f1(x1, X 2 , ••• , ~,J:O )' 
f 2 (xl' x2, ... ' xn)- 0 

- . . . . . . . . . 
fn(xu Xz, ••. , x,J=O 

(1) 

with real left members. 
_ We write system (1) more compactly by regarding the set of

arguments x1, x2, ... , xn as an n-dimensional vector: 

Similarly, the set of functions fu {2 , 

sional vector (vector function): 
... ' f n is also an n-di men-

['1] f= '·2 
fn-

The system (I) can therefore be w~itten briefly as 
f(x) = 0 ( 1,) 

We solve (1') by the method of successive approximations. 
Suppose we have found the p~h approximation 

x(P> = (xiP>, xiP>, ... , xif>) 

of one of the isolated roots x = (x1 , X2, ••• , x,J of the vector 
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equation ( 1 '). Then the exact root of ( 1 ') can be represented as 

x = x(P> + e(P> (2) 

where e(P> = (e~rn, e<t>, . :. , e~f>) is the correction (error of the 
root). 

Putting (2) into ( 1 '), we have 

f (x(P> + e(P>) = 0 (3) 

On the assumption that the function j(x) is continuously diffe
rentiable in some convex domain containing x and x(P>, we expand 
the left- hand member of equation (3) in powers of the small 
vector e(P> confining ourselves to linear terms, 

f (x(P> + e(P>) =f (x(P>) + f' (x(P>) e(P> = 0 (4) 

or, in expanded form, 

ft (xiP> + Et>, xiP> + eiP>, ... , x}f> +cAP>)= 
=ft(xt>, x~P>, ... , x;t>)+f~x1 (xiP>, xiP>, 

+ f~x:~(xlP>, xiP>, ... , xif>) E~P> + ... 
. . . + f~x (xiP>, xiP>, ..• , x,Cf>) E~f> = 0, 

n 

f (x <P> + E<P> x<P> + E<P> X\P) + c <P)) = 
2 1 1 ' 2 2 I ' ' ' I n II 

= f2 (xl<p>' x<P> x<P>) + f' (x<P> x<P> x<P>) r.<P) + 2 I ' ' ' I n 2X1 1 I 2 ' ' ' ! n L l 

+ f~x2 • (xt>, xiP>, . ·., x~>) E.iP> + . . . (4') 

... + f~x (xiP>, xiP>, ... , x~f>) cif> = 0, 
rl 

f (x <P> + c<P> x<P> + c<P> x<P> + c<P>) = n •1 c.-1 ' •2 c.-2 • • • • • • n vn 

X<P>) c<PJ + • · · • n "'1 

) 

. From formulas (4) and (4') it .follow~ that the derivative f' (x) 
1s to be understood as the J acobt matnx of the set of functions 
{ 1 , { 2 , ••• , fn with respect to the variables X1 , X2 , ••• ; xn;· that is, 

r ofr ofr 
oxl ox:?. 
ot2 ot2 

f' (x) = w (x) = oxl ox2 
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or, briefly, 

f' (x) = w (x)·= r ~~: J ({,j=1,2, ... , n) 

The system (4') is a linear system in the corrections e}P> 
(i = 1, 2, ... , n) with matrix W (x), and so formula (4) may be 
written as follows: 

j(X(P)) + W (X(P)) p}P> = 0 

whence, assuming that the matrix W (x(P>) is nonsingular, we get 
.E(p; =- w-1 (x(P>)j(x(P)) 

Hence 
X(p+1) = X(p)_ w-1 (x(Pl)j(X(P)) (p = 0' 1 ' 2' ... ) ( 5) 

(Newton's method). 
For the zeroth approximation x\ 0

' 

of the desired root. 
we can take a rough value 

Example 1. Approximate the positive solutions of the following 
system of equations (cf. Sec. 4.9): 

f1 (x1, ~2 ) xl ;31~g1ox1 ~X~=~ } ( 6). 
fz (xl' X 2)- 2x1 X 1X 2 5x 1 + 1-0, 

Solution; The curves defined by system (6) intersect approxima
tely in the points ·M1 (1.4, -1 .5) and M 2 (3.4, 2.2). Starting with 
the initial approximation 

x(o>= [ 
3.4] 
2.2 

we compute the second approximations of the roots, carrying the 
computations to four decimal places. Setting 

we have 

· [ 3 .4 + 31 og10 3. 4 - 2. 22 
] [ 0. 1544 ] 

f(x(o>)= 2·3.42-3.4·2.2-5·3.4+1 =: -0.36.00. 

Now form the Jacobi matrix 

~~ g~1 g:~ ~~ 1]1 +3M -2x2 ~~ 
W (x)- 1 2 = xi 

- of?- ofz 4x -X -5 
L ox1 ox2 _j L 1 2 - Xl _j 
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where M = 0.43429, whence 

rjl + 3 ·
0

.
43429 

-2·2.2
1 

[ 1.3832 -4.4] 
W (x!o>) = 3.4 I= 

L 4 · 3.4-2.2-5 -3.4 _j 6.4 -3.4 
and 

~ = det W (x' 0!) = 23.4571 

Thus,. the matrix W (x( 0>) is nonsingular. Form the. inverse 

1 [ -3.4 4.4 ] w-l (x(O)) = T -6.4 1.3832 

Using formula (5), we get 

[ 
3.4 ] 1 [ -3.4 4.4 l [ 0.1544 ] 

x<l) = 2.2 -23.4571 -6.4 1.3832 _ -0.3600 = 

[
3.4] I [-2.10896] [ 3.4] [0.0899] [3.4899] 

= 2.2 -23,4571 -1.48604 = 2.2 + 0.0633 = .2.2633 

The subsequent approximations are found analogously. The re
. suits of the computations are listed in Table 32. 

TABLE 32 

SUCCESSIVE APPROXIMATIONS OF THE ROOTS OF SYSTEM (6) 

i I xl I e~=~x~ I x2 

0 3.4 0.0899 2.2 
1 3.4899 -0.0008 2.2633 
2 3.4891 -0.0016 2.2621 
3 3.4875 2.2616 

Stopping with the approximation x( 3 \, we have 

X1 = 3.4875, X11 = 2.2616 
and 

[ 
0.0002] 

f(x(s>) = 0.0000 

I £2"" ~X2 

0.0533 
-0.0012 
-0.0005 

Example 2. Use the Newton method to approximate positive solu
tion of the system of equations. 

xz + yz + z2 = 1 ' } 
2x2 + y2 -4z = 0, 
3x2

- 4y + z2 = 0 
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starting with the initial approximation 

Solution. We h(!ve 

whence 

X0 =Yo= Z,, = 0.5 

[ 

xz + yz + z2_ 1 J 
f(x)= 2x2 +Y2 -4z 

3x2 -4y + z2 

[

0.25 +0.25 + 0.25-1] [-0.25] 
f(x\o>)= 0.50+0.25-2.00 = -1.25 

0.75-2.00+0.25 -1.00 

Form the Jacobi matrix 

l
2x 2y 

W (x)= 4x 2y 
6x -4 

2zj -4 
2z 

We have 

and 
1 

det W (x(o>) = 2 -4 = -40 
3 -4 1 

T.he inverse matrix is 
r 3 I 

8 8 
7 l 

1 
8 
3 w-l (X(OJ) =- ;O -}4 -2 6 = 

' [-15.---..:_5 -5J 
20 20 . -.20 

. -11 7 -1 ll 7 1 

-, 

L 40 -40 40 _j 

Using formula (5), we obtain the first approximation: 
X\~)= X\0)-w-l (X\0))/ (X\t;)) = 

r 3 1 1. I 

= [~:~ l- ~ ~ ~~ r=~-~~l = ·, 20 20 20 . 
0. 5 -~ 11 -7 1 - -l. 00 ~ 

I_ 40 40 40 ..J 

l 0.5 .] I [ 0.375 J r 0.875 J~ 
=. 0.5 T 0 -~ = 0.500 

o.s -o.I25 J L o.375 

463 
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Then we compute the second approximation x<z> to get 

[

0.875
2 + 0.500

2 + 0.375
2 
-IJ [ 0.15625 J 

f(x< 1 >) = 2. 0.8752 + 0.5002 -4.0.375 = 0.28125 
3. 0.8752 -4.0.500 + 0.3752 0.43750 

and 

[

2·0.875 2·0.500 2·0.375J 
W(x<l>)= 4·0.875 2·0.500 -4 = 

6·0.875 -4 2·0.375 

[

1.750 1 0.750J 
= 3,.500 1 -4 

5.250 -4 0.750 
whence 

1. 750 0. 750 
det W (x<1 \) = 3.500 -4 

5.250 .:__4 0.750 

I. 750 1 0. 750 
- 1.750 0 -4.750 = -64.75 

12.250 0 3.750 

and 

[

-15.25 -3.7S 
w-l (x<l>) =- 64~ 75 -23.625 -2.6250 

-19.25 12.25 

-4.75 J 
9.625 

-1.75 

Using formula (5), we obtain 

x<z> = x(l)- w-l (x<l))f (x(l)) = 

= [ ~:~~~ l + 64
1
75 [ =;~:~~5 =~:~~50 -~:~~5 l [ ~:~~~;~ l = 

0.375 J -19.25 12.25 -1.75 J 0.43750 J 
= rl· ~:~~~ l_ [ ~:6~~~~ l = [ 6:~~~~~ l 

0.375 J 0.00507 J 0.36993 J 
The subsequent approx-imations are found similarly: 

x(3
> = [~:~~~~~ l, f(x'")= [6:6666! J 

0.36992 J 0.00005 
and so forth. 



13.2 General remarks on convergence of Newton process 

Stopping with the third approximation, we get 

X= 0.7852, y = 0.4966, z'= 0.3699 

13.2 GENERAl REMARKS ON THE CONVERGENCE 
OF THE NEWTON PROCESS 

46S 

In Sec. 13.1 we presented a formal aspect of the Newton method. 
The conditions of convergence of this method for a system have 
been investigated by Willers, Stenin, Ostrowski, Kantorovich, and 
others. Below we give a special case of the Kantorovich theorem 
(Theorem 1) [I] on the convergence of the Newton process in func
tional spaces as applied, to finite systems of nonlinear equations; 
for the sake of simplicity we use rough estimates. Following 
L. V. Kantorovich, we also establish the rapidity of convergence 
of the Newton process, the uniqueness of the root of the system 
and the stability <>Of the process with respect to choice of the ini
tial approximation (Theorems 2 to 4). As a particular case, we 
obtain the Ostrowski theorem [2] on the convergence of the Newton 
process for an equation with an analytic complex right-hand member. 

In the sequel it will be convenient to regard the sets of func
tions as vector functions or matrix functions. To simp I ify the pre
sentation, we will generalize the concept of a derivative to these 
cases. 

Let X= (x1 , ••• , xn) and 

f(X)= 

where f i E C(l) (i = 1, 2, ... , n). 

Definition 1. The derivative f' (x) is understood to mean the 
Jacobi matrix of the set of functions f i (i = I, ... , n) with respect 
to the variables x1 , ••• , xn, that is, 

f' (X)= [ ~~ J (I) 

The matrix function 

r

-f u ( x) . . . f 1r ( x)J 
F(x)= · · · · · · · · 

_f nl (X) · · ~ f nr (x) 

'{() 9616 
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may be regarded as a set of m vector functions 

' .. "' 

Therefore, it is natural to take the derivative F' (x) as meaning 
the set 

F' (x) = [F~ (x) ... F; (x)] 

where 

Fk(X)= 

are Jacobi matrices (k = 1, 2, ... , r). 

Definition 2. If F (x) = [fij (x)] is a functional matrix of dimen
sions nxr and fij(x)EC( 1 i, then 

F' (x) = [Fk (x)] (2) 
where 

Fk (x) = [ ofik J (i, i = 1, 2, ... , n; k = I, 2, ... , r) 
OX; 

In particular, if the vector function f(x)= [f1 (x)] is such .. that 
fi (x) E c(z>, then 

f" (x) = [W 1 (x) ... Wn (x)] 

where 

(k=l, 2, ... , n) 

In this section we use the m-norm (Sec. 7. 7) for estimatipg 
matrices~ the subscript m will be omitted for brevity: 

llf(x) 11 =max I fi (x) 1. 
i 

n 

11!' (x) II= m~x ~I 0~:.:) \, 

llf" (x) II= max ]I W k (;)II= max ~ m~x ±I ~2~i ~~).1\J, , etc. 
k k l £ j=l Xkvx, 
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Similarly 
n. 

Jl F (x) II= max ~ I ft1 (x) I 
i j=I 

11 F' (x) II= max t \ ofi; (x) lu 
i, i k=I OXk 

First, we will derive several estimates, similar to the mean
value theorem, fo.r the m-norms of the differences of values of 
matrix functions, which will be useful in the sequel (cf. [1]). 

Lemma 1. If 
F (X)= [f ij (x)] (nxr) 

where fil (x) are continuous, together with their first-order ·partial 
derivatives, in a convex domain containing the points x and x +Ax, 
then 

II F (x + Ax)-F (x) II~ r II Ax 11·11 p·' '(S) II (3) 

where s = x + 81\x, 0 < 8 < 1 and the matrix norm is to be under
stood in the sense of the m-norm. 

Proof. Using the Taylor formula, we obtain 

-. [f ] [ ~ iJfu (siJ) J F(x+ L\x)-F(x) = u(x+ Ax)-fij(x) = .~1 -----ax,;-llxk 
where su=x+ei1Ax, 0<8ij< Li=l, 2, ... , n; j=l,2, ... ,r. 
Whence, fixing x and x +Ax, we get 

~I~ ar ·(s· ·) J .!]F(x+tix)-F(x)J1=m~x{:-: ~ ~~xk
11 

Axk~ 

~ m:x t t, j df;~;;·t>jl Axk I~ 

, n I iJf .. (s .. ) I 
~max ]Axk I· L n:a:x L ~~x 11 = 

k j= 1 ~. I k= 1 k . 

l). Since, obviously, for any finite set of numbers {au} we have 

m~x (m.ax au)= rna~ a11 
£ I l, 1 
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Since the number of pairs (i, j) is finite, there is a pair (p, q) 
such that 

max .t I ofi~·~sc} I= i: I of pq (Spq) I :s;;;; max i: I ofij(Spq) I= [IF'(~) rr 
i,i k=l OXk k=I OXk i,j k=I oxk 

where ~ = ~pq· 
Thus 

II F (x + ~x) -F (x) 11 :s;;;; r II dx [Ill F' (~)II 

which completes the proof. 
Corollary 1. If 

then 

f (x) = ['' ~x)J 
fn (x) 

llf(x + ~x)-f (x) II :s;;;; II ~x 11·11!' (~)II 
where ~=X+ 8~X and 0 < 8 < 1. 

Here r=l. 
Corollary 2. For f.(x) E c(z> we have 

II/' (x + ~x)- f' (x) II :s;;;; n J[ ~x 1111/" (~)II 
where ~=X+ 8~x and 0 < 8 < 1. 

Lemma 2. If 

in a convex domain containing the points x and x + dx, then 

II f (x+ L1x)-f (x)-f' (x) t1x II= { n !I L1x liz ·!If" (s) II (4) 

where ~ = x + 8t:1x and 0 < 8 < I. 
Proof. Using tbe two-term Taylor formula, we obtain 

!If (x + L\x)-f (x)- f' (x) ~x II= 
=II [fdx+L\x)-fi(x)-dfi(xi)] II= 

= ~ II [H ~~~~~: t>xj t>x. J II~ 

~{ 1/[ ~I flxj I~ I ~~;1~~ 11 flx•l] II~ 
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~__!_max r ~X ·I· max I ~X 1·11 [~ ~I 
02

fi (si) l] II= ~ 2 i J k k "'7- OXj oxk 

= {II 11x I I'll [ ~ f: I ~~~b~~ I] II (5 ). 

where Si= X+ Br~X. 0 < ei < 1. 
Since 

~I()'!." (si) I ~max ~I ()2fi (s;) I= 
~ ax,·oxk ~ i r' ~ OXjOXk 

k ' k 

I o
2f (~ ) I I a~t (~ ) l = ~ P ~P ~max L: -r ~P =llf"(sp)ll 

~ OXq OXk ~ . . k ax,·oxk 
k 1

• I 

then from inequality (5) we get (taking into consideration the 
meaning of the norm) 

1\f(x + ~x)-f (x)-f' (x) ~x II~+ II ~x W [II!"(£) II]= 

=%II ~x W II/" (s) f1 

where s = Sp =X+ e~x and 0 < 8 < 1. 

"'13.3 THE EXISTENCE OF ROOTS OF A SYSTEM 
AND THE CONVERGENCE OF THE NEWTON PROCESS 

Theorem 1. Given a nonlinear system ·of algebraic or transcen
dental equations with real coefficients: 

f(x) = 0 (1) 

where the vector function 

is defined and continuous, together with its partied derivatives of first 
and second order, in a domain w, that is 

f (x) E c(z> (w) 
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Suppose xlo> is a point lying in w together with its closed :7t -neigh-
1 bourhood: 

U :7t (x<o>) ={II x-x<o> II~ .9t} c w 

where the nortn is to be understood as the m-norm 1
> (see Sec. 7.7), 

the following conditions being valid: 

(1) the Jacobi matrix W(x)= [:::l has the inverse f 0 =W- 1 (x(Ol) 
for X = X(O), where 

II fo II~ Ao 2
) 

(2) l)fof(x<o))JI~Bo~1', 
n 

(3) L I ()2ft (X) I~ c 
k=I .()xfaxk --:::: 

when i, j·=1, 2, ... ,n and xEUgc(x<0)), 

( 4) the constants A0 , B0 and C satisfy {he inequality 
~t 0 = 2nA 0B0C ~ 1 (2) 

Then the Newton process 
x<P+ 1 > = x<P>- W - 1 (x<P>) f (x(Pl) (3) 

(p = 0--, 1, 2, ... ) converges for the initial approximation x<vl and 
the limiting vector 

x*= lim x<P> 

is a solution of system ( 1) such that 

II x*-x<o> 11~2Bo ~:% 

Proof. We introduce the notation 

hP =II x<P+ll -x<P> ll =maxi xjt+u -x}fl !, 
k 

fp=W- 1 (x<Pl) (p=O, 1, 2, ... ) 

From formula (3) we have 
hp =II rpt (x<P>) II 

Proceeding from the conditions (1) to (4), we obtain estimates 
for the quantities fp and fpf (x<Pl). 

1 l That is, if A =.[a; 1], then 

II A II= II A llm=m~x ~ l aiil 

'I In other words, if W {x'"') ~(a, jJ. the~ f: ~ W -l (xiOI) ~ r ;/ J , where 

A if are the cofactors of the elements a if and !:J. = det [aij] and, consequently, 
n 

ll roll =rn~x I~ I Ll A til 
I f= I 
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Fjrst consider the case p = 1. Using Condition (2), we have 

h0 =II x<l> -xw>·11 =II W - 1 (x<o>)J (x<o>) II~ B0 ~ :9f 
and so 

and 
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To estimate f 1 = w- 1 (x<l)), take advantage of the relation 
(AB)- 1 = B- 1 A -I, and represent this quantity as 

f 1= [W(x<o>)·,f0W(x<1>)]- 1= [f0W(x<ll)]- 1 ·f0 (4) 

Taking into account Condition (1-) of the theorem,_ we have 

II £-roW(x<l)) II= II ro [W (x<o>)- w (x<1>)]11 ~ 

~II ro Ill! w (x<o>)- w (x(l>)JI ~A oil w (x<I>)- w (x<o>)i[ 

Since from Condition (3) follows 

then by virtue oJ Corollary 2 of Lemma 1 we have 

and so 

II w (x<1>)-w (x<o>) II= II f' (x<l>)-f' (x<o>) II~ 

~ n II x<t> -x<o> II C ~ nB0C 

liE-roW (X11 >) II ~nAoBoC= ~o ~+ 

Consequent.Iy (Sec. 7.10, Theorem 5, Corollary), there exists 
the inverse matrix · 

[row (x<1>)] -l = {£- (E -f0 W (x<1>))} - 1 

And sinc;e II E II= II E lim= 1, it follows that 

ll[foW(x\l>)]- 1 11~~~2 (5) 
1- __!! 

2 

We now derive from formula (4) that 

II r1 II~ II [row (xl1>)J - 11111 ro II~ 2Ao = Ar (6) 

Formula (3) implies 
f(x<o> + f') (x<o>) (x<ll -x<o>) = 0 
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whence, on the basis of Lemma 2, we have 

II! (x<I>) II= II/ (x<I>)- f (x(O>)- f' (x<o>) (x<l> -- x<o>) II~ 

~ + n II x<l) -x<o> W II/" (s) II~+ nB~C 
where 

s = x<o> + 8 (x<1>-x(O>) and 0 < 8 < 1. 

Therefore, taking into account inequality (6), we obtain 

II r1f (x<u) II~ II rl 1111/ (xu>) II~ 

~ 2A0 • ~ nB~C = nA 0B~C = + ~-toBo = B1 (7) 

Thus, for point x<1
> we have 

and, besides, 

where 

whence we obtain 

U .9t (x_<1>) c U :Yt (x<~>>) c w 
2 

1 -
~-t 1 = 2nA 1B1C--:- 2n · 2A 0 ·z-~-toBoC =~-to· 2nA 0B0C = ~-t~ ~ 1 (8) 

Thus we are again in the conditions of the theorem with the 
sole difference that instead of the neighbourhood U :7t (x<o>) we have 

the neighbourhood u.'lt (x<ll) imbedded in the former. 
-2 

Repeating similar arguments, we establish that the successive 
approximations x<p> (p = 1, 2, ... ) are meaningful and such that 

Also 

U !Jt (x<o>) ~ U :ft (X 11>) ~ ... ~ U_'l{ (x<P>) ~ .. , 
-2 2v 

II r p II= II w- 1 (x<P>) H ~ AP, 

II rpj(x<P>) II= II x<P+l>-x<p> II ~Bp 

where the constants A P and B P are connected by the recurrence 
relations 

(9) 
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and 

~p=2nAPBPC (p= 1, 2, ... ) (10) 

We will show that the Cauchy test (Sec. 7.9) is valid for the 
sequence of approximations ;clP> (p = 0, I, 2, ... ). Indeed, for 
q > 0 we have 

and so 

x<p+q> E u._'lt (x<P>) 
2P 

II ;<p+q>-xlP> II<~ < e 

if p > N and q > 0, which is equivalent to the Cauchy test. From 
this it follows that the limit 

lim x<P> = x* E U gc (x<o>) 
p ..... CJJ 

exist's. 
Now let us assure ourselves that x* is a solution of system ( 1 ). 

From the relation (3) we have 

f (x<P>) + W (x<P>) (x<P+ 1 ~ -x<Pl) = o 
Passing to the limit in this equation as p-+ oo and noting that, 
in the process, 

x<P+ 1> - x<p> -+ 0 

and also that W (x<P>) is c;ontinuous and bounded in U gc (x<o>}, 
we have 

Jim f (x<P>) = o 

Whence, by virtue of the continuity of the function f (x), we obtain 

f ( lim x<P>) = f (x*) = 0 
p ..... 00 

That is, x* is a solution of system (1 ). Besides, 

II x*-x''' II~ II P~o [x<r+I>- x<r>J II.;;; 
CJ) CJ) 

< L II x<?+ 1>-x<p> II< L BP < B0 + ~~ + o. o = 2B0 <Yt 
p=O p=O 

The proof of the theorem is complete. 

Mote 1. If f (x) E c<z> ( w) and system ( 1) ~has,-· in the domain w, 
a simple solution x*, that is, such that 

f (x*) = 0, /' (x*) = W (x*) =1= 0 
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then the conditions of Theorem I are clearly valid for every point 
x<o> sufficiently close to x*. 

To verify Condition (2) it is useful to note that B0 yields an 
estimate of the divergence between the initial and the first appro
ximation of the Newton process: 

II rot (x(O)) II= II x(l) -x(o) II< Bo 

and so this inequality can readily be verified as soon as the appro~ 
ximation x<1

> is found. 

Note 1. Analogous statements are obt-ained for the theorem of 
convergence if we use the norm II A Ill or II A Ilk in place of the 
norm II A llm· 

*13.4 THE RAPIDITY Of CONVERGENCE 
Of THE NEWTON PROCESS 

Theorem l. If Conditions (I) to (4) of Theorem I (Sec. 13.3) 
are fulfilled, then the following inequality holds true for the succes
sive approximations x(P> (p=O, I, 2, ... ): 

II x*-x(P> II~ ( + )p- 1 ~5P-I Bo 

where x"' is a solution of the system and ~o is found from formula (2) 
of Sec. I3.3. 

Proof. Using the relations (9) and (IO) of Sec. I3.3, we have 
1 

1-l-p = 2nAP13 PC= 2n · 2Ap_ 1 ·2 ~p-l~p-l · C = 

= ~p->l' 2nAp-lBp_ 1C = ~~-1 
From this we obtain 

~1 = ~~' } 
f': =: f': ~ f'~· . 
Jlp = ~5 

. (I) 

Furthermore, 
I 1 , 

B --11. B =-u,ZP-18 
p- 2 rp-1 p-l 2 ro p-1 

and so 
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Since 

we have, for _q > 1, 

n x<p+q>-x<P> ll ~II x<P+l>_x<P> II+ 
+II x<P+2>_x<P+1> ll + ... + H xlp+q>-x<p+q-1> II< 

~BP+Bp+ 1 + ... +Bp+q- 1 = 
-(..!_)P zP-IB +(_!_)P+1 2p+1-IB + +(_!_)P+q-1 zP+q-I_ 1B _ 
- 2 !lo o 2 !lo o • • • 2 P·o o -

= (I_)P zP_ 18 [l+J_· zP+ +(_!_)q-1 zP(zq-1_ 1)] 
2 !lo o 2 !lo . · · 2 j.lo 

Whence, taking into account that !lo ~ 1, we obtain 

II x<p+q>_,x<p> II~ (} )P !l6P-t Bo [1 +-}+ ... + (--} )q-1
] ~ 

~ (~),p-1 zP-IB 
""'= 2 /lO o 

Passing to the I imit as q--+ oo, we finally get 

II x*-X1P> ll< ( ~ )p- 1 ~-t6P-I B0 ~ ( { )P ~-t5P_ 1 :7t 

where 
j-1 0 = 2nA 0B0C ~ I 

Thus, for !lo < 1 the convergence of the Newton process ·is super
fast. For p = 0 we have 

)J x*-x<o> II< 2Bo < !1t 

*13.5 UNIQUENESS OF SOLUTION 

. TheQrem 3. Given the Conditions (1) to (4) of Theorem 1 (Sec. 13.3j, 
there is, in the domain 

II x-x<o> II< 2Bo ( 1) 

a unique solution of the system (I) (Sec. 13.3). 

Proof. Suppose that besides the solution x* of system (I) of 
Sec. I3.3, which solution is defined by the Newton process, there 
is another solution· x** of the system such that 

II x**-x<o> II~ 2Bo (2) 

The successive approximations x<p> (P = 0, I, 2, ... ) of the Newton 
process lie in the neighbourhood (I) and satisfy the condition 

f(x<P>) + W p (x<P+I>-xfP>) = 0 
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where 

W p= W (x1P>) 

From this, taking fnto consideration that 

f(x**)=O 
we get 

W p (x<P+ 1>-x**) =f(x**)-f(x<P>)- W p (x**-x<P>) 

and, hence, 

where 

x<P+ 1>-x** = fp [f(X**)-f(x<P>)- W v (x**-x<P>)] 

r -w-l p- p 

Estimating by the norm, we get 

II x**-x<P+l) II~ II rp lll!f(x**)-f(x<P>)- w p (x**~x'P)) ll 
According to the notations of Sec. 13.3 (see Theorem 1), 

]JfPil~AP 
Applying Lemma 2 of Sec. 13.2, we get the inequality 

II f (x**)-f (x<P>)- W P (x**- x<P>) II~+ nC II x**- x<P> 112 

where the constant C is defined from Condition (3) of Theorem 1. 
For this reason 

(p = 0, 1' 2, ... ) (3) 

Putting p = 0 in inequality (3) and using inequality (2), we obtain 

1 
11 x**-x< 1> I! ~2 nA 0C I! x**-x<o> 11 2 ~ 2nA 0B~C 

or, introducing the numbers defined by the relations 

we find 

!-Lp= 2nAPBPC) 

Bp+1 =+!-tpBp J (p = 0, I , 2, ... ) 

Similarly, for p = 1 we derive. from formulas (3), (5) and (4) 

II x**-x< 2> 11 ~ ~ nA 1C H x**-x<t> W ~ 2nA 1BiC = !118 1 = 282 

(4) 

(5) 
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Generally 

(p=O, 1, 2, ... ) (6) 

Since on the basis qf formula (2) of Sec. 13.4 the quantity 
BP-:---0 as p-+oo, then by passing to the limit in inequality (6) 
we get 

x** = lim xlP> =-= x* 
p-+00 

That is, the solution of system (1) in the domain II x~x(o> ll ~ 2B0 
is unique. 

Mote. If the domain U gc (x(o>) is suc:h that 

_'!:_BC.:lt 
l!o o ~ 

then in the extended domain (I) 

IJ x-x(o> II~ :
0 

Bo . (7) 

there are no solutions of system (1) other than x*. 
Indeed, assuming that in th€ domain (7) there is a solution. x*'lt 

of system ( 1) (Sec. 13.3) and repeating the reasoning of the theorem, 
we obtain an inequality of the form (3): · 

ll x**-x<P+l> II~~ nAPe II x**-x<P> 11 2 

where x<P> (p = 0, 1, 2, ... ) are successive approximations of the 
Newbm process with initial approximation x<o>. From this, since 

II x*'~<-xlo> II~ :
0 

Bo, 

it follows that by using the numbers 1-lp+1 = 1-L~ we get successively 

· II x**-x(l) II C.__!_ nA C _!____ Bz = 
~ '/ 0 z 0 

~ l!o 
1 1 2 2 

=2nA 0 B 0C · -? B 0 =-B0 =-2 B 1 =-B1 , 
~-t5 l!o P-o 1-'-1 

II ** lz> \\___. 
1 A C 4 B?.- 2 A B C 1 B 2 -X -X ~ 2 n 1 · -z 1 - n 1 1 • 2 !-l1 1 • '3-

1!1 1!1 

=rt ·B ·_l:._=_!:_B =l:_B 
1 z fl~ ~-ti 2 l!z 2 

and so forth. 
Generally 

Jl x**-x<P> II~ :P BP (p=O, 1, 2, ... ) 
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Since 

and 

then 

!!.£_ = _}_ . B p-1 = (_!_)P . .1!..9_ (B) 
1-tp 2' l-tp-1 2 l!o 

The latter relation can also be obtained directly from the formu
las (I) and (2) of Sec. 13.4. 

Thus 

(p=O, 1, 2, ... ) 

Hence 
x** = lim x<p> = x• 

p -+ 00 

which is what we set out to prove. 

*13.6 STABILITY OF CONVERGENCE OF THE NEWTON PROCESS 
UNDER VARIATIONS OF THE INITIAL APPROXIMATION 

Theorem 4. If Conditions (I) to (4) of Theorem 1 (Sec. 13.3) 
are fulfilled and 

~B(I~n 
l!o 

where !-to= 2nA0B0C < I, then the Newton process converges to a 
unique solution x* of the system (I) of Sec·. I3.3 in the main domain 
II x -x<o> II ~ 2B0 for any choice of the initial approximation x<o> ln 
the domain 

II x'<o>-x<o> ll ~ ~~~o Bo {I) 

Proof. By analogy with the above-introduced notations 
Wo = W (x<o>) and f 0 = W01 

we introduce the designations 
W~=W(x'<o>) and r~=(W~)-1 

We will show that conditions similar to the Conditions (1) to 
( 4.) of Theorem I will hold true at lhe point x'<o>. 

Using the notation and the method of proof of Theorem 1, we get 

ll E- r" W~ II= II ro (Wo-W~) II ~ 
~JI ro Ill! Wo-W~ ll ~ Ao nC II x'(O)_,X'(O) ll 
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whence, taking into account inequality (1), we obtain 

1]£-foW~]I~ AonC 12,u~o Bo= l~llo ~! 
Hence 

And ·so there exists 

and 

We then derive 

ll fof(x'(O))II ~lifo llllf(x'(O))-f(x(o))-

- W o (x'(o)- x(o)) II+ lifo! (x(o)) II+ II x'<o)- x(o) II~ 

. ~ ~ AonC II x'(o> -x(o) W + Bo +II x'(o) -x(o) II~ 

..- _I_ B -I - 21-lo + ll~ + B + 1 -~to B = . 
:::::::::; 4 ~cl 0 4 2 0 2n 0 

/lo ro 

_ 1-21-lo+ llg+ 161lo+8-8po B _ (3+ /lo)2 B 
- 16/lo o- 16j.to o 

From this, using inequality (2), we have 

/ II r~j (x'(O)) II= II (fo W~) - 1 • rof (x'(O)) II~ 

~ ]l(fo W~) -l 11·11 rof (x'(O)) II~ 
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(3) . 

~-4-. (3+1-lo)z B = 3+!-Lo B = B' (4) 
--:::: 3+ J..lo 161-lo 0 4j.t0 ° 

On the basis of inequalities {3) and (4) we get 

n'=2nA'B'C=2n~· 3+1loBC=2nABC-1 =1 
r 3 + llo 4!-Lo o o o !-Lo 

Besides, 

2B' + l]x'(o)_x(o) II~ 3+1-lo B + 1-J..lo B . 2Bo <..:Jt 
~ 2/lo o 21-lo o f-to ~ 

and hence all the more so 
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Thus, the conditions of Theorem 1 are completely fulfilled at 
the point x'(O>, and 

, U 2B' (X'(O)) C U 2B
0 

(X(O)) C u Sf;'(X(Ol) (5) 
J..Lo 

Fig. SB 

For this reason, the Newton process 
x'(P+l> = x'(P>-r~j (x'lp>) 

where 
(p=O, 1, 2, ... ) 

converges to a certain soluti.on x'* of system (1), Sec. 13.3, lying 
in the domain U 2B' (x'lo>). On the basis of formula (5) 

x'* E u 2Bo (x(O)) 

But by virtue of the note pertaining to Theorem 3 of the prece
ding section there is a unique solution x* of the basic system ( 1) 
in the domain U ZBo (xlo>), and so 

x'*= x* 

and 
x"'= lim x'lp> 

which completes the proof. 
Note. If 2B0 < ::lC and ].1 0 < 1, then for the initial approximation 

xlo> there is always a neighbourhood, any point of which can be 



13.7 Modified Newton method 481 

taken for the initial approximation of a Newton process convergent 
to the desired solution. x*. 

Indeed, suppose · 

where q > I. Setting 

~~=max ( ~0 , ~) 
we find that by Theorems 1 and 4 the appropriate Newton process, 
for any initial approximation x'lO> satisfying the condition 

ll x'lo>- xlo> !I< I 2~~~ Bo 

will converge to the solution x* of system (1). 

13.7 THE MODIFIED NEWTON METHOD 

An essential inconvenience in forming the Newton process 
xlP+l>,=xlP>-W-l(xlP>)j(xlP>) (p=O, 1, 2, ... ) (I) 

is the necessity to compute the inverse matrix w- 1 (xlP>) for each 
step. If the matrix w- 1 (x) is continuous in the neighbourhood 
of the desired solution x* and the initial approximation x<o> is 
sufficiently close to x*, then we can approximately put 

w-1 (xlPl) ~ w-1 (XlOl) 

We thus arrive at the modified Newton process 
s(P+l) = s<p>- W' - 1 -(x(O>)j (s<P>) (2) 

(p = 0, 1' 2, ... ), where s(O) = x(O). Note that. the first approxima
tions xll> and s(l) coincide for the processes {1) and (2): 

x<l> =.s<l> 

The convergence of the modified Newton process {2) has been 
investigated by L. V. Kantorovich [ 1]. 

Theorem. If the Conditions (1) to (4) of Theorem I (Sec. 13.3) 
are fulfilled and 

then the modified Newton process (2) defined by the initial appro
ximation ;to>= xto> converges to the solution x* of the system 

f(x)=O 
and 

II x"-s1P> II~~~ ll x*-x<o> II~ 2Bo~~ (p=O, I, 2, ... ) (3) 

where the norm is understood to be the m~norm. 

31 9616 
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Proof. Consider the vector function 

F (x) = x-f0 / (x) = [Fi (x)] 

where ra = w -l (x<o>). 
Obviously 

F (s<P>) = s<P> -rof (s<P>) = s<p+l) (p = 0' 1 ' 2' , .. ) ( 4) 

Moreover 
F' (x)=E-rof' (x) (5) 

whence, in particular, 
F' (x<o>) =E-rof' (x<ol) =E-E =0 (6) 

We will prove by induction that ali the approximations s<P> 
(p = 1, 2, ... ) lie in the 2B0 -neighbourhood of the point x<o>, 
that is 

II s<P> -x<o> 11 < 2Bo (7) 

Indeed, for p = 1, (7) is obvious since by Condition (2) of the 
theorem, we have 

II 5(1) -x<o>]] = 11 x<ll -xto> 11 < Bf) 

Now suppose that for some p the inequality (7) is valid. Then, 
using Lemma 2 (Sec. 13.2), we have 
lls<p+l) -x(O) II= II F Cs<P>)-x<o> 11 =II s<p> -rot (slP>)-x(O) !I= 

=II ro [/(s<P>)- w (x<o>) (s<p> -x<O>)] I!< II rof(.x:WI) ll + 
+II ro {f(s<P>)-f(xlO>)-W (x<o>) (s<P>-x<o>)} ll ~ 

~ Bo +-}AonC II s<p> ·-• .t'(O) IP~ 
Using (7), we find 

p?=<P+ 1>-x(o> II< B +_!_nA C·4B~= 
,j:, ' 0 2 0 0 

= B0 + 2nA 0B0C · B0 = (1 + ~t 0 ) 8 0 < 280 

- which p·roves our assertion. 
Since the conditions of Theorem 1 of Sec. 13.3 are assumed to 

be fulfilled, the system f (x) = 0 has a root x* such that 
II x*-x<o> II< 2Bo. . 

Let us consider the difference x*-s<P>, where p ~ I. Taking 
into accDunt that 

F(x"') == x"'-rof(x*) = x* 

and utilizing Leinma 1 of Sec. 13.2, we have 

II x*--~<p> II= II F (x*) --F (s<p-ll) II< II x*--s<p-l) II· !IF' (B) II (8) 

where e is a point in the interval [x*, s<p-l>]. 
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Furthermore (see Sec. 13.2, Lemma l, Corollary 2) 

[[ F' (9) II= II F' (9)- F' (x <o)) II< n II S-x<o> II max II F'' (rr) II (9) 

where ll is a point in the interval [8, x<o>J. From formula (5) 
we have 

F' (x) = [8ii-i: Yis ~~s.] 
s;:::: l 1 

where 8ii is the Kronecker delta and f 0 = [Y;i]. Therefore 
n 

oFi_[J ~ ofs 
ox , - ij - ~ Y is ox ; 

s = l ·' 

and 

Consequently 

II F" ('")II -L max f I ~zpi ~l~ =max~ I ~ Y· azt s (11) I::;;::: 
I ·• I 1 • • ~ dx ·ox . . k.. £... ts ox· ox ~ 

£, I s = l 1 k i, 1 k= 1 s = l f k 

ft n n 

~ "' I ()Zfs (1J) I . " ~~a.x~ !Yisl ~ ox·iJx <~a_x~ lYis1C=C1Ifo!l:s;;AoC 
1• I k = l k = l 1 k £, I s = 1 

and, hence, on the basis of (9)~ 

II F' (9) II< nAoC II e~x<o> II 
Since the point e plainly belongs to the 2B0-neighbourhood of 
the point x<o>, it follows that 

II e -x(O) II~ 2Bo 
ami, hence, 

(10) 

Takmg into consideration inequality (10), we derive from inequa~ 
· lHy (8) that 

whence 

II x*-s(p) ll ~ 11~ llx*-s(O) II=~~ II x*-x(O) ll ~ 2B~t~ 
From the last inequality there follows, for ~lo < 1, 

lim s<p) = x* 

The proof of the theorem is complete. 
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13.8 THE· METHOD OF ITERATION 

Given a system of ,nonlinear equations of a special kind 

X1 : cp1 (xu X2, ... , Xn), } 
X2- cp2 (Xu XlP • • . ' Xn)' 
. . . . . . . . . . . ( 1) 

xn = CVn (x1, Xz, ••. ' xn) 

where the functions cp1 , cp 2 , ••• , CVn are real, defined and continu
ous in some neighbourhood w of ah isolated solution (x;, x;, ... , x~) 
of this system. 

Introducing the vectors 

X= (X1 , X2 , •.. , xn) and qJ (X)= (cp1 (x), cp 2 (X), ... , CVn (x)) 

we can write system ( 1) more compactly: 

X=qJ(X) (2) 

In finding· the vector root x*=(x~, x;, .•. , x~) of equation (2), 
it is often convenient to use the method of iteration 

x(P+l> = fP (x(P>) (p = 0, 1, 2, ... ) (3) 

where the initial approximation x(o> ~ x*. The convergence of this 
process will be investigated below. Note that if the process ·of 
iteration (3) converges, then the limiting value 

s = lim x(p> (4) 

is definitely a root of equation (2). Indeed, assuming that rela
tion (4) is valid, and passing to the limit in (3) as p--+ oo, we 
will have, by virtue of the continuity of the function «p (x), 

lim x(P+l> = «p ( lim x(P>) 
P-+rR p-+rR 

that is, 
s = fP (s) 

Thus, s is a root of the vectot equation (2). 
If, besides, all the approximations x(P> (p = 0, 1, + . ... ) belong 

to the domain w and x* is a unique root of system (2) in w, 
then, clearly, 

s=x* 
The method of iteration can also be applied to the general 

system 
f(x) = o (5) 

where f(x) is a vector function defined and continuous in the 
neighbourhood w of an isolated vector root x*. For example, 
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rewrite th.is system as 
x= x+Af(x) 

-
where A is a nonsingular J.Tlatrix. Introducing the notation 

x+Af(x)=ftJ(X) 
we will have 
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{6) 

{7) 

The ordinary method of iteration (3) is readily applicable to this 
equation. 

·If the function f(x) has a continuous derivative f' (x) in w, 
then from formu Ia (6) follows 

q/(x)=E+Af'(x) 

In the sections which follow, proof wi 11 be given that the pro
cess of iteration rapidly converges for equation (7) if q/ (x) is 
small in norm. Taking this circumstance into account, we choose 
matrix A so that 

qJ' {X10>_) = E + Af' (x<o>) = 0 

whence, if the matrix f' (x<o>) is nonsingular, we .will have 
A:=- [!' (x<o>)] -1 

Note that essentially this is the modified Newton process 
to equation (5) (see Sec. 13.7). .rz 

If det f' (x<o>) = 0, then one 
should choose a different initial 
approximation x<o>. 

There are also other ways of 
replacing system (5) by the equ i
valent system (7). 

Example. Use the method of 
iteration_ to give an approximate 
so'lution of the system 

xi+x~= I, \ 
x~-X2 =0 J 

(8) 

Solution. From a graphical cons- Fig. 59 
truction (Fig. 59), it can be seen 

applied 

that the system (8) has two solutions that differ only in sign. 
We limit ourselves to the positive solution. From the figure we 
see that it is possible to take 

xto>= [ 0.9] 
0.5 
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for the initial approximation of the positive solution of system (8). 
Setting 

x ~ [x~+x~- 1] /( )- x3-x 
1 2 

W€ have 
· [2x1 2x.,] 

f' (x) = 3xi -I 
whence 

. [1.8 1] J' (x<o>) = 
2.43 -1 

and 
det f '(x<o>) = -1.8-2.4.3 = -4.23 

Since the matrix f' (x<o>) is nonsingular, there is an inverse 
matrix 

1 [-1 -1 ] [f' (x<o>)] -l =--
4.23 -2.43 1.8 

Thus 

1 ~-I -I ] A=- [f' (x<o>)] -1 =-
4.23 -2.43 1.8 

Put 

<p(x)=x+Af(x)= [::J- 4 ~3 G.43 _:.8] (:;~::-IJ 
Then the system (8) will be equivalent to the standard matrix 
equation 

X=tp(X) 

Using formula (4), we find the following successive approxima
tions for the solution of system (9): 

w _ [xi01
] __ 1_ [ 1 1 ] [xi

012 

+x~0 >
2 

-1]-= 
X - xio> 4.23 2.43 1.8 xio>s -x~o> 

= [~:~] -4
1
23 g.43 -~.8] [~:~~~] = 

= [ 0.9 J-[ 0.0683] = [0.8317] 
0.5 -0.0630 0.5630 ' 

[
0.8317] 1 [1 I ] [0.83172 + 0.56302-l] 

,x<z> ;_ 0.5630 -4.23 2.43 -1.8 0.83173 -0.5630 = 
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= [0.8317l- r-0.0049J = r0.8268J 
0.5630 0.0003 0.5633 ' 

(3) = [0.8268]- [0 .. 0007] = [0.8261] 
X 0.5633 0.0002 0.5631 ' 

(4) = [0.8261]- [ 0.0000] = [0.8261] 
X 0.5631 -0.0005 0.5636 

and so on. 
Stopping with the fourth approximation, we have the roots 

and 
X1 = 0.8261, x2 = 0.5636 

[
0.0000] 

f(x) = 0.0002 

to within an accuracy of I0- 4
• 

*13.9 THE NOTION OF A CONTRACTION MAPPING 

Let there be given· a nonlinear system 

Y1 = ~1 (xl, Xt, •· · ·, Xn), } -

Y2 = ~2 (xl, x2, · · ·, x'!)' 
.......... "' .. 

Yn = ({)n (xl, X:z, • • ·, xn) 
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(1) 

where the functions cru ~2 , ••• , ~n are defined and continuous in 
a known domain G of a real n-di mensiona1 space En (Sec. 10.1 )_, 
their values (y 1 , y2 , ••• , Yn) for (x1 , X 2 , ••• , x,J E G filling some 
domain G' c En. System (1) establishes a mapping of domain G 
onto G'. Introducing the vectors 

x, l [ y, l ~~[:J X= 

;" ' 

Y= : ,, 

Ynj 
we can write (1) compactly as 

y = fP (x) (1') 

We introduce in space En the canonical norm II xI) which satis
fies the ordinary conditions. For example, one can put 

IJ X lim= max] xi l 
i 
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or 

or 

and so on. 
The mapping (I) or (1') is termed a contraction mapping in the 

domain G if there exists a proper fraction q such that for any two 
points X1 , X2 EG their images Y1 =<p(x1 ) and Y2 =c:p(X2 ) satisfy the 
condition 

That is: 

(O~q< 1) 

Let us consider the nonlinear vector equation 

x=c:p(x) 

(2) 

(2') 

(3) 

which is equivalent to the special kind of nonlinear system of 
equations 

X1 = CV1 (xu x2, · · ·, xn), -~ 
x2 = cp2 (xl, xl!, ... ' xn), 

" . . . . . . .. . . 
Xn :== <"Pn (xl, X2, ••• ' Xn) . 

(3') 

The solution x* of this equation, if it exists, is a fixed point of 
the transformation (I). To find x*, construct the iteration process 

x<p>=c:p(x<p-J.>) (p=l, 2, ... ) (4) 

where x{O) E a. 
Theorem 1. Let domain G be closed and let the mapping (I) be a 

contraction mapping in G; that is, condition (2) is fulfilled. Then, 
if for the iteration process ( 4) all successive approximations x<P> E G 
(p = 0, I, 2, ... ), it follows that (I) irrespective of the choice of the 
initial approximation x<o> the process ( 4) converges, i. e., there exists 
the limit 

x* = lim x<P> (5) 

(2) the limiting vector x* is the sole solution of equation (3) in the 
domain G; (3) the estimate 

llx*-x<P>ll~ J~qllx<l>-x<o>ll. (6) 

holds t.rue. 
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Proof. (I) To prove the convergence of the sequence of approxima
tions x<p> (p = 0, l, 2, ... ), we apply the Cauchy test (see Sec. 7 .9) 
to get 
!\ x<p+k>-x<pl H=ll(x<p+ll_x(Pl)+(x1P+2)-xiP+l))+ ... 

. . . + (x(P+k>_x(P+k-1>) II~ !I x(P+l_x<p> !I+ 
+II x<p+z> -x<p+1> II+ ... + II x<p+k>-x<p+k-I> II 

(7) 
Utilizing relation {4) and the "contraction condition" (2'), we suc
ces$ivefy obtain 
II x<s+1>-x<s> II= II tF(x<s>)-cp (xts-1>) II~ 

~ q II x<s> -x<s-1) II~ qzll x<s-1) -x<s-2) II< 
~ qs II x<1>- x<o> II {8) 

where s > 0. Therefore, strengthening the right member of inequa
lity (7), we get 
II x<p+k>-xP II< qP II x<I>-x<o> II+ qP+111 x<1> -x<o> II+ ... 

+ qP+k-1 II x<I> -x<o> II 
or, using the formula for the sum of terms of a geometric. progres
sion, we find 

II x\p+k) -x\p) II< qP~~;+k n xll>_x(O) II< 1 ~q II x<:t) -x<o> II (9) 

Since 0 <. q < 1 and, hence, qP--+ 0 as p--+ oo, from formula (9) 
it follows that for any e > 0 there is an N = N (e) such that for 
p > N (e) and k > 0 the inequality 

II x<p+k>-x<P> II< e 

holds true, that is, for the sequence x<P> (p = 0, I, 2, ... ) Cauchy,s 
test is valid. Therefore, 

x*= lim x<P> 
P-+ro 

and x* E a since the domain G is closed. 
(2) The vector x* is a solution of equation (3) since, by passing 

to the Emit in (4) as p--+ oo and taking into acc.ount the conti
nuity in a o{ the vector function q> (x), we have 

lim x<P> =q>( lim x<P- 1>) 
p-..r;, P-+rR 

that is 
x* = lV (x*) (1 0) 

This solution is unique in G. Indeed, let x*' be another solu
tion of (3): 

_ x*' = cp (x*') ( 11) 
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Subtracting (11) from ( 10), we get 

whence 

or 

x*- x*' = fV (x*)- cp (x*') 

II x*-x*' II= II cv (x*)--rp (x*') II~ q II x*-x*' II 

(1-q) \1 x*-x*; ll ~ 0 ( 12) 

Since 1-q > 0, then inequality ( 12) can only hold if If x*-x*'ll =. Oj 
that is, when x* = x*'. Thus, there cannot be any other solution 
of equation (3) in the domain G. 

(3) Passing to the limit in inequality (9) as k-+ oo we get the 
estimate (6). 

This completes the proof of Theorem I. 
Note 1. If G coincides with the whole space En, then the condi

tion x<P> E G (p = 0, 1, 2, ... ) is obviously superfluous. 
Note 2. Using the inequalities 

ll x<p+ 1>-x<p> ll ~ q ll x<p> -x<p-l) 11, 
II x<p+z> -x<p+l> II~ qzll x<p> -x<p-1) II, 

we obtain from formula (7) 

II x<p+k>-x<P> II< q II x<P> -x<p-1> II+ qz)l ~<p> -x<p-1) !I+ 
+ ._ .. + qk !i x<p> -:-xtp-1> II~ 1 q q H x<P> -x<p-1> II 

whence, as k-+ 00' we get 

II x•-x<p> 11
1 

q q II x<P>-x<p-1) II· (13) 

1 
In particular, if 0 ~ q ~ --n , then formula ( 13) implies that for 

~ 

11 x 1P>-x<P- 11 ll <e 
the inequality 

holds true. 
Und~r the hypothesis of Theorem I it is required that all the 

approximations x<p> belong to the fixed domain G. This is someti
mes hard to verify. For this reason, we will give a slightly modi
fied statement of Theorem I. 

Theorem 2. Let (1) be a contraction mapping in a closed domain G 
and let g be a bounded domain lying in G together with its p-neigh
bourhood (in the sense of the norm that has been introduced), 
where 

Dq 
p~ 1-q (14) 
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Furthermore, let D be the diameter of g and let q be a correspon· 
ding coefficient in the inequality (2). Then, if 

x<o> E g and x(u = qJ (xw>) E g 

the iteration process ( 4) converges and the conclusions of Theorem 
hold true. 

Proof. It obviously suffices to prove that all the successive ap
proximations lie in the doma}n G: 

x<P>EG (p=2, 3, ... ) (15) 

We carry out the proof by induction. 
First of all, by hypothesis, x<o> E G and x<ll E G. Now let 

x<s>EG(s=O, 1, 2, ... , p). Sine~ 

II x<ll -x<o> II< D 

'we have, on the basis of inequality (8), 

II x<S+ll_x(s> lJ < qs II xll>-x<o> II< Dqs (s = 0, 1,. 2,, ... , p) 

Therefore 
II x<p +1-x<l) II <II x<z>- x<u II+ ... +II x<p+l)- xlp> II ~ 

Dq 
<Dq+ ... +DqP~-1 -~p -q 

Consequently, x<p+l> E G. 
Thus, Property (15) is established and we are in the conditions 

of Theorem I. The proof of Theorem 2 is complete. 

Note. The conditions of Theorem 2 are equivalent to the follo
wing: let xw> E G and xn> E G, where ll x(l) -x<o> ll <D. If the di
stance of point xl1> from the boundary. r of G does not exceed 

-
1
°q , then the iteration process (4) converges. 
-q 

*13.10 FIRST SUFFICIENT CONDITION FOR THE CONVERGENCE 
OF THE PROCESS OF ITERATION 

Let us consider a real reduced system 

X1 = cp1 (X11 X2 , ••• , Xn), } 
x2- cp2 (xl, x2, ... ' xn), 
......... " " 

xn = fPn (xl, x2, ... ' xn) 

(1) 

or, in matrix form, 

x=cp(x) (1 ') 
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where 

X= f{'(X)= 

L Xn _j L cpn (X) _j 

It is assumed that the vector function c:p (x) is defined and conti-

nuous together with its derivat!ve c:p' (x) = [ ~~~] in a convex, bo

unded and closed domain GcEn. 
In this section we make use of two norms: 

ll X lim= max I X; I 
l 

and 
n 

llxllt= ~ Jxd 
i:::: 1 

With respect to domain G we introduce the norms 

\\ c:p' (x) ll1 =max II c:p' (x) lim 
XEG 

and 
lJ c:p''(X) llu =max II c:p' (x) liz 

XEG 

where 

II q)' (x) lim= max i: I Ofi>i ~x) I 
i i= 1 ax j 

and 

(2) 

(3) 

(2') 

(3') 

Theorem. Let the functions 'F (x) and q:/ (x) be continuous in the 
domain G, and, in G, let the inequality 

l! c:p' (x) !1 1 ~ q < I, (4) 

where q is a constant, hold true. 
If the successive approximations 

(5) 

(p = 0, 1, 2 ... ) lie in G, then the iteration process (5) converges 
and the limiting vector 

x* =lim x<P> 

is the sole solution of system ( 1) in domain G. 
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Proof. By virtue of Theorem 1 of the preceding section, it suf
fices to demonstrate that the mapping 

(6) 

is, given Condition (4), a contraction mapping in G in the sense 
_ of the m-norm. 

Suppose X1 , X 2 , E G and Yi= c:p (xi) (i = 1, 2). 
By the Corollary 1 of Lemma 1 (Sec. 13.2), we have 

l1Y1-Y21lm =[I c:p (xl)-c:p (X?) lim~ 

~II X1-x2llm \\ c:p' (£)lim< II Xl-x2!1m II c:p' (x) ll1 
whence 

l!Y1-Y2 lim< q II xl -x2llm 
wher~ 0 ~ q < 1, which completes the proof. 

Corollary. The iteration process (5) converges. if 

f I a~i (~) I~ qi < 1 (i = 1, 2, ... , n) (7) 
i==l ux, . 

when xE G. 
Obviously, from the system of inequalities (7) follows Conditi

on (4) of the theorem. 
Note. On the basis of Theorem 1, Sec. 13.9, we obtain the fol

lowing estimate for the approximation x<P>; 

q<P> II x*-x<p> lim< 1-q II x<U-x(O) II m (p = 0, 1' 2 .... ,) 

where .x<1>-c:p (x(o>). 

*13.11 SECOND SUFFICIENT CONDITION FOR 
THE CONVERGENCE OF THE PROCESS · OF ITERATION 

Before taking up the proof of the convergence theorem that_uses the 
·florm II c:p' (x) 11 11 let us der_ive an estimate for the difference of the 
values of the vector function. This estimate is similar to the 
mean-value theorem and is also of interest in itself. 

Lemma. If the vector function 

r /1 (x) I 

f(x)= 
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is continuous together with its derivative f' (x) in a convex domain 
containing the points x and x + Llx, then 

Ill (x·+ ~x)-f (x) lit~ !I ~x llt·!lfr (s) 11~ (I) 

where s = x + 8L1x and 0 < 8 < I. 
Proof. Consider the auxiliary function 

n 

<D (t) = ~- ei [f; (x+ t~x)-f; (x)] 
i=l 

where 0~ t ~ 1 is a scalar argument and E; is a sequence of num
pers assuming the values -1, 0, 1. ~Clearly, Q) (0) =0. Applying 
the mean-value theorem, we get 

n 

~ ei (fdx+L1x)-fdx)] =<I> (1)-<D (0).=<1>' (8)=· 
i= I · 

n n 
~ ~ ati(s> = ~ B; ~ ---ax:- !lxi 
i:::: 1 j= 1 J 

where ~=x+8&x and 0.< e <I. 
From this we have, noting that I e1 I~ 1, 

Since 

n 

~ edfdx+Llx)-fi(x)] ~ 
i == 1 

~ t. ~I 01~;;) 1·/ Ax1 I= t.1 Ax1 1t, I q~;;) l (2) 

t I dft~iS) I~ m:x t.l df~·;i~) I=/[/' (S) /1, 

it follows that, by strengthening inequality (2), we get 
n n 

~ ei [fi (X+ 11x)- {; (x)] ~ ~ l!!.xj Ill!' (s) lit= 
i==l f=l 

n 

= !!f' (6) lit·~ l6.xil =Ill'(~) lit·/! 11x l!t 
i=l 

Assuming, in the last inequality, that 

ei=sgn[ft{x·+Llx)-fdx)] (i=l, 2, ... , n) 

we finally get 
n 

.~I fi (x+ 6.x)-fdx) I~ Ill' (s) I! til L\x Ill 
z==1 
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Thus, 
II/ (x + ~x)-I (x) lit< II L'!x lit!! f' (~)II£ (2') 

which completes the proof.u 

Theorem. Let the vector function fP (x) be continuous together with 
its derivative {p' (x) in a bounded convex closed domain G and 

I lev (x) lin< q < 1 (3) 

where q is a constant. If x<o> E G and aU successive approximations 
x<p+i>=fP(x(P)) (p=O, 1, 2, ... ) (4) 

also lie in G, then the iteration process (4) converges to a unique 
solution of the equation 

X= £P(X) (5) 
in G 

Proof. We will prove that y = fP (x) is a contraction mapping 
in G in the sense of the l-norm. 

Let X 1 , X 2 E G and Yi= t-p (xi) (i = 1, 2). Using the lemma, we have 

IIYl-Y-all z= II {p(xl)---q>(xz) lit~ II xl-x21lt·ll q/ (s) Ht (6) 

where s E G. 
Since 

II fP' (g.) !It ~max If cp' (x) lit= II cp' (x) llu ~ q 
' XE G 

it follows from inequality (6) that 

IIYt-Yz lit< q II xl-Xzllt 

where 0 ~ q < I . 
By the Theorem of Sec. 13.10, the proof is complete. 

Corollary. The process of iteration ( 4) converges to tbe sole so
lution of equation (5) if the inequalities 

n 

L I ocp£ (~) ) ~ q x < 1 
j=l xl 

(7) 

(i=l, 2, ... , n) hold true for x EG. 

1> If we apply the mean-value theorem directly to each component of the 
vector j(x+!J.x)-f(x), then the resulting estimate is dependent on the va-

lues of the derivative of ~Csi) at various points Si (i = 1, 2, .... n) of the in
x; 

terval (x, x+ t.x). Inequality (2'.) shows that we can confine ourselves to the va-

lues -of the derivatives otJ;~) at one and the same point s E (x, x + Llx). 
J 
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Note. On the basis of the theorem of Sec. 13,10, we have, for 
the approximation x<P\ the following estimate 

II x•-x<p> liz< 1 :.:._ q II x<l>-x<o» l!t 

where x<1> = c:p (x<o>). 

*t 3.12 THE METHOD OF STEEPEST DESCENT 
[GRADIENT METHOD) 

Suppose we have a system of equations 

f1 (X1 , Xz, ••• , Xn) : 0, } 
fz (Xl, Xz, • • ·, Xn) -0, 
......... " . 
f n (X1 , X 2 , • , • , Xn) = 0 

or, in matrix form, 
f(x) = 0 

I f, I 
where f= fz • 

L fn__l 

(1) 

(2) 

Let us suppose that the functions fi are real and continuously 
differentiable in their common domain of definition. Consider the 
function 

n 

U(x) = ~{fdx) P=(f(x), f(x)) 
i= l 

(3) 

It is obvious that each solution of system (1) reduces the func~ 
tion U (x) to zer<;>; contrariwise, the numbers X1 , X 2 , ••• , xn for 
which the function U (x) is zero are roots of the system (1). 

We will assum€ that the system (1) has only an isolated solu~ 
tion which is the point of the strict minimum of U (x). The 
problem thus reduces to finding the minimum of the function U"(x) 
in the n-dimensional space En= "{Xp Xz, ... ' xn}· 

Let x be a vector root of (1) and let xto) be its zeroth appro
xi mat ion. Through the point x<o> draw the level surface of the 
function U (x). If point x<ol is sufficiently close to the root x, 
then, under our assumptions, the level surface 

U (x) = U (x<o>) 

will resemble an· ellipsoid. 
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Start out from point x<o~ and move along the normal to the 
surface U (x) = U (x< 0 >) until this normal touches some other level 
surface (Fig. 60) 

at some point x<1>. 
Then, starting from point x<1>, move again along the normal 

to the level surface U (x) = U (x<0 ) until this normal touches at 
some point x<z>, the new level surface 
U (x) = U (x<z>), etc. 

Since U (x<0>) > U (x<1>) > U (x)<2> > .... , 
by following this route we rapidly approach 
the point with the smallest value of U 
{the bottom of the "well") which corres
ponds to the required root x of the system 
( 1). Denote the gradient 0 of the function 
U (x) by 

VV(x)= 

r au 

au 
axn _j 

From the vector triangles OM0Mv Fig. 60 
OM1M2, ••• we conclude that 

0 

x<P+ 1>=x<P>-f..pVU(x<P>) (p=O, l, 2, ... ) 

It remains to determine the factors 'Ar To d0 this, consider the 
scalar function 

<I> (A)= u [x<P>-AvV (x<P>)] 

The function <I> (A) gives the variation of the level of the func· 
tion U along the appropriate normal to the level surface at the 
point x<p>. The factor A= AP must be chosen so that <I> (A) has 

1> The gradient of the function U (X) (it is denoted by grad U or v U, where 
the symbol v is c~lled nabla or d~l) is the vector applied to point x and ha
ving the direction of the normal n to the level surface of the function at the 

au 
given point towards increasing U and having length equal to ---an. 

The following formula is valid: 

au au au vu =-;:}- ei +-;:}~e2+ ... +-;:}-en 
~1 ~2 vXn 

where ei (i = 1, 2, .. ., n) are the unit ve~tors of space E,.. 

32 9616 
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a minimum. Taking the derivative with respect to J... and equating 
it to zero, we obtain the equation · 

<I>' (A)= a~ u [x<P>-~t.vu (x<P>)] = o (4) 

The least positive root of equation (4) yields the value of Ap· 
Equation ( 4) must, generally speaking, be solved numerically, and 
so we give a method for approximating the numbers Ap· We will 
assume that A is a small quantity, the square and higher powers 
of which may be neglected. We have 

" <l> (A)= ~ {fi [x<P>-A.VU (x<P>)]}Z 
t==l 

Expanding the functions fi in powers of J... to within linear terms, 
we obtain 

where 

Whence 

lD' ('A)= -2i~ [ti (x<P>)-A ofi ~P>) vu (x<P>) J x 

x ofi ~~<P>) V U (x<P>) = 0 

Thus 
n 

L ft (x<P>) CJfi ~~<P>) vu (x<P>) 
A. = i==l • 

P n 

~ [ ofl ~~P>) Jz (=t vu (x<P>) 
= (W (x<P>) v U (x(F>), W (xiP>) v U (xfP>)) 

(f (x<PJ), W (x<P>) v U (x<P>)) 

where 

of n of n of n 
L oxl OXz • • • OXn _J 

is the Jacobi matrix of the vector function f. 
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Furthermore, we have 

whence 

VV(x)=2 = 2W' (x) f (x) 

where W' (x). is the transpose of the Jacobi matrix. 
And so, finally, 

(5) 

where, for brevity, 

j<P> =f(x(P>), W p= W (x<PJ) 

and 
x<p+t> -x<P>-11. W' j<P> - rp P (p=O, 1, 2, ... ) (6) 

If we assume that the function f (x) is twice continuously diffe
rentiable in the neighbourhood of the desired root x, then we can 
obtain mc5re precise formulas for the corrections 

f1x<p> = x<p+l>_x<P> (see [7]) 

Example. Use the method of steepest descent to approximate the 
roots of the system 

x+x2 -2yz =0.1, } 
y-y2 +3xz=-0.2, 
z+z2 +2xy=0.3 

located in the neighbourhood of the origin. 

Solution. We have 

x'O)= [~] 
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Here 

and 

[

x+x2 -2yz-O.ll 
f= y-y2 +3xz+0.2 

z+ i 2 + 2xy-0.3j 

[

I+ 2x -2z -2yJ 
W = 3z l-2y 3x 

2y 2x 1 + 2z 
Substituting the zeroth approximation,· we obtain 

j<~>> = [-~:~ l and W,= [~ ~ ~Jl =E 
-0.3J 0 0 1 

Using formulas (5) and·,(6), we get the first approximation 
(j<o>, f<o>) 

!-to= (f<O>, f<O>) = 1 
and 

[ 
0.1 J 

x<t> = x<o>-I.£f<o> = -0.2 
0.3 

Analogously, we find the second approximation x(l>. We have 

. [0.13 J [ 1.2 -0.6 0.4] f (l) = 0.05 ' w 1 = 0.9 1.4 0.3 
. 0.05 -0.4 0.2 1.6 

whence 

[

0.181 J 
W~f <t> = 0.002 

0.147 
and 

[

0.2748] 
W1W~j<0 = 0.2098 

0.1632 
Hence 

o.l3· o.2748+0.os.o.2098+ o.os.o.I632 o.054374 
f.tt = 0.27482+0.20982+0.16322 =0.14619797 0.3719 

and 

[ 
0.1] [0.181] [ 0.0327] 

xr2' = -0.2 -0.37119. 0.002 = -0.2007 
0.3 0.147 0.2453 
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To check, we compute the residual 

[ 

0.032] 
/(2 ) = -0.017 

-0.007 

13.13 THE METHOD OF STEEPEST DESCENT FOR THE CASE 
OF A SYSTEM OF LINEAR EQUATIONS 

Consider the system of linear equations 
n 

/ 1 - ~ a11x1-b1 =0, 
i= 1 

n 

/ 2 == ~ U2/Xj-b 2 =0, 
i= 1 

n 

fn-=:: ~ anjx j-bn = 0 
i= 1 

with real matrix A= [aij] and the column of constant terms 

rbl I 

Then 

and 

Consequently 

b'l 

b= 

f=Ax-IJ 

x<p+l) = x<P> -11. A' r 
rp P 

where r P = Ax<P> -b is the residual of the vector x<p> and 
(rp, AA'rp) 

~P = (AA'rp, AA1rp) 
( p = 0, I , 2, .. : ). 
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(1) 

(2) 

(3) 

(cf. [5], [6]). 
Use of formulas (2) and (3) leads to unwieldy computations. 

For this reason, one simply uses "descent" instea·d of "steepest 
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descent" in practical situations, striving towards the minimum of 
the function 

U = (Ax-b, Ax-b) 

Here,. generally speaking, the number of steps in the process 
that ensure a given accuracy of the roots of system (1) increases. 
But it is possible to achieve a situation in which the computation 
of each step is simpler. 

In the general statement of the problem, we assume 
x<p+l) = x<P>-'APy<P> (p = 0, 1, 2, ... ) 

where y<P> is an arbitrary vector directed to the outside of the 
level surface· U = const passing through the point x<PI, i.e., 

We have 
(gra~d U (x<P>), y<P1) > 0 

r =Ax<p+l>_b=Ax<P>-b-A. Ay<P>=r -'A Ay<p> p+l p p p 

A possible way of determining the scalar factor 'AP proceeds 
from the requirement [7] · 

whence 
(rp+l' y<P>)=(rp, y<P>)-f..p (Ay<P>, y<P>)=O 

(r P' y<P>) 
Ap = (Ay<P>,y(}'>) 

Depending on the choice of the vector y<P>, a variety of com
putational schemes result. In particular, if the matrix A= A' is 
positive definite (Sec. 10.15), then, putting y<P->=rp, we have 

(r'P' rp) x<P+ll =.x<p> r 
(ArP, rp) P 

(p = 0, 1., 2, ... ), and (grad U {X1P)), y<P>) = 2 (Ar P' r p) > 0 for r P ::1= 0. 
Example. Use the method of steepest descent to solve the system 

of equations 

8x1 - X2 - 2x3 = 2.3, } 
10x2 + X3 + 2x4 = -0.5, 

· -x1 +6xa+ 2x4 = -1.2, 
3x1 -X2 + 2x3+ 12x4 = 3.7, 

(4) 

Solution. Since the matrix of the system is dominated by the 
diagonal elements, for the initial vector x<o> we take the vector 
whose coordinates are rounded values of the roots of the system: 

8x1 =· 2.3, 
lOx~= ...::..o.5, 

6x3 = -1.2, 
12x4 = 3.7, 
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Then, for example, 

[ 

0.3] 
(QI_ -0.05 

X - -0.2 
0.3 

Hence 

[ 

8 -1 -2 0] [ 0.3] [ 2.3] [0.55] -A (O)_b- 0 10 1 2 -0.05 -· -0.5 = 0.4 
ro- X - -1 0 6 2 -0.2 -1.2 0.3 

3 -1 2 12 0.3 3.7 0.45 
Furthermore 

A' - [-i 1~ -~ -~] [~:~5] = [~~~5] 
ro- -2 1 6 2 0.3 2. 0 

0 2 2 12 0.45 6.8 

and 

AA' -r ~ ~~ -i ~][~:~51 [~~:~ ]· , r o - -:---1 0 6 2 2. 0 - 20. 15 
L 3 -1 2 12 6, 8 ... 98. 95 

Using formula (3), we get 

(r0 , AA'r0 ) 

Jlo = (AA'r0 , AA'r0 ) 

0.55·36.6+0.4 ·45.6+·0.3·20 .15+0.45·98.95 88.9425 
= 36.62+45.62 +20.152 +98.952 = 13616.0452 

whence 

0.006532 

[ 

0.3] [5.45] [ 0.2644] 
(1) = (OJ_ A' = -0.05 -0 006 532 3.~ = -0.0696 

.X X Jlo ro -0.2 . 2.0 -0.2131 
0.3 6.8 0.2556 

and 

[ 

0.3109] 
<l> =A <l> -b _ 0.1020 

r x - 0.1684 
-0.1966 
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Subsequent approximations and the corresponding residuals are 
found in a similar manner: 

[ 

0.2351] 
(2)- -0.0849 

X - -0.2147 ' 
0.2863 

r"J.=[ H~~~l' 
0.0967 

r 
0.2296] 

(3) = -0.0842 
X -0.225I ' 

'- 0.2748 

r o.o7I2] 

l-0.0280 
ra= O.I692 ' 

-0.0806 

[ 

0.2266] 
(4i = -0.0792 

X -0.2379 ' 
0.2875 

[ 

0.0680j'' 
0.0354 

r,= O.l2II ' 
0.0334 

[ 

0.2228] 
-0.08IO 

(6)_ 

X - -0.2430 ' 
0.2823 

r 0.0493-, 

O.OOI3J 
r 6 = 0.0839. 

L:-0.0493 
and so on. 

It will be seen that the appro~imation process converges slowly 
in this case; after th~ fifth approximation, we are still a good 
distance away from the exact roots of system (4), which are 
X1 = 0.2, X2 = -O.I, X3 .....:_- 0.3, X4 = 0~3. 

*f3.14 THE METHOD OF POWER SERIES 

Suppose there is a nonlinear system 

'fk (x1 , x2 , ••• , xn) = o· (I) 

(k =I, 2. . .. , n), where the functions f k are analytic in the 
neighbourhood of the isolated solution x* = (x~, x;, ... , x~). 

Let us consider the more general system [8] 

(2) 

(k = 1, 2, ... , n) which depend~ on a real parameter A and is 
such. that for A= 0 the system (2) is solved directly, while for 
A= I it is identical to system (I),' i. e., 

Fk (xH Xz, ... ' Xn; I)== fk (xl, Xz, ... ' xn) 

(k =I, 2, ... , n). The parameter A should be .introduced so that 
the dependence of the functions F k on A is as simple as possible. 
For instance, if x<o> = (xio>, x~o>, ••• , xA0>) is a rough approxima-



13.14 Method of power series 505 

tion to the solution, then we can put 

t ( x, - x~") at •a~:'Ol) +A [t •< x )-t. (xi- x ~01 ) a\~~'")] = 0 

(k =I, 2, ... , n), where 

X= {x1 , X2 , ••• , Xn) 

We will assume that Fk are analytic functions of 'A for I'Al~l. 
Suppose that for l 'A I~ I the system {2) has a simple analytic 

solution X;('A)(j=I, 2, ... , n), which for A=I coincides with 
xi(i= 1, ~ •... , n). Put . 

x1(0)=X/0
> (j·=), 2, ... , n) 

where xj0
> {j = 1, 2, ... , n) is a known solution of system (2) for 

f..= 0. expanding the functions xi ('A) in a Taylor series at the 
point 'A= 0, we obtain 

xi('A)=xi(O)+f..xj(O) +;~x/(0)+... (i= l, 2, ... , n) (3) 

To determine the coefficients x{ (0) differentiate (2) with respect 
to the parameler 'A: 

(k=l, 2, ... , n) (4) 

Assuming x=x(o> and 'A=O, we have 

(k = 1, 2, ... , n) 

whence if 

we find xj (0). 
-Furthermore, differentiating ( 4) with respect ·to 'A, we obtain 

n n n 

~ aF k x" ('A) + "'"' " iJ2fk x' (f..) x' ('A)+ 
,t;,.;. ox · I ~ ,t;,.;. iJx, dXt I l 
i= 1 I i= 1 l= 1 · 
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whence, for x = x<o• and 'A= 0, we find 
n n n 

~ ofk(xlo•; m x"'·(O)=- ~ ~ ()Zfk(x<O>; 0) x'(O)x'.(O)-
~ ox · I ,(.., ,(.., ax;oxl I l 
f=I I i=l l=l 

n 
~ o2F k (x< 0 >; 0) , cPF k (x<0 >; 0) 

-2 £...t. a a~v xi(O)- a~vz 
i= 1 X j 

(k = I! 2, ... , n) (5) 

Since x'i(O) are known, from system (5) it is possible to deter
mine x'j (0). The derivatives x'" (0), x1v (0), ... are computed in 
a similar manner. 

Note that the matrix of coefficients of the higher-order deriva
tives proves to be the same all the time a~d to be equal to the 
Jacobi matrix of the functions F1 , F 2 , ••• , Fn with respect to 
the variables x1 , x2 , ••• , xn for x1 = xj01 (j = I, 2, ... , n) and 
1.=0. 

Assuming that the series (3) converge for f..== 1, we finally get 

Xi = X j ( 1 ) = X I ( 0) + X f (0) + 2
1
1 

X/ ( 0) + . . . (j = 1 , 2, ... , n) ( 6) 

A defect of the method is the complexity of the computations 
in the general case of higher-order derivatives. What is more, the 
convergence of series (6) may not be fast enough. 

When using the method, one need not assume the functions 
x ·('A) (j = 1, 2, ... , n) to be analytic; namely, in place of the 
Taylor series, one can take advantage of Taylor's formula, termi
nating the series x1 (f..) with some power t..s and estimating their 
remainders by familiar formulas (Sec. 3.4). · 
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Chapter 14 

THE INTERPOLATION OF FUNCTIONS 

14.1 FINITE DIFFERENCES OF VARIOUS ORDERS 

Suppose 

y = f (x) 

is a given function. We denot_e by t1x= h the fixed value of the __ _ 
increment in the argument (interval or spacing). Then the expres-
sion · · 

t1y == t1f (x) = f (x + t1x)- f (x) {1) 

is called the first finite difference of the function y. Finite diffe
rences of higher orders are defined in similar fashion: 

(n = 2, 3, ... ) 

For example, 

t1 2y = t1 [f (x+ t1x)-f (x)] = [f (x + 2t1x) -f (-x+ t1x)]-

- [f (x + t1x) -f (x)] = f (x + 2t1x)-2f (x+ t1x) + f (x) 

Example. Construct finite differences for the function 

P(x)=x3 

~aking the interval as t1x = 1. 

Solution. We have 

L\P(x)=(x+ l)3 -x3 =3x2 +3x+ 1, 
t12 P (X) = [ 3 (X + l ) 2 + 3 .(X + 1 ) + 1] - ( 3X2 + 3x ·+ 1 ) = 6x + 6, 
L\3P (x) = [6 (x+ 1)+ 6) -(6x+ 6) = 6, 

t1n P (x) = 0 for n > 3 

Note that the finite difference of order three of the function P(x) 
is constant. · 
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Generally, the following assertion holds true'~ if 

p n (X)= QOXn + a1Xn-I + • • • +an 

is an nth degree polynomial, then tJ.np n (x) = n! a0hn = const, where 
Llx= h. 

Indeed, we have 

LlPn (X)= Pn (x+ h)-Pn (x) = a0 [(x+ h)n-xn] + 
+a1 [(x-+h)n-I_xn- 1 ] + ... +an-I [(x+h)-h] 

Expanding the parentheses by the binomial theorem, we readily 
see that LlP n (x) ·is a polynomial· of degree n-1: 

where 

b0 = nha0 

Reasoning in a similar manner, we conclude that the second di
fference Ll 2Pn (x) is a polynomial of degree n-2: 

and 
!J.ZPn (x) =coxn-z+ctxn-3+ ... +cn-2 

C0 = (n-1) hb0 =:!_ n (n-1) h2a0 

Continuing in this manner successively, we finally establish that 

!:J.npn (x) = n!a0hn =constant 

As a corollary we obtain 

!J.spn (x) = 0 for s > n 

The symbol !J. (delta) may be regarded as an operator that 
associates the function !J.y = f (x + !J.x)- f (x) (!lx constant) with 
the function y = f (x). It is easy to verify the basic properties of 
the operator !J.: 

(1) !J. (u+v)=!J.u+Llv, 

(2) !l (Cu)=C!J.u (C constant), 

(3) tJ.m (!:J.ny) = !J.m+ny 

where m and n are nonnegative integers, and Ll 0y= y by defini
tion. 

From the formula (I) we have 

f (x+ Llx) = f (x) + !lf (x) 
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whence, regarding t1 as a symbolic multiplier, we obtain 

f (x+ ~x)=(l +L\) f (x) (2) 

Applying this relation n times in succession, we have 

(3) 

Taking advantage of the binomial formula, t> we finally derive 
fJ 

f (x + nt1x) = ~ cr;: t1mf (x) 
m=O 

(4)' 

where 
em _ n ( n- I) ... f n- ( m - I)] 
"- ml 

is the number of combinations of n elements taken m at a 
time. 

Thus, with the aid of formula (4) fhe successive values of the 
function f (x) are expressed in terms of its finite differences of vaw 
rious orders. 

Using the identity 

t1=(1+.1)-1 (5) 

and applying the binomial theorem, we obtain 

~nf (x) = [(1 + t1)-l]n f (x) =(I+ t1)n f (x)-C~ (1 + t1)n- 1f (x) + 
+ c~ (1 + t1)n-zt (x)- ... + (-1)nt (x) 

whence, by formula (3), we get 

t1nf (x) = f (x+ nt1x)-C?J [x+ (n-1) t1x] + 
+CU [x+(n-2)t1x}- ... +(-l)nf(x) (6) 

Formula (6) expresses the nthworder finite difference of the funw 
ction f (x) in terms of successive values of the function. 

Suppose f (x) has a continuous derivative t<n> (x) on the interval 
[x, x + nt1x). Then the following important formula holds true: 

where 
~nt (x) = (t1xtfl") (x + en~x)-

0<9<1 

(7) 

1> It is left to the reader to substantiate the legitimacy of using the bino
rnia I formula. 
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The easiest. way to prove (7) is by mathematical induction. 
Indeed, for n = 1 we get the mean-value theorem and, hence, 

formula (7) is true. Now, for k < n, we have 

Akf (x) = (!lx)k[<k> (x + 9' ktJ.x) 

where 
0 < 9' < 1 

Then 

f1k+1f (x) = f1k [f (x + /1x) -f (x)] = 
= (t1x)!t [t<lt> (x+ t1x+ Wkt1x) -flk• (x+ 9'kt1x)] 

Applying tha mean-value theorem to the resulting increment of the 
derivative f<k> (x), we have 

D,.k+lf (x) = (11x)kf1xf<k+l) (x + 9~k!lx + 9"~x) 
where 0 < 9" < 1. Assuming 

S'k+O" 
k+T=e 

we finally get 

f1k+lf (x) = (11x)k+1f<k+1/ (x + 9 (k + 1) 11x) 

and, obviously, 

0<9<1 

(8) 

Thus, the transition from k to k+ 1 is established and, hence, 
formula (7) is proved. 

From formula (7) we have 

rn> (x+ 8n~x) = f!nt (x) 
(~x)" 

Then, passing to the limit as ~x--+ 0 and assuming that the de
rivative rn> (x) is continuous, we obtain 

rn) (x) = lim ~nt (x)·. 
6.x-+ o (Llx)n 

Thus, for small Lix, the approximate formula 

is valid. 

f <n> (x) ,.-..../ ,tlnf (x) 
,.-..../ (~x)" 

(9) 

(10) 
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14.2 DIFFERENCE TABLE 

One often has to consider functions y = f (x) specified by tabular 
values y1= f (xi) for a set of equidistant points xdi = 0, 1, 2, ... ), 
where 

!J.x1 = x1+1 -xi= h =constant 

The finite differences of the sequence Yi are naturally defined by 
the relations 

!J.y; = Yi+t -y;, 
!J.2Y; = !J. (i1Y;) = i1Yi+l -11y;, 

/1nyi = /1 (/1n -ty;) = f1n -tyi+l -f1n-1Yi 

From the first equation we have 

Yi+l = Y;+ 11yi= (1 + 11) Yi 
whence we derive in succession 

Yi+2 = ( 1 + 11) Y;+l = (l + 11)2 Yi' 
Yt+a = (1 + 11) Yt+2 = (1 + 11)3 Y;, 

Using the binomial theorem, we obtain 

Yi+n = Yi+ CAtJ.y,+ C~i1 2Yi+ ... + !1nyi 

Conversely, we have 

or 

~nYi = [( 1 + i\) -l]nyl = (1 + L\)nyi-CA ( 1 + !J.)n-tyi+ 

+ c~ ( 1 ·+ [\ )n- 2 y i- . . . + ( -1 )n y j 

For example, 

L\2Y; = Yi+2- 2Yt+l + Yi, 

11 3Yi = Yi+a -3yi+2 + 3yi+l- Yi 

and so on. Note that to compute the nth difference tJ.nyt one has 
to know n + I terms y1, Yi+1 , ••. , Yi+n of the given sequence. 
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Finite differences of various orders are conveniently arranged in 
the form of two types of tables: a horizontal difference table (Tab
le 33) or a diagonal ditference table (T-able 34). 

X 

Xo 
xi 
Xz 
.. 
.. 

TABLE 33 

HORIZONTAL DIFFERENCE TABLE 

I y I fly I flZy I fl8y 

Yo ~Yo !J.'lyo A3yo 

Y1 !1yl !J.2yl !J.3yl 
Yz !J.yz ,!J.2y2 !J.3y2 
.. .. .. . . ... 
.. . . . .. . . '' 

TABLE 34 

DIAGONAL DIFFERENCE TABLE 

_xI y I fly I !:J.Iy' I fl'y 

Xo Yo 
!'J.:yo 

xi Y1 !J.2yo 
!J.yl ().3yo 

Xz Y2 !J.2y1 
Ay'l. 

X a Y3 

Example 1. Form a horizontal difference table for the function 

y =2x3 -2x2 +3x-l 

from the initial value X0 = 0, using h = 1 as the interval. 

(1) 

Solution. Assuming X0 = 0, X 1 = 1,. X 2 = 2, we find the correspon
ding values Yo=- I, Y1 = 2, y2 = 13, whence we get 

!J.yu = Yl-Yo = 3, 

!J.y1=y2-Y1= II, 

!J.2Yo = !.lyl- tlyo = 8 



14.2 Difference table 513 

These values are entered in the table (Table 35). Since our func
tion is a polynomial of degree three, the third difference is con-

X 

f 

0 

I 

2 

3 
4 
5 
. . 

TABLE 35 

HORIZONTAL DIFFERENCE T•ABLE 
OF THE CUBIC fUNCTION (I) 

I 
y 

I 
fly 

I 
ll~y 

I 

-1 3 8 

2 11 20 

13 31 32 

44 63 44 
107 107 56 
214 163 68 
... . . . . .. . . 

stant (see Sec. 14.1) and equal to 

~3Yi=2·3l = 12 

fl3y 

12 

12 

12 

12 
12 
12 
. . 

And so the rest of the table (Table 35) can be filled in by means 
of summation, using the formulas 

~2Yi+ 1 =~2Y;+l2 (i=O, 1, 2, ... ), 
!1y;+I = t:.y; + ~2Yi (i = 1, 2, ... ), 

Yi+l=Yi+l1Yi (i=Z, 3, ... ) 

The stepwise broken line indicates the initial data for compiling 
the table. 

Hote. Random errors of the computor may crop up when compi
ling a difference table. Let us see how the error e in the value 
of Yn · affects the values of the differences. Com pi ling the approp
riate diagonal difference table, we get Table 36. 

From Table 36 it is seen that: (1) if Yn contains an error, then 
also do the differences 

and so on; (2) errors enter the kth differences t:.ky with binomial 
coefficients of alternating sign, namely, the errors have, respecti
vely, the values 

33 9616 
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TABLE 36 

DIAGONAL DIFFERENCE TABLE OF THE CUBIC FUNCTION (IJ 

3; y ay IJ2y t/!! il"y 

,· ..... . ... """ 

.:Cn-+ !Jn-+-
!J.y,_, 

:&,,_;, !/ n·.r .de !!n-It 

fly n-.'! L1.JYn-~ 

Xn-z !J n·z lie !Jn-J Ay,.4-+ e 

~ 

A !fn·:J- 4~ 

t/ Yn-z·3e 

!:ly,.,-Ze 
~ 

Ll !Jn-2 + 6 8 

t/y,.,+ 3e 

Xn+f !/ n+f Ll "y,.,- +e 

;j !J n+f 

Xn+e !/fi+J 1!/!Jn+l 

!:. !Jn+z t/y n+! 

!/ .f/7.,.,? 

A Yn+J 

and, consequently, the absolute value. of the maximum error of 
the kth difference grows rapidly with the number of the differen
ce; (3) for each finite difference f1ky, the sum of the errors .(with 
regard for sign) is zero, while the sum of the absolute values of 
the errors is equal to J e I· 2k. Thus, even a ~light error in the va
lue of the function leads to considerable errors in high-order ·dif
ferences. Note that in the case of a diagonal difference table the 
maximum error of the differences !l.ky lies in the same horizontal 
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row as the erroneous tabular value Yn, or in the adjacent upper 
and lower rows. 

This propagation law of the e-error in difference tables makes it 
possible in certain cases to detect and locate an error and also to 
find its numerical value, thus enabling one to rectify it. 

Difference tables are ordinarily com pi led to an accuracy of some 
.fixed decimal place. If the function y=f(x) has continuous deri
vatives up to the mih order, then, given a sufficiently small in
terval h= Llx, its differences up to the mth order inclusive vary 
smoothly, and the mth difference is· nearly constant within the 
limits of the given decimal places. Any violation of this condition 
in some section of a table generally indicates a computational er
ror (if the function is without singularities). 

Having established the maximum deviation of the mth difference 
from the norm, one can locate the error in the column of values 
of the function y on the assumption that (I) the error is single 
and consists in an erroneous computation of one value of the fun
ction, and (2) no new errors were made in computing the finite 
differences. If such an error is detected in a difference table, it 
can be rectified with the aid of difference values. We show how 
this is done and for the sake of simplicity confine ourselves to 
the case of constancy of second or third differences. 

Suppose the erroneous tabular value is Yn + e, where the subscript n 
has been established and the magnitude .of the errore is unknown. 

If the third differences are practically constant, then the second 
differences form an arithmetic progression, and for this reason the 
true value of the second difference !1"2Yn-I will be equal to the 
arithmetic mean of three successive erroneous differences: 

since the terms in e cancel out. 
Using the true value of the second difference I1 2Yn-l thus found, 

it is possible to find the magnitude of the error e; namely, this 
error is equal to one-half the difference between the corrected and 
erroneous values of the difference Ll 2yn_ 1 : 

g = ~ [ !J.2 Y n -1 - ( .12 Y n -1 - 2e)] 

Then the true value of the function Yn itself can be found from 
the identity 

As a check, compute the differences once again. 
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Example l.Correct the error in Table 37. 

TABLE 37 

DIFFERENCE TABLE CONTAINING AN ERROR 

X I y 

I 
fly I fl2y 

I 
Error 

15 13.260 
884 

16 14.144 0 
884 

17 15.028 .. 0 
88'4 8 

18 15.912 (-4) 0 

} -2: 
88(0~4 

19 16. 79(2)6 (8) 0 
88(8)4 

20 17.680 (-4) 0 
884 

21 18.564 0 
884 

22 19.448 0 
884 

23 20.332 

Solution. Here, the smooth course of the second differences beco
mes most irregular for x = 19. The error affects three rows indica
ted by the brace. Let us find the arithmetic mean of the second 
difference for the middle one of the three rows 

10-3 
f1 2Yn-1 =-3- (-4+8-4) =0 

whence 
1 

E = 2 [0-- 0.008]_ =- 0.004 

Correcting the tabular value of y fgr x = 19, we get 

Yn = (Yn + e)-e = 16.792-(- 0.004) = 16.796 

After the correction, we get a table with regular variation of the 
first differences and a constant second difference (the erroneous 
digits ar~ given in brackets). Bear in mind that this method is 
good only for correcting isolated computational errors or copying 
errors. There are special "smoothing" techniques [ 1 J .designed to 
eliminate large numbers of errors that may appear for a variety 
of reasons, and also to diminish any accumulation of errors re-



14.3 Generalized power 517 

suiting from inaccuracies of the computational methods themselves 
and from rounding off intermediate results to a given number of 
decimal places. 

14.J GENERALIZED POWER 

In the sequel we will need a concept which we will call a ge
neralized power (see [ 1] where the term 'factorial' is used for this 
notion). 

Definition. The generalized nth power of a number x is a pro
duct of n factors, the first of which is equal to x, apd each sub-
sequent one is h less than the preceding: -

xrnJ = x (x:-h) (x- 2h) ... [x--(n-1) h] (I) 

where h is some fixed constant. 
The exponent of a generalized power is enclosed· in square bra

cket;;. It is agreed that xro1 = 1. 
For h = 0, the generalized power ( 1) coincides with the ordinary 

power: 

Let us compute the differences for a generalized power, assuming 
~x =h. For the first difference we have 
~xfnJ = (x+ h)fnl_xfnl = 

= (x +h) x ... [x-(n- 2) h] -x (x-h) ... [x- (n- 1). h] = 

=X (x-h) ... [x-(n-2) h] · {(x-~h)- [x-(n-1) h]} = 
= x (x-h) ... [x- (n-2) h] nh = nhxrn- 11 

that is 
(2) 

Compute the second difference: 
LlzxCnJ = t1. (t1.xrnJ) = ~ (nh~rn-Il) = nh. (n-1) hxCn-zJ= nhz (n- 1) xrn-zJ 

Thus 
t1.zxrnJ = n (n-1) hzxrn-zl 

Using the method of mathematical induction it is easy to prove 
the general formula 

~kxrnJ=n(n-1) ... [n-(k-1)] hkxrn-kJ 

where k = I , 2, ... , n. 
·It is obvious that 

t1.kxfnl = 0 for k > n 
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From formula (2) there also follows a simple formula for finite 
summation. Let 

be equally sp~ced points with interval h: 

Consider the sum 

(i=O, 1, 2, ... ) 

N-1 

S - ,~ CnJ 
N- ~X, 

f=O 

Since, by formula (2), we have 

it follows that 

Thus 

(3) 

Formula (3) is similar to the Newfon-Leibniz formula for a 
positive integral power. 

f4.4 STATEMENT OF THE PROBLEM OF INTERPOLATION 

The simplest problem of interpolation [2] consists in the follo
wing. On an interval [a, b] are specified n + 1 points X0 , x11 ••• , xn, 
called mesh points (inter pol at ion points), and the values of some 
function f (x) at these points: 

f(xo)=yo, f(xl)=yl, · · ., f(xn)=Yn (1) 

It is required to construct a function F (x) (interpolating function) 
belonging to a known class and assuming the same values at ~he 
interpolation points as f (x), that is, such that 

F (Xo) =Yo, F (xl) = Y1' · · ·' F (xn) = Yn (2) 
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Geometrically, this means that one has to find a curve y = F (x) 
of some specific type that passes through the given set of points 
Mi(xi, Yt) (i=O, 1, 2, ... )(Fig. 61). 

!I 

Fig. 61 

0 

In such a general statement, the problem can have an infinity 
of solutions or none at all. However, the problem becomes unam
biguous if in place of the arbitrary function F (x) we seek a poly
nomial Pn (x) of degree not higher than n that satisfies the condi
tions (2); that is, such that 

... ' 
The resu)ting interpolation formula 

y = F (x) 

is ordinarily used to approximate the values of the given func
tion f (x) for values of the argument X that differ from the inter
polation points. This operation is called interpolation of the func
tion f (x). We distinguish between interpolation in the narrow sense 
when x E [x0 , x"], that is the value of x is intermediate between 
x0 and Xn, and extrapolation, when x ~ [x0 , xn]. In the sequel we 
will use the term interpolation .to mean both interpolation in 
the narrow sense and extrapolation. 

14.5 NEWTON'S FIRST INTERPOLATION FORMULA 

Suppose we have a function y = f (x) and are given the values 
Yt= f (xi) for equally spaced values of the independent variable: 
xi=x0 -t-ih(i=0, 1, 2, ... , n), where his the spacing (interval). 
It is required to find a polynomial P11 (x) of degree not higher 
than n and assuming at points x1 the values 

. P"(xi)=Yi (i=O, 1, ... , n) ( 1) 

Conditions (1) are equivalent to 
11m p n (Xo) = !:J.myo 

for m = ,0, 1 , 2, ... , n. 
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Following Newton, we seek the polynomial in the form 

Pn (x) = a0 + a1 {x-xl.) + a2 (X-X0 ) (x-x1 ) + 
+a:l (x-x0 ) (~-X1 ) (X-X2) -t-
+ ... +an (x-xu) (x-xl) ... (x-xn-1) (2) 

Using the generalized power, we write expression (1) as 

P n (x) = a0 + a1 (x-x0 )r11 + a2 (x-x0 )izJ + 
+ a1 (x -x0 )rsJ + ... +an (x-x0 )rnJ (2') 

Our problem consists in determining the coefficients ai (i = 0, 1, 
2, ... , n) of the polynomial P n (x). Setting x = x0 in (2'), we 
obtain 

Pn (xu)= Yo= ao 

To find the coefficient a1 , form the first difference 

11P n (x) = a1h + 2a2 (x- X0 )r11h + 
+3a3 (X-X0 )r21 h+ ... +nan(x-x0 )rn- 11h 

Putting x = x0 in this expression, we get 

11P n (x0 ) = 11y0 = a1h 

whence 
a = t:.y(O> 

1 1 !h 

To determine the coefficient a 2 , form the second difference 

i12P,z {x) = 2!h2a2 + 2· 3h2a3 .(x-x~) 111 + 
+ .. + (n-1) nh2an (x-x0)rn-zJ 

Putting x = x0 , we get 

f1ZP n (xo) = f12Yo = 2!h2az 

whence 

Continuing this process successively, we find that 
t!Jilf 

a i = i! ·h~ ( i = 0, I , 2, . . . , n) 

where 

0! = l and /1°y= y 

Substituting the values of the coefficients ai thus found into 
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expression (2'), we get Newton's inter potation polynomial 

p { ) __ + 11Yo { )[11 + I1 2
1Jo ( )[21 + 

n X -Yo ill X-Xo 2! h2 x--Xo 

+ -t !).nyo ( )[nJ 
.. , - -lhn X-Xo (3) n. 

It is easy to see that the polynomial (3) fully satisfies the requi
rements of the problem. Indeed, firstly, the degree of the polyno
mial Pn (x) does not exceed n, secondly, 

Pn (xo) =Yo 
and 

Pn (x,J =Yo+ tlho (xk-Xo) +~/!~~ (xk-Xo) (xk -Xl)+ · · • 

!).ky ... + - 0 (xk-xo) (xk-xl) ... (xk-xk 1) = 
k! hk ~ 

=Yo+ k!J.yo + k (k2~ 1) !J.2Yo + ... + k (k-~i ... l !:J.kyo = 

= ( 1 + !J.)ky0 = Yk (k = 1, 2., ... , n) 

Note that, as h~ 0, formula (3) becomes a Taylor polynomial 
for the function y. 

Thus, 
• {lky (dky) hm - 0 = - , = y(k> (x ) 

h ... 0 hk dxk x=xo o 

Besides, clearly, 

lim {X-X
0
)rnJ = (X-X

0
)n 

h->- 0 

whence, as h-+ 0, formula (3) assumes the aspect of the Taylor 
polynomial: 

. , y<n>xo n 
Pn (x) = y (X0 ) + y (x0 ) (X-X0 ) + ... + -n-1- (X-X0 ) 

For practical use, the Newton interpolation formula (3) is ordi
narily written in a modified form. For this purpose we introduce . 
a new variable q via the formula 

X-X0 
q=-h-

Then 
(x-x0)fil (x-x0) (x-x0-h) (X-X0 - 2h) 

hi =-h-. h . h ... 

[X-X0-(i-l)h] ( 1)( 2) ( . l) 
•• . .h =q q- q- ... q-t+ 

(i= 1, 2, ... , n) 
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Putting these expressions into (3), we get 

P ( q(q-1) -~ 
n x) =Yo+ q!J.yu + - 2-1 - !J.~yu + · · · 

+ q (q-1) ... (q-n+l) An 

• · · · ri! u Yo (4) 

X-X 
where q = T is the number of steps needed to reach point x 
proceeding from point Xo. This is the final form or Newton's first 
inter pol at ion formula. t~' 

Formula {4) is conveniently used for 'interpolating a function 
y = f (X) in the neighbourhood of the initial value X0 , where ·q is 
small in absolute value. 

If we put n = 1 in (4), then we get a formula for linear inter
polation: 

Pl (x) =Yo+ q!J.yo 

For n = 2 we have the formula for parabolic interpolation: 

q (q-1) .) 
P'J (x) =Yo+ q!J.yu + 2 !J.~yo 

If we have an unlimited table of values of the function y, then 
the number n in the interpolation formula (4) may br arbitrary. 
In practice, the number n in that case is chosen so that the diffe
rence !J.ny; is a constant to a specified degree of accuracy. Any 
tabular value of the argument x can serve as the initial value xi). 

If the table of values of the function is finite, then the num
ber n is bounded, namely: n cannot be greater than the number 
of values of the function y diminished by_ unity. 

Note that--when using Newton's first interpolation formula, it 
is convenient to use a horizontal difference table, for then the 
required values of the differences of the function are found in the 
appropriate horizontal row of the. table. 

Example 1. Using a spacing of h = 0.05, construct Newton's inter
polation polynomial on the jnterval [3.5, 3.6) for the function 
y = e-' given by the table 

X 3.50 3.55 3.60 3.65 3.70 

y· 33.115 34.813 36.598 38.475 40.447 

Solution. Form a difference table (Table 38). Note that, following 
accepted practice, in the difference columns we do not indicate 
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decimal orders (which are clear from the column of differences of 
the function). Since the third differences are practically constant, 
we put n=3 in (4). Taking X0 =3.50, y0 =33.115, we will have 

or 

P3 {x) = 33.115 + 1.698q + 0.0435q (q-1) + 0.~0083q (q-1) (q-2) 

where 

I 
X 

I 

3.50 
3.55 
3.60 
3.65 
3.70 

x-3.50 
q = -0':05= 20(x-3.5) 

TABLE 38 

DIFFERENCE TABLE FOR y=ex 

y 

I 
t!y 

I 
!!2!1 

33.115 1698 87 
34.813 1785 92 
36.598 1877 95 
38.475 1972 
40.447 

I 
t!'y 

5 
3 

Example 2. Table 39 contains the values of the probability in
tegral 

X 

<D (x) = ;:~ e-x dx '/ J 2 

y J1 • 
0 

Applying Newton's first interpolation formula, we get, approxi
mately, <D ( 1.43). 

Solution. We extend Table 39 by adding differences of the func
tion y up to order three inclusive. 

For XL) we take the tabular value closest to the desired value 
x=l.43; i.e., we put x0 =1.4. Since h=0.1, then 

_ 1.43- I .4 _ O 3 q- 0.1 - . 
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TABLE 39 

DIFFERENCE TABLE FOR y=QJ(x) 

X I y I t:.y I t:;2y 

I 
t:,3y 

1.0 0.8427 375 -74 10 
1.1 0.8802 301 -64 10 
1.2 0.9103 237 -54 9 
1.3 0.9340 183 -45 9 
I .4 0.9523 138 -36 9 
1.5 0.9661 102 -27 5 
1.6 0.9763 75 -22 6 
1. 7 0.9838 53 -16 4 
1.8 0.9891 37 -12 
1.9 0.9928 25 
2.0 0.9953 

--

Substituting into (4), we obtain 

y~0.9523 + 0.3. 0.0138 + 0·
3 (02~- 1 ) ( -0.0036) + 

+ 0 ' 3 (0. 3 -3~) (0. 3- 2). 0.0009 = 0.95686 

(Tabular value: <D {1.43) = 0.9569; see Jahnke and Em de's "Funk
tionentafeln".) 

In practical. situations it is often necessary, for a function gi
ven in tabular form, to find an analyt-ic formula representing the 
tabular values of the function to a certain degree of accuracy. 
This is called an empirical formula, and the problem of constru
cting it is ambiguous. 

When constructfng an empirical formula, one has to take into 
account the general properties of the function. If it is found, from 

· a difference table, that the nth differences of the function are 
constant for equally spaced values of the argument, then one can take 
the corre-sponding first interpolation formula of Newton for the 
empirical formula. 

Example 3. Construct an empirical formula for the function y spe
cified by the table 

X 0 2 3 4 5 

y 5.2 8.0 10.4 12.4 1_~.0 15.2 
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Solution. Forming the difference table (Table 40), we see that 
the second difference is constant. 

TABLE 40 

FINITE DIFFERENCES OF THE FUNCTION y 

X 

I 
y 

I 
t!y I !!2y 

0 5.2 2.8 -0.4 
I 8.0 2.4 -0.4 
2 10.4 2.0 -0.4 
3' 12.4 1.6 -0.4 
4 14.0 1.2 
5 15.2 

Using Newton's interpolation formula in the form (3), and noting 
that h= 1, we have 

y = 5.2 + 2.8x- 0
;
4 x (x-1) 

or 
Y= 5.2+3x-0.2x2 

Example 4. Find the sum of the squares 

5,1 = P+22 + ... +nz 

of the natural numbers from 1 to n. 
Solution. We clearly have 

~5n = 5n+l -5n = (n·+ 1 )2 

whence 
~2511 =2n+3, ~35n=2 

and, thus, 5n may be sought as a trnrd-degree polynomial in n. 
To determine the differences 

~5~, ~251 

we have to compute three values: 5 17 5 2 , and 5 3 • We have 

5 1 = 1. 

and from this 

52 = 51 + 22 = 1 + 4 = 5' 
53 = 52 + 32 = 5 + 9 = 14 

~5~ = 5-I = 4, 
,152= 14-5=9, 

,1 351 = 9-4 = 5 
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and 
~3sl = 2 

Using Newton's first interpolation formula and noting that 
ri-1 1 

q=-~-=n-

we get 
Sn = l + 4 (n- 1) + 5 (n-lJ (n-2) + 2 (n~ I) (n;;-2) (n-3) 

or 
I 

Sn = 6 n (n + 1) (2n +I) 

14.6 NEWTON'S SECOND INTERPOLATION FORMULA 

Newton's first interpolation formula is inconvenient for interpo
lating functions near the end of a table. In this case, one ordi
narily takes advantage of Newton's second interpolation formula, 
which we now derive. 

Suppose we have a set of values of the function 

Yi = Y (xi) (i = 0, I, 2, ... , n) 

for equally spaced values of the argument 

xi=x0 +ih 

We construct an interpolating polynomial of the followin-g form·· 

Pn (x) = a0 + a1 (x-xn) + a2 (X-Xn) (X-Xn_ 1 ) + 
+ d3 (x-xn) (X-Xn_ 1) (x-xn_ 2 ) + ... 

. . . +an (x-xn) (x-xn-1) ... (x-xl) 

or, using the generalized power, we obtain 
p n (X)= a0 + a1 (X -Xn)fll + a2 (X-Xn_ 1 )f2 l +· 

+ aa (x-xn-~Y3l + ... +an (x-xl)rnl (1) 

Our problem is to determine the coefficients a0 , a1 , a2 , a3 , ••• , an 
so that the equations 

P n (xi)= Yt (i = 0, l, 2, ... , n) 

hold true. To -do this, it is necessary and .. sufficient that 

~i P,1 (xn _t) = tJ.tyn -i (i = 0, 1, ... , n! (2) 

Setting x = X11 in formula (1 ), we have 

p n (X n) = Y n = ao 
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and, hence, . 
ao= Yn 

Now, taking first differences of the left and right members ·of 
(1), we. have 

!J.P n (x) = a1 • 1 h + a2 • 2h (X-X11 _ 1 )r11 + 
+a3 ·3h(x-x11 _ 2 )r2~+ ... +annh(x-x1 )f11

-
11 

From this, setting x = X 11 _ 1 and having regard for relation (2), 
we get 

Hence 
I!.Yn-1 

a1=-h-

Similarly, forming the second difference of Pn (x), we get 

112P11 (x) = a22!hr + a33 · 2h2 (x-xn_ 2)r1
J< + ... 

. . . +ann (n-1) h2 (x-x1)[n- 2J 

Assuming x = Xn-:l' we find 

tl 2P n (Xn-z) = 112Yn-2 = a22!./f-
and, thus, 

. The type of regularity of the coefficients a1 is clear enough. 
Applying the method of mathematical induction, it can be de
monstrated rigorously that 

(i = 0, 1, 2, ... , n) 

Substituting these values into (I), we finally have 

P ( ) + t!.Yrz-1 ( )+f'1
2
Yn-2( )( ) 

n. X =Yn J!7l X-Xn ~ X-X11 .X-X11 _ 1 + 
... + L.\~~;; 3 (x--xn) (X-X11 _ 1 ) (x-Xn-2 ) + · · · 

+ L_\ny!O) ( ) ( ) •.. ___,----hn X -Xn ... X- Xl 
n. . 

Formula (4) is called Newton's second interpolation formula. 
introduce a more convenient form of (4). Let 

then 

X-X11 
q=-h-

x-x11 _ 1 x-x11 -th + 1 
h = h =q ' 

(3) 

(4) 

We 
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Substituting these values into (4), we get 

P ) A q(q+l) A2 

n (X = Yn + qu.Yn-1 + 2! u. Yn-2 + 

+
q(q+1)(q+2)t1 3 + +q(q+I) ... (q+n-I)t1n 

3! Yn-3 · · · n! Yo ( 4') 

This is the commonly used form of Newton's second interpola
tion formula. For approximate computations of the values of a 
function y, we put 

Y= Pn (x) 

Example 1. Given a .,.§even-place log table of values of y = log10 x 

X I y 

.. 
1000 3.0000000 
1010 3.0043214 
1020 3.0086002 
1030 3.0128372 
1040 3.0170333 
1050 3.0211893 

Find 1og10 I 044. 
Solution. Form the table of differences (Table 41 ). 

TABLE 41 

FINITE DIFFERENCES OF THE FUNCTION y = log10X 

X I 
1000 
1010 
1020 
1030 
1040 
1050 
-

Assume 

Then 

y I t!y I !!2y 

3.0000000 43 214 -426 
3.0043214 42 788 ~418 

3.0086002 42370 -409 
3.0128372 41 961 -401 
3.0170333 41 560 --
3.0211893 --

Xn = 1050 

X-·Xn 1044-1050 _
0

_
6 q=-h-= 10 

I 6_3y 

8 
9 
8 

-
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Using the underlined differences, we have, by virtue of (4'), 
log1o 1044 = 3.0211893 + ( -0.6) · 0.0041560 + 

+ (-0. 6)·(;-0 ·6 + I). 0.0000401 + 
+ (-0. 6)·(-0. 6t 1)·(-0. 6+ 2). 0.0000008 =3.0187005 

The result is correct to all the digits written. . 
Either the first or the second interpolation formula of Newton 

can be used for extrapolating the function, that is, for finding 
the values of the function y for values of the .argument x lying 
beyond the range of the table. If x < x0 and x is close to X0 , 

then it is best to use Newton's first formula; in this case 

X-Xo < 0 q=-h-

But if X> xn and X is close to xn, then it is more convenient 
to use Newton's second formula; note that 

x-x q=T>O 
Thus, Newton's first interpolation formula is ordinarily used for 
forward interpolation and backward· extrapolation, while Newton's 
second interpolation formula is used for backward interpolation and 
forward extrapolation. 

Note that, generally speaking, extrapolation is less exact than 
the operation of interpolation in the narrow sense. 

Example 2. Having a table of values of the function y=sinx 
from x--:- 15° to x = 55° at h =5° intervals, find sin 14° and sin 56°. 

X 

15° 

20° 
25° 
30° 
35° 
40° 
45° 

50° 

55° 

34 9616 

TABLE 42 

Di-FFERENCE TABLE FOR y =sin X 

I y I !!.y I 
;.,zy 

I 
0.2588 832 -26 
-- - -
0.3420 806 -32 
0.4226 774 -38 
0.5000 736 -44 
0.5736 692 -49 
0.6428 643 -54 
0.,7071 589 -57 

-
0.7660 532 

-
0.8192 
--

!!,.By 

-6 
-
-6 
-6 
-5 
-5 
-3 
-
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Solution. Form the table of differences (Table 42). We see that 
the third differences of the function y are practically constant and 
so we can confine ourselves to them. 

To compute sin 14° we assume 
X 0 = 15° and X= 14q 

whence 

Applying Newton's first interpolation formula and using the un
derlined differences, we get 

sin 14° == 0.2588 + (-0.2).·0.083? + (-0. 2~!(-1. 2) (~0.0026) + 
+ (-0. 2) (-;!· 2) (-2 ·2) (-0.0006) = 0.2419 

Tables give sin 14° = 0.24192. 
To find sin56° we put 

Xn = 55° and X= 56Q 
whence 

Applying Newton's second inter·polation formula and using the 
twice underlined differences, we get 

sin 56° = 0.8192 + 0.2 · 0.0532 + 0 
· 
2~/ ·2 

( -0.0057) + 
+ 0 

•
2

'
13!2 '

2 '2 
( -0.0003) = 0.8291 

Tables give sin 56° = 0.82904. 

14.7 TABLE OF CENT~AL DIFFERENCES 

In the construction of Newton's interpolation formulas, only 
those values of a function were used which lie on one side of the 
chosen initial value; these formulas are thus of a one-sided nature. 

In many cases, very useful are interpolation formulas that con
tain both preceding and following values of the function with respect 
to the initial vaJue. The ones most often used are those which 
contain differences located in a horizo11tal row (of a diagonal diffe
rence table of the given function) corresponding to the initial va
lues X0 and Yo or in the rows immediately adjacent to it. These 
differences t1y _1 , !1y0 , t1 2y _1 , • • • are called central difjerences 
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TABLE 43 

X y l!y t/y t/y t/'y tly t/y 

.I_~ !1-4 

!J.!J-4 

.x_$ Y-" tly_" 
/J.y_! /J.sy_~, 

/J.z !f-s 
. It 

.Z-z Y-z /J. !f-.t; 

.tl!J-z /J. s !1-,J dsiJ-+ 

x_, !f-r t/ Y-z d + !1-s 116!1-+ 

/J.y_, t/ !1-z ds !I-s 
I' 2 I' " 

";/" 1'6 
Xo !J D • _.,.1 !f-r r--... !'" .1 !1-z " A A IJ-:s 

11JJo t:/y_, t/ Y-z 

::c, y, l!z Yo d * !1-r ·!l Y-z 

fly, f/ !fo .::is !J-r 

Xz !h ~z !Jr t/yo 

tJy2 flJ !Jr 

x" !J~ t/ Yz 

!J!h 

.x4 !l~t 

(Table 43), where 

Xi=x0 +ih {i=O, ±1, +2,· ... ,), Yi=f(xi), 
!1yi=Yi+l-Yi 11 2Yi=!1yi+·l-!1yi, etc. 

The corresponding interpolation formulas are called central-difference 
formulas and include the formulas of Gauss, Stirling, and Bessel [3]. 

14.8 GAUSSIAN INTERPOLATION FORMULAS 

Let us first derive the Gaussian interpolation formulas. 
Suppose we have 2n + 1 equally spaced points 

where 
!J.xi = xi+1 - xi= h =constant (i=-n, -(n-1); ... , n-1) 
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and we know the values of the function y = f (x) at these points: 
Yi=f(xi) (i=O, +1, ... , +n) 

It is required to construct a polynomial P (x) of degree not exceed
ing 2n such that 

P(xi)=y1 · for i=O, +1, ... , ±n 

From this condition it follows that 

!).kp (xi)= tJ.kyi (1) 

for all corresponding values of i and k. 
We will seek this polynomial in the form 

P (x) = a0 +- a1 (x-x0 ) + a2 (x-x0 ) (X-X1 ) + 
+ a3 (x--x_ 1) (X-X0 ) (X-X1 )+a4 (x-x _1) (x-x0 ) (x-x1 ) (x-x 2)+ 

+a5 (x-x_ 2 ) (x-x_ 1 ) (x-x0 ) (x-x1 ) (x-x2 ) + ... 

. . . +a~m- 1 (x--x_<n-o)· .. (x-x_ 1 ) (x-x0 ) (X-X1 ) ••• 

. . . (x-xn_ 1 ) + azn (x-x_<n-v) ... (x-x_ 1 ) (x-x0 ) (x-x1 ) .•• 

. .'. (x-xn_ 1 ) (x--xn) (2) 

Introducing ge11eralized powers, we obtain 
P (x) = a0 + a1 (x-x0)[ 1 J + a2 (x-x0 )(zl + a3 (x-x_ 1 )C~J + 

+ a4 (X-X_l)(4) +. • • + azn-l (X-X_(n-l))[Zn-1] + 
+azn (x-x_<~-u)Lzn] (3)" 

If, in computing. the coefficients ai (i = 0, 1, 2, ... , 2n), we apply 
the same technique as in the derivation of the Newton interpolation 
formulas and take into account ( 1), we then get succ_essively 

Furthermore, introducing the variable 
X-X0 q=-h-

apd making an appropriate change in formula (3), we get Gauss' 
first inter pol at ion formula: 

p (X) = Yo + q t1yo + q ( q 2~ 1) t1_2 Y -1 + ( q + 1) ~! ( q- 1) !).3 Y -1 + 
+ (q+ 1) q (q4~ 1) (q-2) L14Y-z+ (q+2) (q+1)sf (q-1)(q-2) ~5Y-z+· .. 

+ (q+n-1) .. . (q-n+ 1) ~zn-I + (q+n-1) ... (q-n) t1 2rz ( 4) 
• • · (2n-l)l Y-<n- 1 > (2n)! Y-n 
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or, more briefly, . 
q[2) I (q+ 1)[3) 3 (q+ l)f<l] .4 

P (x) =Yo+ q!'::..yo +2! !'12Y-1 --r-3-1 - d Y-1 + - 4-!- d Y-z+ · · · + 
(q+n-1)[2n-l) m- 1 (q+n-1)[2nl ?n (

4
') 

+ (2n-1)! t1- Y-(n-u+ (2n)! t1- Y-n 

where x = x0 + qh and qrmJ = q (q-I) ... [q-(m-I )] . 
The first interpolation formula of Gauss contains the central 

differences 

. t1yo, d 2Y-1• !'::..
3Y-1• t1 4Y-z• d 5Y-z• d 6Y-3 

(see Table 43 where these· differences form the lower broken row 
indicated by the arrows). In a similar manner we can obtain Gauss' 
second inter pol at ion formula which contains the central differences 

/J.y -1' f1Zy -1' /'::..
3y -21 f1 4Y -2• d 5Y -31 d 6 Y -3• · · • 

(in Tab~e 43 these differences· form the upper broken row indicated 
by the arrows). 

Gauss' second interpolation formula. is of the form 

P(x)=Yo+qt1y_1 +(q~/)q d 2Y-1 +(q+IJ3~(q-l) d 3Y-
2
-t-

+ (q+2) (q-1~!1) q (q-1) d<lY-z + ... + 

+ ( q + n- I) ... ( q - n + 1) .1zn -1 + 
(2n-l)! Y-n 

+ (q+n)(q+n-l) ... (q-n+l) t1~w 
(2n)! Y -n 

or, more compactly, 

(5) 

__L_ (q-+ J)C2l 2 (q+I)l3l 3 (q+2)r41' 4 
P(x)=y,J+qt1y_1, 21 t1y-1+ 31 dY-z+ 41 t1Y-z+ ... 

+ 
(q+n-1)[2n-1J t:12'1-1y + (q+n)[2:ll t12rty (5') 

(2n -l)t -n (2n)! -n 

where 
X=X0 -t-qh 

14.9· STIRLING'S INTERPOLATION FORMULA 

Taking the arithmetic mean of the first and second interpolation 
formulas of Gauss {4) and {5) of S_ec. 14.8, we get Stirling's formula 
P( )= + .~Y-1+dYo+rt._"2 +q(q2 -1 2).d3Y-z+~3Y-1+ 

X Yo q 2 2 u Y -1 3! 2 

q2(q2-J2) 
4 

q(q2-JZ)(q2-22) d5y_ 3 +~5y_ 2 + 4! d y- 2 + 5! • 2 + 
qz (qz-!Z) (q2-22) · 

6 +- 6! t1y_3+··· 
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+ q(q"-- P)(q2-22)(q2 -3:3) ... [q2-~- (n -l )~] . d2n-1Y-n+d2n-1y_(n-l) + 
- (2n-1)! 2 

qZ(qZ-12)(q2-22) ... [qZ-(n-1)z1 ~~~ 
+ (2n)! - t1 Y-n 

where 
X-X0 q=-h-

It is easy to see that 
P ( x ,) = y i for i = 0, + 1 , ... , + n 

14.10 BESSEL'S INTERPOLATION FORMULA 
, . 

In addition to Stirling's formula, frequent use is made of Bes~ 
sel's formula. To derive this formula we take· advantage of Gauss' 
second interpolation formula (5) (see Sec. 14.8). 

We take 2n + 1 equally spaced points 

with spacing h: let 

Y; = f (x;) (i = -n, ... , n + 1) 

be the given values of the function y = f (x). 
If we take x = x0 and y = Yu for the initial values, then, using 

the points xk (k = 0, ±I, ... , ±n), we have 

P(x) =Yo+qt1y_1+ (q~!1) q t12y_l + (q+ l)j!(q-1) t1ay_2+ 

+(q+2)(q~/) q(q-1) i14Y-2+· . . + 
_ + (q+n-l) ... (q-n+1) t1Zn-I +(q+n)(q+n-1) ... (q-n+l) ~zn (l) 

(2n-1)! Y-n (2n)! Y-n 

Now take x = x1 and y = y1 for the ini tl al values and use the 
points X1 +k (k = 0, ± 1, ... , +n). Then 

x-x1 _ x-x0 -h _ I 
-h-- h -q-

and, corr~spondingly, the indices of all the differences in the right 
. member of (1) will increase by unity. Replacing q by q-1 in the 

right member of ( 1) and increasing the indices of all differences 
by 1, we get an auxiliary interpolation formula: 

P(x) = Yl + (q-1) dYo + q (q2~ 1) dzyo + 

+q(q-J)(q-2) A3y + (q+J)q(q-1)(q-2) d4tJ + 
3! u -1 4! t"-1 
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+ 
(q-f-l)q(q-1)(q-2) (q-3) i\ 5y + 

51 u -2 .•• 

+ 
(q+n-2} .. . (q-n) 1'1 2,1 _ 1 +. (q+n-l) ... (q-n) d:m • (2) 

•.. (2n-·l)l Y-ln-1) (2n)! Y-<n-1) 

Taking the arithmetic mean of (2) and ( 4) of Sec. 14.8, we get 
(after some simple manipulations) the Bessel interpolation_ formula 

p (x) = YotY1 + ( q-+) dYo + q (q:; I) • ~
2

Y-1:~
2

Yo + 

( q-_!_) q (q-1) 

+ 
2 A3 +q(q-l)(q+1)(q-2) .d4y_2+A4y_1+ 

3! u y - 1 4! 2 

(q_:_{) q(q-1)(q+l)(q-2) 

+ 5! l1_5Y-2+ 

+q(q-I)(q+l)(q-2)(q+2)(q-3). ~6Y- 3 +d6Y- 2 + 
6! 2 .•• 

+ 
q (q-1) (q+ 1) (q-2) (q+2) .. . (q-n) (q+n-1). 

• · · (2n)! 
~2nY-n+L\ 2nY-n+1 · 

• 2 --j-. 

( q-{- )q(q-1) (q+l) (q-2) (q+2) .. . (q-n) (q+n--1) ~zn+I (
3

) 
· (2n+ I)! · Y-n 

where 
X-X0 q=-h-

The Bessel interpolation formula (3), as follows from its deriva· 
tion, is a polynomial that coincides with the given function 
y ~ f (x) in 2n'+ I points 

in the particular case of n = 1, we have, neglecting the difference 
d 3y _11 Be-ssel's formula for parabolic inter potation: 

P( )_Yn+Yo+AYn +( _2._\d +q(q-1) .l1Yn-AY-1+!1y1-l1Yo 
X - 2 q 2) Yo 2 2 

or 
P (x) =Yo+ q L1yo-q1 {dy1- dy_l) 

where 
. q(l-q) 

ql = 4 

In Bessel's formula, all terms containing o_dd differences have 

the multiplier q-+; therefore, when q = +, formula (3) is sub-
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stanti ally simp I ified: 

This special case of the Bessel formula is called the formula for 
interpolating to halves. U in the Bessel formula (3) we change 

the variable using the formula q --} = p, then it takes on a more 

symmetri.c aspect: 

p (x) = Yot!lt + P ~Yo+ (P' ~+) . t-.•y_,it-.'y, + 

where p=+(x-xotx1
). 

14.11 GENERAL DESCRIPTION OF INTERPOl.ATION 
FORMULAS WITH CONSTANT INTERVAL 

In a general characterization of interpolation formulas, note 
the fo] lowing: when constructing the Newton interpolation formu
las, either the first or the last interpolation point is chosen as 
th~ initial value x0 ; for central formulas of interpolation, a mid
point is taken for the initial value. The scheme given below 
(Table 44) illustra.tes the differences used in the .basic interpola
tion formulas; for ihe purpose of convenience in sur'veying the 
table, the numbering of the indices has been changed in Newton's 
second interpolation formula. 



14.11 Interpolation formulas with constant interval 537 

TABLE 44 

X !J L1y t/y .t13 y L1"y R~mtirks 

lfewton's 2nd 
A f'ormuta 

L12 !J-.J * .,. 
X-z !J-z .#'.1 !J-• 

L1 !f-z 
.13 / 

.- Y-3 
.z_, !1-t 

.12 / Y-z 1.1* Y-.1 

.tly_l.,.....,. dJ Y-2 

Xo Yo~ f"""J .:12 !J-, t il:~ f-- .'Jtlrting 's 

~--=-
-t-

• • ·'J f'ormuta 

~d.l/ 0 - I -Lly_l_ --L-~ !Jesset's 
v 

r--:r--- ·-· forma La 
""Jz 11* !J-t x, !ft !Jo 

A!Jt --~,f Yo 

Xz !/z ~2 !Jr "-::\..11" !Jo 

11y;; t/y, ...... 
~Newton~ 

IJ/yz L1"Jr 
· !sf formuLa 

x.1 !h 

A more detailed examination of the interpolation formulas shows 
that it is advisable to use Stirling's formula for I q I~ 0.25 and 
Bessel's formula for 0.25 ~ q ~ 0. 75. The first and second Newton 
interpolation formulas are used to advantage when the ·interpola
tion is performed at the beginning or, respectively, at the end of 
a table and the needed central differences ~re lacking (4]_. 

Example 1. The values of the probability integral [3] 
X 

2 r 2 

<I> ( x) = V n J e-x dx 
0 

are given in Table 45. Find <D (0.5437). 
Solution. We supplement Table 45 with finite differences of the 

given function y = <D (x). Taking X0 = 0.54 and x = 0.5437, we have 

X-X0 0.'5437--0.54 
q=~= 0.01 0.37 

Since ! < q < ! , we use Bessel's formula (3') to get 

I 
p=q~2=0.37 -0.50 =- 0.13 
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TABLE 45 

TABLE OF DIFFERENCES OF THE FUNCTION .II= OJ (x) 

X 

I 
y 

I 
fly 

I 
fl2y 

I 
fl3y 

:~· 

0.51 0.5292437 86550 -896 -7 
0.52 0.5378987 85654 -903 -7 
0.53 0.5464641 84751 -910 -7 

- -
0.54 0.5549392 83841 -917 -6 

-- -
0.55 0.5633233 82924 -923 
0.56 0.5716157 82001 
0.57 0.5798158 

whence, using the underlined differences, we obtain 

<D (0.5437) = 0.5549392+0.5633233 +(-0.13) 0.0083841 + 
2 

+ 0.0169-0.25 • -0.0000910-0.0000917 + 
2 2 

+ -0.13 (0.~169-0 .25) • ( -0.0000007) = 

= 0. 55913125- 0. 00 I 08993 + 0. 0000 1065 = 0. 5580520 

Example 2. Having Table 46 of the values of the complete ellip
tic integral 

find K (78°30'). 

Solution. Put X0 =78°, h= 1°, X= 78°30', whence q=0.5. If we 
take advantage of Bessel's formu Ia for interpolating to halves, 
then, confining oursPlves to fifth differences, we have 

K (78°30') = 2.97857 + o.s. 8316 .Jo-r.-

- o.I25. 
715i 850

. I o-r. +0.023437. 32t 40 • I o-r.= 

= 2.97857 -0.04158-0.000978+ 0.000008 = 3.019180 
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TABLE 46 

VALUES OF THE COMPLETE ELLIPTIC INTEGRAL K (ex) 

ex 

I 
K (ex) 

I 
llK 

I 
ll 2 K I ll 3 K 

I 
!!.4K I 6'K I 

ll 6K 

75° 2.76806 
6461 

76° 2.83267 528 
6989 84 

1r 2.90256 612 19 
~ 

7601 103 13 
78° 2.97857 715 32 -5 - 8316 135 8 
79° 3.06173 850 40 18 

9166 175 26 
80° 3.15339 1025 66 -1 

10191 241 25 
81° 3.25530 1266 91 43 

11457 332 68 
82° 3.36987 1598 159 

13055 491 
83° 3.50042 2089 

15144 

84° 3.65186 
I 

Now apply Stirling's formula by way of q comparison: 

K (78°30') = 2.97857 + 0.5 
7601 t 8316

. Io-s + 

+O.l25715·I0- 5 -0.0625.
103t 135 

• I0- 5 -0.0078.32-I0- 5 + 
+ o.oti7. 

13i 8 
• I o-r;= 2.97857 + o.039792 + 

+ 0. 000894-0.00007 4-0.000002 + 0. 00000 1 = 3. 01918 I 

t 4. t 2 LAGRANGE'S INTERPOLATION FORMULA 

The interpolation formulas derived in the preceding sectivns are 
only suitable for equally spaced points. A more general formula, 
called Lagrange's interpolation formula, is used for arbitrarily 
specified points. 

Let there be given, on an interval [a, b], n + 1 distinct values 
of the argument: x0 , X1 , X 2 , .••• , Xn and let the corresponding 
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values of the function y = f (x) be known: 

It is required to construct a polynomial Ln (x) of degree not ex
ceeding n having at the specified points X0 , X 11 ••• J xn the same 
values as the function f (x), that is, such that 

(i =OJ I J 2J •.. J n) , 

(Fig~ 62a). 

Fig. 6la 

Let us first solve a particular problem: we construct a polyno
mial Pi (x) such ~hat 

(Fig. 62b). 

Fig. 6lb 
0 

These conditions can be written compactly thus: 
f I if j = iJ 

pdxj) = 6ii = l 0 if j =I= i 

where Bu is the Kronecker delta. 

(1) 
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Since the desired polynomial vanishes at n points x0 , xl' ... ' 
xi-n xi+u ... , xn, it has the form 

Pi (x) = ci (x-xo) (x-xl) ... (x-xi-1) (X-Xit-1) ... (x-xn) (2) 

where C1 is a constant coefficient. Setting x =xi in formula (2) 
and noting that pi (xi)= 1, we get 

Ci (xi-Xo) (xi-X1 ) 

whence 

c.= I 
1 (xi-Xo) (xi-X 1 ) ••• (Xi-Xi- 1 ) (Xi-Xi+ 1 ). •• (X[-Xn) 

Putting this value in formula (2), we have 

·(X)= (x-x 0 ) (x-x1 ) ... (X-Xi_ 1 ) (X-Xi+ 1 ) ... (X-Xn) 
Pz (xi-Xo) (xi- \ 1 ) ... (xi-Xi- 1 ) (xi-Xf+ 1) ••• (xi-Xn) 

(3) 

Let us now take up the solution of the general problem: to find 
a polynomial Ln (x) that satisfies the above-indicated conditions 
Ln (xJ = Yi· 

This polynomial is of the form 
n 

Ln(x)= ~ Pi(x)yi (4) 
i= 0 

Indeed, firstly, it is clear that the degree of the polynomial 
Ln (x) thus constructed is not higher than n and, secondly, by 
virtue of Condition (1) we have 

n 

Ln (xj) = .1: pdx;) Yi = P; (xJ) YJ = YJ 
t==O 

(j=O, 1, ... , n) 

Substituting the value p1 (x) from (3) into (4), we obtain 

n (x-X 0 ) (x-x1 ) ... (X-X[- 1 ) (x~-Xi+l) · · · (X-Xn) 
Ln (x) .= LYi (X[-Xo) (X[-X1 ) ••• (xi-Xf- 1) (xi-Xf+I) ... (Xf-Xn) (5) 

i=O 

This is Lagrange's interpolation formula. 
We will prove the uniqueness of the Lagrange polynomial. 
Assume the contrary. 
Let [n (x) be a polynomial djstinct from Ln (x) of degree not 

exceeding n and such that 

[n (xi)= Yi 

Then the polynomial 

(i = 0, I, ... , n) 
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whose degree clearly does not exceed n, vanishes at n + 1 points 
X0 , X 1 , X2 , ••• , Xn; thus 

Hence 
Qn (x) == 0 

Ln (x) == Ln (x) 

From this it follows, for one thing, that if the points are equally 
spaced, then the Lagrange interpolation polynomial coincides with 
the corresponding Newton interpolation polynomial., 

It will be noted that, in general, all the above-constructed 
interpolation formulas are obtained from the Lagrange interpola
tion formula for an appropriate choice of points. 

The Lagrange formula (5) may be written compactly if we intro
duce the following designation: 

I1 11 +2 (x) = (x-x0 ) (x-x1 ) ••• (x-x,J 

Differentiating this product with respect to x, we get 
n 

(6) ' 

ll~+I{x) = ~ (x-X0 ) (x-x1 ) ••• (x-xj_ 1 ) (x-xj+l) ... (x-xn) 
i= 0 

Putting _x =xi (i = 0, 1, 2, ... , n), we have 

n~+l (xJ= (xi-Xo) (xi -X1) .... (xi- Xi -1) (Xi-Xi+l) ... (xi-Xo) (7) 

Putting (6) and (7) into formula (5), we obtain 
n 

Ln (x) = nn+l (x) ~ I Yi 
~ Dn+I (x·) (x-x·) 
J=O t t 

(5') 

It is worth noting that the Lagrange formula (unlike the earlier 
interpolation formulas) contains Yi explicitly, which is sometimes 
very important. 

Let us consider two special cases of Lagrange's interpolation 
polynomial. 

For n = I we have two points and the Lagrange formula is 
then the equation of a straight I ine y = L1 (x) passing through the 
two given points: 

x-b x-a 
y= a-bYo+ b-aYI 

where a, b are the abscissas of these points. 
For n = 2 we get the equation of the parabola y = L

2 
(x) passing 

through three points: · 
_ (x-b) (x--c) 1 (x-a) (x-c) (x-a) (x-b) 

Y- (a-b) (a-· c) Yo 1 (b-a) (b -c) Y1 + (c-a) (c -b) Ya 

where· a, b, c are the abscissas of the given points. 
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Example 1. Construct the Lagrange interpolation polynomial for 
the function y =sin nx, choosing the points 

1 1 
Xo= 0, xl =6, X2=2 

Solution. Compute the corresponding values of the fundion: 

0 . :rt I . :n: I 
Yo= ' Yl =-= sm 6 = 2 ' y2 = sm 2 = 

Applying formula (5), we get 

(x-~)(x-{) x(x-+) 1 x(x-{) 
L 2 (x) = (-__!__) (-__!__) ·O+ ~(_!_ _ _I_)- ·2 + _!_ ('__!__ _ _l_) ·I 

6 2 6 6 2 2 2 6 
or 

7 
L2 (X) = 2 x--3x2 

Example 1. Given a table of the values of the function Y= f (x) [3]: 

X y 

321.0 2.50651 
322.8 2.50893 
324.2 2.51081 
325.0 2.51188 

Compute the value of f (323.5). 

Solution. Put x = 323.5, n = 3. Then by formula (5) we have 

f (323 5) = (323.5-322. 8) (323 .5-324.2) (323.5-325.0). 2 50651 + 
. (321-322.8) (32!-324.2) (321-325) . 

+ (323.5-321) (32-3.5-324.2) (323.5-325). 2 50893 + 
(322.8-321) (322.8-324.2) (322.8-325) . 

+ (323.5-321) (323.5-322.8) (323.5--325). 2 51081 + 
(324.2-321) (324.2-322.8) (324,2-325) 0 

I 

+ (323.5-321) (323.5-322.8) (323.5-324.2). 2 51188-
(325--:-321) (325-322.~) (325-324.2) . -

= -'0.07996 + 1.18794 + 1.83897-0.43708 = 2.50987 

*14.13 COMPUTING LAGRANGIAN COEFFICIENTS 

We give here a scheme ·for simplified computation of the coef
ficients of Yi (i = 0, 1, 2, ... , n) in the Lagrange formula, the 
so-called Lagrangian coefficients 

L<m (x)== _(x-xu)(:\:-·Xl). · .(~-Xj-t) (x-x.i+l)- .. (x-x71 ) 

I (Xi-Xo) (Xi-Xt)· ·:(.\:i·--Xi-d (Xi-Xi+I). · .(Xi-Xn) 
(I) 



544 Ch. 14. The Interpolation of Functions 

or, in a more compact not at ion, 

where 

L}n> (x) =. IIn+ 1, (x) 
(x- xi) Tin+l (xi) 

rrn+l (x)= (x~xo)· .. (x-x,J 

The Lagrange formula then has the form 

n 

Ln (x) = ~ LJ.n> (x) Yt 
i=O 

(2) 

It is to 'be noted that the form of the Lagrangian coefficients is 
invariant under an integral linear substitution x =at+ b (a, b con
stants and a not zero). Indeed, putting 

x=at+b. xi=ati+b (j=O, 1, ... , n) 

in formula /( 1) we get, after cancelling an from numerator and 
denominator, 

Lt> ·(t)= (t-to) (t-tl) .. . (t-ti-1) (t-ti+d· .. (t-tn) (3) 
(ti- to) (t i- t1) · · · (ti- ti -1) Ui- ti +1) ·. · (ti- tn) 

or 

where 
IIn+1 (t) = (t- fo) (t-tl) ... (t- f~) 

which completes the proof. 

(3') 

Lagrangian coefficients are conveniently computed (especially 
by computing machines) by the scheme given below. First enter 
the differences as follows: 

X-X0 Xo-Xl Xo-X2 Xo-Xn 

Xl-Xo x-x1 xl-xz .. Xl-Xn 

Xz-Xo Xz-Xl X-X __ 2 X~--Xn (*) . . . . 
Xn-Xo Xn-Xl Xn-Xz .. X-Xn 

Denote the product of the elements of. the first row by D0 , of the 
second row by D1 , and so on. Then the product of the elements 
of the principal diagonal (these elements are underlined in the 
accompanying scheme) will obviously be IIn+l (x), whence it follows 
that 

{i=O, 1, ... , n) (4) 
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Hence 
n 

Ln (xr= IIn+1 (x) L fji 
l=O 

(5) 

The Lagrangian coefficients can be reduced to a sim.pler form .' 
in the case of equally spaced points. 

Setting 
X=X0 + th 

we have 

whence 
Dn+l (t)=t (t-1) (t-2) .. . (t-n) 

and 
IT~+l(i)=(-It- 1 il (n-i)! 

Substituting these expressions in formula {3'), we get 

where 

whence 

where 

L~m (t) =~ D (t)· (-l)n-z c'n 
' nl n+l t-i. (i=O, 1, ... , n) 

Ct n! 
n = i! (n-i) 1 

Ln (x) = ~~ IIn+1 (t) ± (-l)n-i t dni Yt 
i==O 

t-~ - h 

(6) 

(7) 

In the case of a constant interval h, the problem of interpola~ 
tion is further simplified by the fact that tables of Lagrangian 
coefficients are available (see [5)) so that actually all the compu~ 
tat ions reduce to multi plying the tabulated coefficients by the 
appropriate values of the function Yi followed by a summation. 

Example 1. For the function y = y (x) we have the table . 

X 1 0.05 1 0.15 1 0.20 1 0.25 1 0.35 1 0.40 1 0.50 1 0.55 

I j 

y 0.95121 0.8607 0.8187 0.7788 0.7047 0.6703 0.6065 0.5769 
t 1 3 4 5 7 8 10 11 

Find y (0.45). 

35 9616 
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Solution. To simplify computations we set 

X= 0.05t 

Then the values of the new variable t corresponding to the inter
polation points will be 1, 3, 4, 5, 7, 8, 10. II. We have to find 
the value of y for x = 0.45; that is, for t = 9. Putting t = ti 
(i = 0, 1, ... , 7), we arrange the computations as given in the 
scheme in Table 47. 

TABLE 47 

COMPUTATIONAL SCHEME FOR LAGRANGIAN COEFFICrENTS 

i I 
fi- tj 

I Dt I I 
Yi 

(j-:l=i) Y; Di 

0 18 1 -2 -3 -4 -6 -7 -9 -10 -725760 0.9512 -0.0131.}0-4 

I 2 /61 -1 -2 -4 -5 -7 -8 26880 0.8607 0. 3202 . 10- 4 

2 3 1 !51 -1 -3 -4 -6 -7 -7560 0.8187 -1.0829 · I0- 4 

3 4 ·2 1 ! 4/ -2 -3 -5 -6 5760 0.7788 l. 3520 ·10- 'l 

4 6 4 3 2 /21 -1 -3 -4 -3456 0.7047 -2.0390.10-4 

5 7 5 4 3 1 III -2 -3 2520 0.6703 2 . 6530 . 1 0- 4 

6 9 7 6 5 3 2 I-II -1 11340 0.6065 0 . 5348 . 10- 4 

7 10 s 7 6 4 3 I I 2/ -80640 0.5769 -0 . 0715 . 1 0- ·1 

II (9) = 3840 S = I . 6535 . 10- 4 

whence 
i=7 

y (0.45) =II (9) L ~i =II (9) .s = 3840 · 1.6535 · 10_,. = 0.6349 
i~o 

·Example 2. The funchon y =cos x is given by the table (5] 

X I 5.0 
I 

5.1 
I 

5.2 
I 

5.3 

y 

I 
0.283662185 

I 
0.377977743 

I 
0.468516671 

I 
0.554374336 

t 0 1 2 3 

X 

I 
5.4 

I 
5.5 ! 5.6 

I 
5.7 

I 
y 

I 
0.634692876 

I 
0. 708613977 4 

I 
0.775565879 

I 
.0.834712785 

t 4 5 6 7 

Find cos 5.347. 
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solution. Make a change of variable by the formula 

X= 0.1t + 5 

Then the values of the variable t corresponding to the interpola
tion points will be 0, 1, 2, 3, 4, 5, 6, 7 and the desired value 
x=5.347 will become t=3.47. Noting that t.he points ti=i 
(i = 0, 1, ... , 7) are equally spaced, the computations can be 
caJ;ried out by the indicated scheme (see Table 48). . 

i I 
0 
1 
2 

3 
4 
5 
6 
7 

TABLE 48 

COMPUTATIONAL SCHEME OF LAGRANGIAN COEFFICIENTS 
FOR EQUALLY SPACED POINTS 

Xi I Yi I t-i· I (-1)7-ic; I (-I>7-tci ~ . 7 t-t 

5.0 0.283662185 3.47 -1 -0.08174702 
5.1 0.377977743 2.47 7 1.07119198 
5.2 0.468516671 1.47 -21 -6.69309530 

5.3 0.554374336 0.47 35 41.28319523 
5.4 0 . 634692876 ' -0.53 -35 41.91368048 
q.5 0.708669774 -1.53 21 -9.72684003 
5.6 0.775565879 -2.53 -7 2.14583444 
5.7 0.834712785 -3.53 1 -0.23646254 

II = 42. 88487 49 s = 69.67575724 

From Table 48 we have 
7 

n (3.47) = n (3.47 -i) = 42.8848749 
i=O 

and 
7 

S= L(-1)7 -iC~ 3.4~i_-y= 69.67575724 
i=O 

On the basis of formula (7) we get 
I 

cos 5.347 = 7!. n (3.47). s = 0.592864312 

14.14 ERROR ESTIMATE OF LAGRANGE'S INTERPOLATION 
FORMULA 

In Sec 14.12, for the function y = f (x) we constructed the Lag
range interpolation polynomial Ln (x), which assumes at the points 
X0 , X1, ... ,· X

11 
the given values 

Yo=f(xo), Y1=f(x1)~ ..• , Yn=f(xn) 
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·The question arises as to how close the constructed polynomial 
approaches the function f (x) at other points, that is, as to how 
great is the remainder term 

Rn (x) = f (x)~Ln (x) 

To determine this degree of approximation we impose additio
.na I restrictions on the function y = f (x), namely, we will assume 
that in the range under consideration, a~x~b, which contains 

. the points of interpolation, .the function f (x) ·has all derivatives 
f' (x), f" (x), ... , fln+t) (x) up to the (n + l)th order inclusive. 

\Ve introduc~ an auxiliary function 

u (x) = f (x.) -Ln (x)-kiin+l (x) (1) 
where 

iln+l (X)= (X-X0 ) (X-X1 ) ••• (X-Xn) 

and !c is a constant coefficient which will be chosen below. 
The function u (x) obviously has n -1- 1 roots at the points 

Nmv choose the coefficient k so that u (x) has an (n + 2)th root at 
any (fixed) point x of the interval [a, b], which point does not 
coincide with the point;; of interpolation (Fig. 63). For this it 

!/ 

Fig. 63 0 

suffices to put 

f (x)- Ln (x)-kiin+l (~) = o 
whence, since nn+l (x) =I= 0, 

k = t (X)-Ln {x) (2) 
Tin+l(x) 

For this value of the factor k, the function u (x) has n + 2 roots in 
tbe interval [a, b] and will vanish at. the endpoints of each of 
the intervals 

[xc, xi}, (x1 , X~J, ... , [x1 , x'1, (x, Xi+t], . · . , (xn-P Xn] 
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Applying Rolle's theorem to each of these intervals, we see that 
the derivative u' (x) has at least n + 1 roots in the interval la, bJ. 
Applying Rolle's theorem, to the derivative u' (x), we see that the 
second derivative u" (x) vanishes no less than n times on the inter
val [a, b]. 

Continuing~ this reasoning, we conclude that on the interval 
[a, b] under consideration, the derivative u<n+I> (x) has at least
one zero, which we denote by 6; thus, l4.~n+l! (6) = 0. 

From formula ( 1 ), since 
Lhn+l> (x) == 0 and TI~~i 1 ) (x) = (n + 1) !, 

we have 
u<n+u (x) = f<n+I> (x)-k (n + 1) l 

For x =-6 we obtain 

whence 
0= f<n+l) (6)-/~ (n + 1) !· 

f<n +1) (~) 

k= (n+I)! 

Comparing the right members of (2) and (3), we have 

Thus 

t (x)-Ln (x) 
II';;+ 1 (x) 

f<n+ 1) (£) 
(n+ 1)! 

(3) 

- - J<n+I) (~) -
f(x)-Ln(x)= (n+I)l I1n+ 1 (x) (4) 

Since x is arbitrary, formula (4) may be written thus 
_ _ f<n+l) (£) 

Rn(x)-f(x)-Ln(x)- (n+t)! TI_,J+ 1 (x) (5) . 

where 6 depends on x and lies inside the interval [a, b] .. 
Note that (5) is valid for all points of [a, b] including. the 

points of interpolation. , 
Denoting 

Mn+ 1 = max I f(n+IJ (x) I 
a<,x<,b 

we obtain the following estimate for the absolute error in the 
Lagrange interpolation formula: 

I Rn (x) I= If (x)-Ln (x) I::( (~f-+r\t llln+l (x) J (6) 

where 
(6') 
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Example. To what degree of accuracy can we calculate VTTS by 
means of Lagrange's interpolation formula for the function y = Vx 
if we choose the interpo.lation points X0 = 100, x1 = 121, x2 = 144? 

Solution. W.e have 

1 _ _!_ 
Y' =-X Z 

2 ' 

I _2_ 

Y"= --X Z 
4 ' 

5 
,, 3 ·-z-

y =sx 

whence 
3 1 3 . 

M =maxjy"'l=-· =-·10-& for IOO~x~144. 
s . 8 fJOO& 8 

On the basis of formula (6) we obtain 

lR 2 1~ ~ ·lo-s.;11(115-100) (115-121)(115-144)1= 

1 = T6. 1 0- [) . 15 . 6 . 29 ~ 1. 6 . 1 0-3 

14.15 ERROR ESTIMATES OF NEWTON'S 
INTERPOLATION FORMULAS 

If the points X0 , x1 , ••• , xn are equally spaced, and 

x1+ 1 -Xi=h (i=O, 1, 2, ... , n-1) 

then, putting 
X-X 0 q=-h-

we obtain, on the basis of (5) of Sec. 14.14, the remainder term 
of Newton's first interpolation formula: 

R (x)=h'l+l, q(q-J) ... (q-n) f":+l> (~) (1) 
n (n+l)! 

where; is a value intermediate between the'abscissas x0 , x1 , •.. , xn 
anq the point x at hand. Note that for the case of interpolation 
in the narrow sense £ E [ x0 , xn]; for· extrapolation it is possible 
that ~~ [ X0 , x,z]. 

Similarly, putting 
q= X-Xn. 

h 

in formula (5) of Sec. 14.14, we get the remainder term of New
ton's second interpolation formula: 

R (x) = hn+I. q (q+ I) ... (q+ n) ftn+u (t) (2) 
n (n+ l)l ~ , 

where G is some value intermediate between the abscissas 
X0 , X1 , ••• , Xn and the point x. 
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Ordinarily, in practical computations, Newton's interpolation 
formula terminates with terms containing differences which, to 
within the I im its of the specified accuracy, may beconsidered constant. 

Assuming that d'1 +1Y are nearly constant for ihe function 
y= f (x) and h is sufficiently small, and taking into account. that 

~n+lu 
f(n+l) (x) =lim--~ 

h-+0 hn+l 

we can approximately set 
~n+ly 

f(n+l) (£) ,......, o 
- '""" hrt+ 1 

In this case the remainder term of Newton's first interpolatio·n 
formula is equal to 

R (x) ~ q (q-I) ... (q- n) tJ.n+ly 
n (n+ I)! . o 

Under these conditions, we get for the remainder term of Newton's 
second interpolation formula the expression 

R ( ) ,......, q (q+ I) ... (q+n) tJ.n+1 
n X .--- (n+ I)l Yn 

Example 1. Five~place log tables give the logarithms of integers 

from x= 1000 to x= 10,000 to within a limiting error of f·Io-r.. 

Is linear interpolation possible to the same degree of accuracy? 

Solution. ·Setting 

we have 
, M 
y=x and y" = 

M -xz-
where M = 0.43, whence 

M - I II I< 0.5 I 10-G 2-max y w=2· 

From formula (I) we get, for n=2 and h= I. an esUmate of the 
error'of linear interpolation: 

l R (x) I ~ I q (q- l) I M ~ q ( l ~ q) • _!_. l 0-6 
1 -..;;::: 2t ~-..;;::: 2 2 

Since foi 0~ q ~ 1 we have 
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we finally get 
1 

1 R1 (x) 1 ~ ~ • ; -lo-a< I0- 7 

Consequently, linear interpobti011 is quite admissible. 

~~ample 1. Estimate the error resulting from approximating the 
function f (x) =sin x by the fifth degree i-nterpolation polynomial 
P5 (x) which coincides with the given function for the values 
X= 0°, 5°, 10°, .15°, 20°, 25°. 

Solution. Here f( 6> (x) = -sin x, and so l f( 6 > (x) 1 ~ 1. On the basis 
of formula ( 1) we have 

] sin x- P s ( x) J ~ ; 1 l x ( x - 3~) ( x - ~) ( x - ~2 ) ( x - ~ ) ( x- ~~) I 
For example, for x= 12°30' =arc 0.21816 we obtain 

I sin x-P6 {x) I< 2.2· 10- 9 

14.16 ERROR ESTIMATES OF THE CENTRAL 
INTERPOLATION , FORMULAS 

We give without proof the remainder terms for the Stirling and 
Bessel formulas [3]. 

(a) The remainder term of Stirling's interpolation formula. If 2n 
is the order of the largest difference used in a table and 
xE [x0 -nh, x0 +nh], then 

h2n+ 1 f<2n + 1) (~) 
Rn(x)= (2n+l)! q(q"'-P)(qZ-2Z)(qz-3z) ... (qz-nz) 

where 

X-X0 d t [ q=-h- an ~oE Xo-nh, x0 +nh] 

But if the analytic expression of the function f (x) is not known, 
then for small h we assume · 

~2n+ly +~2n+1y 
Rn (x) ~ 2(2~+ I)! -n q (qz- P) (qZ-22) ... (qz-nz) 

(b)· The remainder term of Bessel's interpolation formula. If 2n +I 
is the order of the largest difference used in the table and 
xE [xo-nh, x0 +(n+ l)h], then 

h2n+2 
Rn(x)= (2n+2)l f(zn+z> (s)q(qz-P.)(qz-22) ... (qz-nz)x 

x[q-(n+ 1)] 
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where 

q= x h Xo and s E [x0 -nh, xo+(n+ l)h] 

However, if the function f (x) is tabulated and the interval h is 
small, then we assume 

R ( d 2n+Z !!-n-1 + dZn+ 2 Y-n 2 2 2 2 
n X) ~ 2 (2n + 2)! q { q - 1 ) { q - 2 ) X • .. 

. . . X(q2 -n2
) [q-(n+ 1)] 

In particular, for q =+ we obtain the error for interpolating to 

halves: 

or 
R """dzn+2Y-n-l+d2n+2y_n(-l)n+1[1·3·5 ... (2n+l)f~ 

n """ 2 (2n + 2) I 22tz + 2 

If we put 

then the formula for the remainder term of Bessel's formula takes 
the form 

14.17 ON THE BEST CHOICE OF INTERPOLATION P01l-4TS 

In analyzing formula (5) of Sec. 14.14, w-e see that the error 
Rn (x) in Lagrange's formula is, to within a numerical constant, a 
product of two factqrs, one of which, rn+l) (~). depends on the 
properties of the function f (x) and is not amenable to regulation, 
while the magnitude of the other, Iln+ 1 (x), is determined exclu
sively by the choice of the interpolation points (abscissas). 

If the abscissas xi are not arranged suitably, the upper bound 
of the modulus of the error Rn (x) [see (6), Sec. 14.14] may be 
very large. For example, if we bunch the abscissas xi near one 
end of the interval [a, b], then Rn (x) will, generally speaking, 
for l = b-a > 1, be great at the points x close to the other end 
of the interval. The question thus arises of an optimal choice of 
the interpolation points X; (for a given number of points n) s·o 
that the portion of the error that depends on- us~the polynomial 
rrn+l (x)-has the least in modulus maximal value on the inter
val [a, b], or, to put it briefly, "deviates least of all from zero 
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on [a, b] ". This problem was solved by the Russian math~ma
tician P. L. Chebyshev [2], [6] who proved that the best choice 
of abscissas (interpolation points) in the indicated meaning is 
given by the formula 

X·= b+a+h-a't. 
l 2 . 2 '='t 

where 
2i+l . s1=-cos 2n+ 2 n (t =0, I, 2, ... , n) 

are zeros of the so-called Chebyshev polynomial T n+l (x). We 
then have 

I nn+l. (x) I~ 2 ( b~a)n+l 

It is interesting to note that these points are not equally spa
ced but bunch· up near the endpoints of the interval. Even for 
such a choice of points, one cannot, in the general case, guaran
tee that the absolute value of the error. will be arbitrarily small 
for sufficiently large n. 

We will now remark generally qn the determination of errors of 
the interpolation formulas. If the maxima! differences are practi
cally constant, then the result of interpolation in the narrow sense 
is ordinarily correct to as· many decimal places as given in the 
tabu Ia ted data, and so it is not necessary to estimate the errors. 
When using Lagrange's interpolation formu Ia there is no possi bi
lity of following th.e course of finite differences; if possible one 
should therefore estimate the remainder term. · 

If the function f (x). is tabulated and the analytic expression is 
not known, then, strictly speaking, it is impossible to estimate 
the error of the interpolation polynomial. True enough, since for 
a given polynomial it is theoretically possible to coustruct an in
finity of distinct functions that co~ncide with the polynomial in 
the given set of points, at intermediate points the deviation 
of the interpolation polynomial from the function may be arbi
trarily large. However, if the nature of the function is such that 
its graph is a smooth curve, then it is possible to determine 
approximately thP errors of the interpolation polynomials to a 
high degree of confi.dence on the basis of the values of higher-order 
differences by the above-indicated formulas. 

14.18 DIVIDED DIFFERENCES 

When constructing difference tables, we have assumed that the 
values of the argument of the function are equally spaced, that is, 
that they have a constant interval. However, tables for unequally 
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spaced values of the argument (tables with variable interval) are 
also used. For example, empirical data are of this nature. For 
tables with unequally spaced values of the argument (variable 
interval), the concept of finite differences is generalized to so-called 
divided differences. 

Suppose we have a tabulated function y = f (x) and x0 ,, x1 , 

x2 , .•• are the values of the argument and y0 , y1 , y2 , ••• are the 
corresponding values of the function, where the differences 

X1=Xi+l-Xi=1=0 (i=O, 1, ... ) 

are unequal. 
The ratios 

(i=O, 1, 2, ... ) are called divided differences of the first order. 
For example, 

Similarly, we define second-order divided differences 

(i=O, 1, 2, ... ). For example, 

and so forth. 

[ ] 
[xl, x~d- [x0, xd 

X o ' Xl ' X 2 = .:........::.._____;;:..:..___.:; __ .
x2--xo 

Generally, nth order divided differences are obtained from (n -1 )th 
order divided dlf1erehces by means of the recurrence relation 

(n= I, 2, ... ; i=O, I, 2, ... ) -( 1) 

Note that divided differences remain unchanged under a per
mutation of the elements; that is, they are symmetric functions 
of their arguments. For instance, 

[Xo, xl] = Yl-Yn = Yo-Yl = [xl, Xo]' etc. 
Xl-Xo Xo-Xl 

Divided differences are ordinarily arranged in tables of the type 
shown below (Table 49). 
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TABLE 49 

TABLE OF DIVIDED DIFFERENCES 

I I 
Divided differences 

X !J 1st 
r 

2nd I 3rd I 4th 

X!l Yo 
[Xo, xl] 

xl Y1 [x0, x1, x2] 
[xl, Xz] fxo, Xv X2, X:;~] 

Xz Yz [x1, x2 , x3] [xo, xi, Xz, Xa, x4] 
[Xz, Xa) [xr, Xz, Xa, x4] 

X a Ya [~z, X:;~, X4] 
[xa, x4] 

x4 Y4 

Example. Form the· divided differences for a function specified by 
the following table: 

X 0 0.2 I 0.3 0.4 0.7 0.9 

y 132.651 1148.877 1157 .~64 1 166.375 195.112 216.000 

Solution. Successively applying formula {1), we have 

r ] - 148.877-132.651-'- 81 13 
Xo, xl - 0.2-0 - . ' 

[ ] 
= 157.464--148.877-85 87 

x11 x2 0.3-0.2 - · ' 

[ ] =85.87-81.13=158 
Xo, Xu Xz . 0.3-0 . 

and so on. The results are tabulated in Table 50. 

14.19 NEWTON'S INTERPOLATION FORMULA FOR UNEQUALLY 
SPACED VA LUES OF THE ARGUMENT 

Using the concept of divided differences, we can represent La
grange's interpolation formula in a form similar to Newton's first 
interpolation formula. First let us prove a lemma of interest in 
itself. 

Lemma. If y = P(x) is an nth degree polynomial, then its divided 
difference of order (n + 1) is identically zero: that is, 

[x, x0 , x1 , •• .', xn] ==0 

for any set of distinct numbers x, X 0 , X 1 , ••• , xn. 
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TABLE 50 

DIVIDED DIFFERENCES OF THE FUNCTION'y 

X l y I Ist I 2nd I 3rd I 4th 

0 132.651 
81.13 

0.2 140.877 15.8 
85.87 1 

0.3 157.464 16.2 0 
89.11 I 

0.4 166.375 16.7 0 
95.79 1 

0.7 195.112 17.3 
104.44 

0.9 216.000 

Indeed, if P (x) is a polynomial of degree n, then 

[X X ] = p (x)- p (xo) == P (x X ) 
' 0 X-Xo > 0 

is a polynomial of degree (n-1) in x. Furthermote, 

[ ] 
_ P (x, x0)-P (x 0 , x 1 ) _ p ( ) 

X, X0 , X1 - . = X, X0 , X1 x-x1 

is a polynomial of degree (n-2) in x. Indeed, the function P (x, X0)

- P (x0 , x1 ) = P (x, x0)-P (x1 , X 0) has the root x ·-= x 1 and, hence, 
on the basis of the remainder theorem, the polynomial P (x, x 0 )

- P (x0 , x1 ) is exactly divisible by the binomi.al x-x1 • By similar 
reasoning we see that 

[x, x0 , ••• , Xn_ 1 ] == P (x, X0 , ••• , Xn_ 1 ) 

is a polynomial of degree zero, that is, 

p (x, Xo, .•. 'xn-1) =C 

whence 

Now suppose P (x) is a Lagrange polynomial of degree n such 
that 

( 1) 

(i = 0, 1, ... , n) where y = f (x) is the given function. Denote by 
P (x, x0 ), P (x, x0 , x1 ), ••• , P (x, X 0 , ••• , xn) the successive divided 
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differences of P (x). We have 

p (x0 , X1) = [ X0 , X1}, 

P (xo, xl, x2) = [xo, xi, x2], (2) 

Besides, on the basis of the lemma 

p (x, X0 , ••• , Xn) = 0 (3) 

By definition we obtain 
P (x)-P (X 0 ) P (x, X0) 

X-X0 
(4) 

whence 
P (x) = P (x0 ) + P (x, X 0 ) (x~x0) (5) 

From the definition of divided differences it follows that 

P( )
- P(x, x0, ..• , Xm- 1)-P(x0, ... , Xm) 

X, X
0

, ••• , X m - ___:__:__~___:__.::..:..~-......:........~-_:.;..:..;.. 

, X-Xm 

whence 

P (x, x0 , ••• , Xm_ 1 )=P (x0 , ••• , xm)+ 
+(x-xm) P (x, x0 , ••• , xm) (m = 1, 2, ... , n) (6) 

Using (6), we obtain successively from (5) 

P (x) = P (x0 ) + P (x, X 0 ) (x-x0 ) = 

= P (x0 ) + P (x0 , x1 ) (x--x0) + 
+ P (x, X0 , X1 ) (X-x0 ) (x-x1) = 

=P(x0 )+P (x0, X1) (x-x0)+ 
+ P (x0, x1, X2) (x-~x0 ) (x-x1) + ... 

. . . + p (x0 , X11 ••• , Xn) (X-X0) (x-X1 ) ••• (x-xn_ 1 )+ 
+P(x, X 0 , ••• , Xn)(X-x0 )(x-x1 ) ••• (x-xn) 

or, taking into account the equations (2) and (3), we finally obtain 
Newton's interpolation formula for unequally spaced values of the 
argument 

P (x) =Yo+ [x0 , X1 ] (x-x0) + [x0 , x11 x2] {x-x0) (~-x1 ) + ... 
. . . + [x0, Xu ... , xn] (x-x0) (x-x1) .. . (x-xn_ 1 ) (7) 

The error in formula (7) is, as usual, equal to 

f<n+ 1) (1;) 
R(x)=f(x)-P(~)= (n+l)! (X-X0)(X-X1 ) •• ,(x-xn) (8) 
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where £ is an intermediate value between the points x 0 , Xu •.. , xn 

and x. 

Exampte. Form the interpolation polynomial for the function y=f (x) 
given by the table 

X 0 2.5069 5.01.54 7.52270 

y 0.3989423 0.3988169 0.3984408 0.3978138 

Using this polynomial we find f (3.7608). 

Solution. We find the divided differences of the function y (Table 51). 
TABLE 51 

DIVIDED DIFFERENCES OF THE FUNCTION y 

X I 
y 

I 
I st I 2nd I 3rd 

0 0.3989423 
-500 

2.5069 0.3988169 -199 
-1499 0 

5.0154 0.3984408 -199 
-2496 

7.5270 0.3978138 

Using formula (7), we find 

y = 0.3989423-0.0000500x-0.0000199x (x-2.5069) 

whence 
y (3.7608) = 0.3989423-0.0000500.3.7608-

-:9.0000199·3.7608. (3.7608-2.5069) = 0.3986604 

14.20 INVERSE INTERPOLATION FOR THE CASE 
OF EQUALLY SPACED POINTS 

Suppose we have a function .Y = f (x) given in tabular form. 

I 

The ,problem of inverse interpolation consists in determining a 
value of the argument x from a given value of the function y. 

Let us first examine the case of equally spaced points. Here, the 
usual method is that of successive approximations. · 

V./e assume that the function f (x) is monotonic and the given 
value of y lies between Yo= f (xu) and Y1 -== f (x1). 

Replacing the function y by Newton's first interpolation polyno
mial, we get 

+ b.yo \ 0"2yn ( 1) + Y=Yo Tf q-~y q q-
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whence q = rp (q), where 

rp (q) =Y-Yo_ f1Zyo q (q-l)-
!ly0 2! !'!yo 

f1nyo 
.......--

1
-,..- q (q-1) .. . (q-n+ 1) 

n uYo 

For the initial approximation we take 

q = y-yo 
o f!:..yo 

Then, applying the method of iteration, we obtain 

qm=~(qm_ 1 ) (m=l, 2, ... ) (1) 

If f (x) 6 c<n+l) [a, b] where the interval [a, b J contains the inter
polation p·oints and the spacing h is small, then the process con
verges: 

m-..ro 

where q is the true solution. 
Actually, the process of iteration is continued until digits appear 

which meet the required accuracy; and one assumes q ~ qs, ·where 
qs is the last approximation. 

Having found q, we determine x from the formula 
X-X0 -h-=q 

whence 
x=x 0 +qh 

Example 1. Using the values of the function y = log10 x given in 
the table 

X 20 \ ~ 25 30 • 

y 1 . 30 1 o 1 1 . 3979 1 . 4 771 

find the value of x such that y = log10 x = 1.35. 
Solution. Form the difference table. 

TABLE 52 

FINITE DIFFERENCES OF THE FUNCTION y 

X I y I 6.y I 6,2y 

20 1.3010 969 -177 
25 1.3979 792 
30 1.4771 
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Assuming Yo= 1.3010, we have 

Y-Yo 1.35-1.3010 490 
qo =~= 0.0969 969 = 0.506 

Then, to three decimal places, we successively obtain 

- 177 
q1 = 0.506-2.969. 0.50& ( 1-0.506) = 0.506-0.023 = 0.483 

177 
q'A =0.506 -2·969·0.483 (1-0.483) =0.506-0.023 = 0.483 

We take 
q = 0.483 

whence 

X=X0 -j- qh=20+0.483·5=22.42 

By a table of antilogarithms we have x = 22.39. The considera~ 
ble divergence between the computed value and the exact value is 
due to the large spacing h = 5. 

We applied the iteration method to solve a problem of inverse 
interpolation using Newton's first interpolation formula. We could 
also similarly apply this method to the other interpolation formu
las as well: to Newton's second formula, Stirling's formula, Bessel's. 
formula, etc. This is illustrated in the following example .. 

Example 2. Table 53 contains the values of the probability inte
gral [3] 

X 

y = 2-5 e-x~ dx -v J1 0 

For what value of x does the integral y equal ~ ? 

TABLE 53 

VALUES OF THE PROBABILITY INTEGRAL 

X 

I 
y 

I 
6.y 

I 
6.2!1 

I 
6. 3y 

0.45 0.4754818 
91737 

0.46 0.4846555 -840 
90897 -II 

0.47 0.4937452 -851 
90046 -10 

0.48 0.5027498 -861 
89185 -8 

0.49 0.5116683 -869 
88316 

0.50 0.5204999 

36 9616 

I 
6,4y 

I 

2 
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Solution. We supplement Table 53 with the finite differences of 
the function y. The closest tabular value of the argument x cor-

responding to the value of the function y = ~ is x0 = 0.47. It is 

convenient here to use Bessel's formula. 
We have X0 =0.47, h=0.01, y=0.5. 
Substituting these values into (8) of Sec. 14.7 and using the 

approp.riate tabulated values·, we obtain 

o.s = 0.4982475 + o.oo90046p + p
2

-
2
°· 25 (- 851

2
-

861 ). Io- 7 + 

+p(pz~o25)(-10)·10-7 (2) 

Then, dividing both members of· (2) by 0.0090046 and isolating 
the term containing p to the first power, we get · 

p = 0.194623 + 4. 753 · 10- 3 (p2 -0.25) + 1.85 · 10- 5p (p 2 - 0.25) (3) 

For the first approximation of the parameter p we take 
p(ll = 0. 194623 

Putting p(ll in (3), we get the second approximation: 

p(Z) = 0.194623 + 4. 753. Io-:3 [(0.194623)2 -0.25] + 

+ 1.85·10- 5 ·0.194623· [(0.194623) 2 -0.25) = 
= 0.194623-0.001008-0.000001 = 0,193614 

Analogously, putting p(z> in place of p into (3), we get the third 
approximation: 

p( 3) = 0.193612 

Since the first five decimals coincide, the iteration process is ter-
minated. · 

Then, we successively ·find 
1 

q = p + 2 = 0. 693612 

, and 
X= X0 + qh = 0.47 + 0.01· 0.693612 = 0.47693612 

This value is correct to the sixth decimal place. 

14.21 INVERSE INTERPOLATION FOR THE CASE 
Of UNEQUALLY SPACED POINTS 

The problem of inverse interpolation of a function for the case 
of unequally spaced values of the argument X 0 , x11 .•. , x" can be 
solved directly by means of Lagrange's interpolation formula. To 
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do this, it suffices to take the variable y as the independent vari
able and to write a formula expressing x as a function of y (Fig. 64): 

Fig. 64 
0 

where Yi=f(xi)(i=O, 1, ... , n). One could also use Newton's 
interpolation formula for unequally spaced values of the argument 
(see Sec. 14.19) taking y as the argument: 

x=xo+ [Yo, Yl] (Y-Yo)+ [Yu, Yu y2] (Y-Yo)(Y-Yt)+ ... 

· · · + [Yo, Yt, · · ·, y,J (Y- Yo) (y- Yt) · · · (Y-Yn -]) (2) 

where [Yo, Yt], [Yo, Yt, ·Y2L ... , [Yo, Y1 , ••. , Yn] are the approp
riate divided differences. 

Example. Solve Example 2 of Sec. 14.20 with the aid of Lagrange's 
formula. for inverse interpolation. 

Solution. We confine ourselves to four values: 

X0 =0A6, X1 =0.47, X2 =0.48, X4 =0.49 

Putting 

u = 107 y-f·lO? 

we have the following table 

X 0.46 

u -153 445 

0.47 
I 

-62 548 

0.48 . 0.49 

27 498 llG 68.3 
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1 
The given value y = 2 corresponds to u = 0. Using formula (2), 

where y is replaced by u, we obtain 
62 548 . (-2 7 498) . (- 116 683) 

.X= (-153 445+62 548)·(-153 445-27 498)· (-153 445-116 683). 0.46 + 
f 153 445. (-27 498). (-116 683) 

T (-62 548+ 153 445)· (-62 548-27 498) · (-62 548-116 683). 0.4 7 + 
153 445.62 548·(-l 16 683) 

+ (27 498+ 153 445)· (27 498+62 548)· (27 498- U6 683). 0.4S + 
153 445·62 548·(-27 498) 

+ (116 683 + 153 445)· (116 683+63 548). (116 683-27 498). 0·49 = 
= -0.020779 + 0.157737 + 0.369928-0.029950 = 0.476936 

14.22 FINDING THE ROOTS OF AN EQUATION 
BY INVERSE INTERPOLATION 

In conclusion, note that the solution of the equation 

f (x) = 0 

can be reduced to the. problem of inverse interpolation. This 
requires forming a table of values of the function y = f (x) and 
constructing a corresponding table of finite differences for the 
values of x that are close to the root, and then applying the tech
niques of inverse interpolation to find the value of x that corres
ponds to y = 0. 

Example. Using the given table of values of the Bessel function 
y = J v (x) 

X 2.4 2.5 2.6 

y 0.0025 -0.0484 -0.0968 

' find the root of the equation J 0 (x) = 0 lying in the interval (2.4, 
2.6) to within I0- 3

• 

Solution. Form the difference table (Table 54). 
TABLE 54 • 

FINlTE DIFFERENCES OF THE BESSEL FUNCTION Y = J 0 (x) 

X 

I 
y I fly I fl2y 

2.4 0.0025 -509 25 
2.5 -0.0484 -484 
2.6 -0.0968 
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Putting y = 0 and X0 = 2.4, Yo= 0.0025, we get, on the basis of 
formula (1) of Sec. 14.20, · 

y-y0 0.0025 O 049 qo =t;;;; = 0.0509 = · ' 
f!.Zyo 

ql = qo + 21'1.yo qo ( 1-qo) = 

25 . 
= 0.049-2·509 ·0.049· 0.951 = 0.049-0.001 = 0.048, 

25 
q2 = 0.049-2.509 · 0.048·0.952 = 0.049-0.001 = 0.048 

We take 
q =0.048 

whence 
X=X0 +qh=2.4+0.048·0.1 =2.405 

From the tables, 
X= 2.4048 

14.23 THE INTERPOLATION METHOD FOR EXPANDING 
A SECULAR DETERMINANT 

Interpolation of functions may be used for expanding a secular 
(characteristic) determinant (see Chapter 12) 

D (A.)= det (A -'A£) 

where A= [aii]. 
Choose equally spaced points 

f..I.J = 0, 'A1 = 1, ... , "-n = n 
and for the determinant D (/..) compute the corresponding values 

D (0) = D0 , D (1) = Dlt ... , D (n) = Dn 

Forming a horizontal difference table for the sequence of numbers 
D(O), D(1), ... , D(n), we find the differences f1iD(O) (i=O, 1, 
... , n) in the usual manner. From this, using Newton's first inter- · 
polation formula, we find · the polynomial expression for the 
secular determinant 

If we put 

n . 

D(f..)=D(O)+ LI'1.
1

~1 (0)'A('A-l). ·:('A-i+ 1) (1) 
i=I . 

/..(/..-1) ... (/..-i+l)~ ~ .')._m 
i! £... cmr 

m=l 

(i=l,2, ... ) (2) 
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then a few simple manipulations yield A. A. Markov's formula: 
w n 

D (A.)= D (0) + ~ A_m ~ Cml~/ D (0) 
m+l i=m 

(3) 

Tables of coefficients crni [8] have been compiled to simplify com
putations by formula (2). 

In the more general case, if we take the numbers 'Ai =a+ ih 
(i = 0, I, ... , n) for the interpolation points, then formula (3) 
becomes 

n n 

D (A.)= D (a)+ ~ (A.-a)m ~ cmihi~JD (a) 
m=l i=m • 

(4) 

Although the method of interpolation proposed here requires 
laborious computations of n + 1 determinants of order n, it is 
nevertheless convenient due to its simple computational scheme. 
What is more, it is ·applicable to the expansion of a more general 
type of determinant: 

F {'A)= det uij ('A)J 

where f ii ('A) are integral polynomials in 'A. 

Example. Using the method of interpolation, expand the charac
teristic determinant 

1-'A 2 3 4 

D{A)= 
2 1-'A 2 3 
3 2 1-'A~ 2 
4 3 2 1-A. 

( cf . Sec. 12 . 3, Example). 

Solution. We successively compute D (i) for i = 0, I, 2, 3, 4 to get 

D(0)=-20, D(l)=-119, D(2)=-30_8, 
D (3) = -575, D (4) = -884 

The finite differences ,~/ D (0) (i = 0, _l; 2, 3, 4) are· given in 
Table 55. 

TABLE 55 

FINITE DIFFERENCES OF THE NUMBERS D {~) 

~ j D (~) I llD (~) I ll 2 D (~) I ll 3 D '(~) I ll 4 D (A.) 

0 -20 -99 -90 12 24 - - - - -
I -119 -189 -78 36 
2 -308 -267 -42 
3 -575 -309 
4 -884 
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Since 
A 

T!=A-, 
A(/..- 1) Az A 

21 =2-2' 
A(A-1)(A-2) A3 1-,2 "' 

3! 6-2+3, 
A (/..-1) (A-2)('A-3) = A4 _ ~ + 111-.z _ !:_ 

4/ ~4 4 24 . 4 

it follows from formula (2) that 
c11 = 1, 

1 1 
c22 = 2 ' cl2 = - 2 ' 

I l 1 
c3s=s, c2s=-2, cls=3, 

1 1 11 1 
C.n = 24 ' cs4 = - 4 ' Cz4 = 24 ' Cu = - T 

whence, using the Markov formula (3), we get 

567 

D ('A)= D (0) + [c11 ~D (0) -1- C12~ilD (0) + C13~ 3D (0) + C14~~D (0)] A+ 

+ [c2~~2D(O)+c23d3D(O) +c24 d 4D(O)] I·.Z+ 

+ [c33 .13D (0) + c34 .6. 4D (0))_ t.,:~. + c44 .6. 4 D (0) 1..4 = 

=- 20 + (- 99 · 1 + 90 · + + 12 · ~ - 24 · ~ ) lv + 
+ (·- 90 · ..!_-12 · _!_+ 24 · ~) 'A2 + ( 12. _!_-24 · _!__) A-3 + 

2 2 24 \. 6 4 

+ 24 . 2
1
4 A4 =- 20- 56/v- 401..2

- 4/v3 + 1.,4 

•14.24 INTERPOLATION OF FUNCTIONS OF TWO VARIABLES 

Let the function 
z ~ f (x, y) 

be specified on a set of equally spaced points (xi, y1) 
(i, j=O, 1, 2, ... ), where 

Xi=Xo+ih, Yi=Yr;+jk 
and 

h =~xi= constant, k = ~Y;= constant 

For brevity we introduce the notation 

zij=f(xi, YJ) 
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The values of the function z may be arranged in a double-entry 
table (Table 56). 

TABLE 56 

THE VALUES OF A FUNCTION OF TWO VARIABLES 

~I Xo I X1 I Xz I ... 

Yo Zoo Z1o Z2o ... 
Y1 Zo1 Zn zu ... 
Ya Zo2 Z12 Z22 ... 
.. . ... . . . -- ... . .. 

Interpolation of a function of two variables 

z = f (x, y) 

that is, the firiding of nontabulated values, may be performed suc
cessively with respect to each variable x and y separately. For 
example, let it be required to find the value 

Interpolating in appropriate f~shion the chosen functions of one 
variable x, 

where Yk ~ y, we find the values f k (x} For this purpose one uses 
the corresponding rows of the double-entry table. Regarding the 
values fk(x)=f(x, Yk) thus obtained as the values'of the function 
f (x. y) of one variable y, we find the desired value f (x, y) = z 
by means of one of the interpolation formulas. 

The interpolation can also be carried out in the .reverse order~ 

Exarnr!e. The values of the "aftereffect" function 

+oo 

. f (x, y) = ~ e-{1Zz2-z-xe-z dz 
-00 

· are given in the following t~ble (see Jahnke and Emde's Funk-
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tionentafeln): 

~I 0.4 I 0.7 I I. 0 
\ 

0.00 2.500 1.429 

I 

1.000 
0.05 2.487 1.419 0.995 
0.10 2.456 1.400 0.981 

Find f (0.5, 0.03). 

Solution. Form the tables 57a, 57b and 57c using the rows of 
the given double-entry table. 

TABLE 57a 

X l f I M l !J.2f X I f 

0.4 2.500 -1.071 0.642 0.4 2.487 
0.7 1.429 -0.429 0.7 1.419 
1.0 1.000 1.0 0.995 

TABLE 57c 

X I f I M I 
tJ.2f 

p.4 2.456 -1.056 0.637 
0.7 1.400 -0.419 
1.0 0.981 

I 

Sjnce for these tables 

h = 0.7-0.4 =0.3 

then, putting x0 = 0.4, we have, 

x-x0 0.5-0.4 I 
q=-h-= 0.3 =3 

TABLE 57b 

I M I tJ.2f 

-1.068 0.644 
-0.424 

whence, using Newton's first interpolation formula, we successively 



570 Ch. 14. The Interpolation of Functions 

obtain 

. _!_(-~1 
1 3 3 1 fo = f (0.5, 0) = 2.500-3 · 1.071 + --2-- • 0.642=2.072, 

I 1 fl = f (0.5, 0.05) = 2.487 -y. 1.068--g. 0.644=2.069, 

1 1 f2 = f (0'.5. 0.10) = 2.456-3. 1.056--g. 0.637 =2.033 

We now form a table of the values thus found (Table 58). 
TABLE 58 

y l f l M I t'l"f 

0 2.072 -0.003 -0.033 
0.05 2.069 -0.036 
0.10 2.033 I 

Assuming k = 0.05--0 = 0.05 and Yo= 0, we get 
' 0.03-0 3 

q = 0.05 -5 

whence 

3 ;:(-f) 
f (0.5, 0.03) = 2.072---g-. 0.003 + --2-. (-0.033) = 2.074 

*1'4.25 DOUBLE DIFFERENCES OF HIGHER ORDER 

For a function z = f (x, y) given by a double-entry. taQle {zu} 
we can define the partial finite differences 

Repeating these operations,. we obtain double differences of. higher 
orders: 

where we have_ set t:. 0+ 0ziJ=zij. For. instance. 

fl1+ 2z ij = t:.x ( ~~yZ ij) = t:.x (Z i. j+ 2 -=- 2z i, j+t + Zu) = 

= (zi+l, i+~a-2Zt+x, j+J. + zi+t, )- (z,, i+z-2Zj, f+l + zi) 
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*14.26 NEWTON'S INTERPOLATION FORMULA 
FOR A FUNCTION OF TWO VARIABLES 

571 

Using the differences of a function of two variables z=f(x, y), 
we can construct an interpolation polynomial similar to Newton's 
interpolation polynomial. Let P (x, y) be an integral polynomial 
such that 

(1) 

(m, n = 0, 1, 2, ... ). Suppose that P (x, y) is expanded in terms 
of- the generalized powers of the differences x- x0 and y- y0 ; 

that is, 

P (x, y) = C00 + C10 (x·-x0 )+ C01 (y- Yo)+ C~w (x --x0 ) (X-X1 ) + 
+ Cu (x~xo) (y- Yo) +co2 (Y-Yo) (y-yl) + · · · (2) 

Putting X=X0 and y=y,." we have, by virtue of (1), 

P (Xo, Yo)== Zl!o :=Coo 

We form first differences for P (x, y) to get 

11xP(x, y)=C10h+2c20h(X-X0 )+cuh(y-y0 )+ ... 
and 

~yP(x, Y)=C01k+cuk(X-X0 )+2C02k(y-y0 )+ ... 

whence, putting X=X0 and y=y0 , we have, on the basis of (1), 

f1xP (Xo, Yo)= f1l+Ozoo = C1oh 

and 

That is, 

Then, computing the finite differences of second order for the po
lynomial P (x, y), we find 

f1xxp (x, y) = 2! C?0h2 + ... , 
~xyp (x, y) = c11hk + ... , . 
11yyp (x, y) = 2! C0 /l?. +: .. 

From this we obtain, for X= X 0 an.d· y =Yo· 

f1xxp (Xo, Yo)= L\_2+ozoo = 2! C2oh2, 

11xyp (.~o• Yo)= f1l+1zoo = Cu,hk,. 
11yyp (Xo, Yo)= ~0+2zoo = 2! Cozk"' 
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Thus 
1 ~2+0zoo ~l+lzoo 1 ~o+Zzoo 

C2o = 2! · -h-2 - • C11 = ---;zr • Coz = 2! · -k-2 -

The subsequent coefficients of the expansion (2) are found in a 
similar manner. Substituting the values of the coefficients thus 
found into formula (2), we get an interpolation polynomial for a 
function of two variables: 

l
~l+Oz ~O+lz J 

P(x, y)=Zoo+ ~(X-X0)+~(Y-Yo) + 
1 [~2+0zoo [21 2 ~l+lzoo { ) ( +21 -h-z-(X-Xo) + ·~ X-Xo Y-Yo)+ 

~0 + 2Zoo ( )rzJJ + (3) +-k-2- Y- Yo · · • 

When interpolating the function f (x, y) we assume 
f (x, y) ~ P (x, y) 

To simplify computations, it is common to introduce the variables 

Then 

X-X 0 _ 
-h-=p, 

x-xl 1 y-yl 1 
~h-=p- , -k-=q-

and so on. Then formula {3) becomes 

where 

Z ~Zoo+ (P~1 +Ozoo + qt1 O+lzoo) + ~ [p (p-1) ~2+ 0Zoo + 
+ 2pq~I+lzoo + q (q-1) ~o+Zzoo] + .. • 

X=X0 +ph, 

(4) 

If one pll'ts p = 0 or q = 0, then (4) becomes the corresponding 
interpolation formula of Newton. 

- ExampJe. Using the interpolation formula ( 4), find f = f (0.5, 0.03) 
'for the function f (x, y) considered in the example of Sec. 14.24. 

Solution. Taking X 0 = 0.4, Yo= 0, form tables of first differences 
(Tables 59a and 59b) for f. 

TABLE 59a 

I - fl1+ 0foj I fll+Oflj 

j=O -1.071 -0.429 
j=l -1.068 -0.424 
j=2 -1.056 -0.419 
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TABLE 59b 

I i=O I i= I I i=Z 

~o+l fio -0.013 -0.010 -0.005 
~O+lfil -0.031 -0.019 -0.014 

From this we find the second differences 

or 

fl2+ 0
{ 00 = fl1+ 0

{ 10 -f11+0f 00 =- 0.429- (- 1.071) = 0.642, 
!11 { 1/ 00 = 111 +0

/ 01 -/11+ 0
/ 00 =- 1.068-(- 1.071) = 0.003 

!:J.l+lf = !1°+1{ -!1D+lf =- 0 010-(- 0 013)- 0 003 
I 00 lO 00 • . - . ' 

11°+ 2{ 00 = f1°+ 1f 01 - rl 0 + 1f 00 =- 0.031-(- 0.013) =- 0.018 

Since 
X-Xn I 

P=--=-
h 3 ' 

then, using formula (4), we get 

Y-Yo· 3 
q=-k-=5 
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1 3 . ' 1 [1 ( 2) t=2.500+ 3 ·(-I.07I)+s·(-O.Ol3)-t- 2 3 . - 3 . o.642+ 

1 3 3 ( 2\ J +2· 3 . 5 .o.oo3+s-· - 5 j(-0.018) = 

= 2.500-0.357-0.0078-0.0713 + 0.0006.+ 0.0021 = 2.067 

Compartng this with the answer f = 2.074 obtained by the first 
method, we see that the thousandths digits are unreliable. 
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Chapter 15 

APPROXIMATE DIFFERENTIATION 

15.1 STATEMENT OF THE PROBLEM 

In the solution of practical problems. one often has to find de
rivatives of indicated orders of a function y = f (x) given in ta
bular form. It is also possible that due to the complexity of the 
analytic expression of the function f (x). direct differentiation 
would be involved. In such cases, one usually resorts to appro
ximate differentiation. 

To derive formulas for approximate differentiation we replace 
the given function f (x), on the· interval [a, b] that interests us, 
by a·n interpolating function P (x) (mostly by a polynomial) and 
then set 

f' {x) = P' (x) {1) 
for 

a~x~b 

We do the same when seeking higher-order derivatives of the 
function f (x). 

If we know· the error 

R (x) = f (x)-P (x) 

in the interpolating function P (x), then the error of the deriva
tive P' (x) is given by the formula 

r (x) = f' (x) -P' (x) = R' (x) (2) 

which means· that the ertor of the derivative of an interpolating 
function is. equal to the derivative of the error in that function. 
The same holds true for higher-order derivatives as well. 

It is well to note that, generally speaking, approximate diffe
rentiation is a less exact operation than interpolation. Indeed, 
the closeness of t.he ordinates of two curves 

y = f (x) and Y = P (x) 

on the interval [a, b] does not yet guarantee closeness of their 
derivatives f' (x) and P' (x) on that interva I; that is, it does not 
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guarantee a small divergence of the slopes of the tangents to, the 
curves at hand, given ,the same values of the argument (Fig. 65). 

g 

: y=f(x) 
I 

Fig. 65 0 a b 

15.2 FQRMULAS OF APPROXIMATE DIFFERENTIATION BASED 
ON NEWTON'S FIRST INTERPOLATION FORMULA 

Suppose we have a function y (x) specified at equally spaced 
points xi (i = 0, 1, 2, ... , n) of an interval [a, b] by means of 
the values Y; = f (xi)· In order to find on [a, b] the derivatives 
y' = f' (x)~ y" == f" (x), etc., 1

> we repl(}ce the function y by New
ton's interpolation polynomial constructed for a set of points x0 , 

X1 , ... , xk (k ~ n). 
We have 

Y (x) =Yo+ qdyo + q (q2~ l) ~ 2Yo + q (q~ ~~ (q~ 2) t1 3Yo + 

where 
X-X0 

q=-~ 
h 

+ q (q~ 1) (q;2) (q~3) L\4Yo+... (1) 

and 

Multiplying the binomials together, we get 

q2 q q3 3q2 + 2q 
Y (x) =Yo+ qL\yo + ;- 11 2Yo + ~ 6 11 3Yo + 

+ q4-6q3+ llq2-6q A 4 + (J') 
24 u Yo •.. 

Since 

11 Quite naturally, it- must be known beforehand that the appropriate de
rivatives of f (x) exist. otherwise the computations will be illusory. 
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it follows that 

, ( ). = ~ [t1 + 2q- 1 A :l + 3q
2

- 6q + 2 A ~ + Y X h Yo 2 u Yo 6 u Yo 

. + 2q3
- 9q2+ I lq- 3 A 4 + J 

12 u Yo ... {2) 

Similarly, since 
, (x) = d (y') = d (y') . dq 

Y dx dq dx 

it follows that 

,, ( ) - 1 [ A 2 + ( 1 ) A 3 + 6q
2

- I 8q + 11 A 4 + ·] Y X - h2 u. Yo q- u ~o 12 u Yo · · · (3) 

If necessary, the same method may be used to compute the deri
vatives of any order of the function y (x). 

Note that when seeking the derivatives y' (x), ·y'' (x), . . . at a 
fixed point x, one should choose for xv the closest tabular value 
of the argument. 

It is sometimes required to find the deri.vati ves of y at basic 
tabulated points xi. In this case the formulas of numerical diffe
rentiation are simplified. Since each tabular value may be taken 
as the initial value, we put x = x0 , q = 0; then we have 

'( )=~(A _~2Yo+!'J.3Yo_~4 Yo+~5 Yo_ ) 
Y ,Xo h u.Yo 2 3 4 5 • • • (4) 

and 

y" (Xo) = ;2 ( t1. 2Yo- t13Yo + ~~ t1.4Yu- ~ t1. r,Yo + · · ·) {5) 

If P k (x) is Newton's interpolation polynomial containing the 
differences t1.y0 , t1. 2y0 , ••• , flky0 and 

Rk (x) = y (x)- P k (x) 

is the corresponding error, then the error in determining the de
rivative is 

R/e (x) = y' (x)-Pk (x) 

As we know (Sec. 14.15), 

R ( ) = (x-x0 ) (x-x1 ) ... (x-xk) <k+l> ('f:) = 
k X (k+ 1)' y 'o 

= hk+l q (q- 1) .. . (q-k) lk+ll (!:) 
(k+ 1)! y 'o 

where ~ is an intermediate number between the values X0 , xu ... 
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... , xk, x. For this reason, assuming that y (x) E C<k+ 2>, we get 

Rk (x) = d~k. ~~ = (k~k1)! {y(n+I> (6) ~ [q (q-1) ... (q-k)] + 
d ') 

+q'(q-1) ... (q-k) dq [y(k+l) (6)] J 
Furthermore, if we suppose ~ [y<k+l> (6)] to be bounded and take 

d . 
into account that dq [q(q-1) ... (q-k)]q=o=(-1)kk!, then for 

x = x0 and, hence, for q = 0, we will have 

Rh (X0 ) = ( -l)k k~ 1 y<k+l> (6) {6) 

Since in many cases it is difficult to estimate y<k+ll (~), for small 
h we set \ 

Y(k+I> (!:) ~ f'lk+ 1Yo 
'::> ~ hk+l 

and, hence, 

(7) 

In similar fashion we can find the error R'k (x0 ) for the second 
derivative y'' (x0 ). 

Example 1. Find y' (50) of the tabulated function y = log10 x 
(Table 60). 

TABLE 60 

VALUES OF THE FUNCTION y = log10 X 

X I y I fly I fliy I fl8y 

50 1.6990 414 -36 5 
55 1. 7404 378 -31 
60 1. 7782 347 
65 1.8129 

Solution. Here h = 5. We supplement Table 60 with columns of 
finite differences (as usual, decimal orders are not indicated; they 
are determined by the decimal orders of the values of the func· 
tion). 

Using the first row of the table; on the basis of formula (4), 
we get, to within third differences, 

y' (50)=+ (0.0414 + 0.0018 + 0~0002) =-0.0087 

37.9615 
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To estimate the accuracy of this value, note that since the 
above-tabulated function is y = log10 x, 

, M 0.43429 
Yx=-;=-x-

Hence 

y' (50)= 0 ·~0429 = 0.0087 

Thus·, the results coincide to the fourth decimal place. 

Example 2. The path y = f (t) traversed in time t by a point mo
ving ih a straight line is given by" the following table [1]: 

i I Time ft in sec I Path y (ti) In em 

0 0.00 0.000 
1 {).01 .1.519 
2 0.02 6.031 
3 0.03 13.397 
4 0·04 23.396 
5 0.05 35.721 
6 0.06 50.000 
7 0.07 65.798 
8 0.08 82.635 
9 0.09 100.000 

Using finite differences up to order five inclusive, we get the 

approximate velocity V = ~~ and ·the acceleration W = ~;r" of the 

point for times t = 0, 0.01, 0.02, 0.03, 0.04. 
Solution. Form the difference table (Table 61). 
Setting h = 0.01 and applying formulas (4) and (5), we get 

approximate values of the velocity V (cm;sec) and acceleration 
W (cm;sec2). For example, 

V (0) = 100 (1.519 -1.496-0.046 +0.020-0.001) = -0.4 em/sec 

W (0) = 10.000 (2.993 + 0.139-0.075 + 0.003) = 30,600 crn;sec2 

The values of V and W are given in Table 62. 
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TABLE 51 

FINITE DIFFERENCES OF THE FUNCTION y = f (!) 

i 
1 

llYt I fl2Yi 
1 

ll 3Yi I ll 4Yi I ll"Yi 

Q 1.519 2.993 -0.139 -0.082 -0.004 
1 4.512 2.854 -0.221 -0.086 0.021 
2 7.366 2.633 -0.307 -0.065 0.002 
3 9.999 2.326 -0.372 -0.063 0.018 
4 12.325 1.954 -0.435 -0.045 0.014 
5 14.279 1.519 -0.480 -0.031 -
6 15.798 1.039 -0.511 -
7 16.837 0.528 -
8 17.365 -
9 -

TABLE 62 

VALUES OF VELOCITY V AND ACCELERATION W. 

FOR THE LAW OF MOTION y = f (t) 

t 
I 

v I w 
II 

v I lv. 

0.00 0.4 30,600 0.00 3\),462 
0.01 303.6 29,780 303.08 30_,001 
0.02 596.3 28,780 596.98 28,625 
0.03 873.2 26,250 872.66 26,381 
0.04 1121.7 23,360 1121.9 23,340 

It will be noted that the tabulated law of motion is given by 
the formula 

( 
50nt) y= 100 I- cos .-

9
-

whence 
V = dy- 5000n sin 50nt 

dt 9 9 
and 

W 
_ d2y _. 250 000n2 50nt 
- dt2 - 81 cos 9 

By way of comparison, the exact values, V anct W, are given on 
the right-hand side of Table 62. 

It may be noted that it i.s also possible to derive formulas for 
approximate differentiation by proceeding from Newton's second 

, interpolation formula. 
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15.3 FORMULAS OF APPROXIMATE DIFFERENTIATION 
BASED ON STIRLING'S FORMULA 

The formulas of numerical differentiation derived in Sec. 15.2 
for a function y at a point x = x0 have the disadvantage that they 
only employ one-sided values of the function for x > X 0 . A relati
vely higher accuracy is assured by symmet_ric formulas of differen
tiation which take into account the values of the given function 
y both for x > X0 and for x < X 0 • These formulas are ordinarily 
called central formulas (formulas for central derivatives). We con
fine ourselves to the derivation of one of them and take Stirling's 
interpolation formula as a basis. 

Let ... , x_:37 X_ 2 , X_ 1 , X 0 , x1 , X2 , X3 , •• ·• be a set of equally 
spaced points with xi+l -xi= h the spacing and Yt = f (xJ the cor
responding values of the given function y = f (x). Setting 

X-X0 q=-h-

and replacing the function y approximately by the. Stirling inter
polation polynomial, we get 

q2 q (q2-l) 
y(x)=Yo+ql1y _ _]_ +21l12Y-1+ 31 t1 3Y_J.._ + 

2 . 2 

where for brevity we introduce the notation 

" l1Y-1 + l1Yo 
uy _ _!_ = 2 ' 

2 

and so fort-h. 
From formula (1), noting that 

. dq 
dx=h' 

(I) 
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we get 
I 1 I 3q2- I 2q3-g 

y (x) = h ( lly -~ + qt1zy_1 + -6- t1sy _]._ + _1_2_ ~tY-z + 
\ 2 2 

+ 5qt- I5q2 + 4 " o + 3q6 - lOqs + 4q " a + ) 
120 Ll y- ..2_ . 360 Ll y- 3 • • • ' 

2 

(2) 

II ( ) - 1 ( t\ 2 + t\ 3 + 6q2 - 1 A 4 Y X - h'l u Y-I qu Y_ ~ -12-u Y-2+ 

+ 2q3
- 3q " 4 + 15q4- 30q2 + 4 " 6 +' ) 
I 2 u y- ..2_ 360 u y- 3 • • • 

' 2 

(2') 

In particular, setting q = 0, we have . 

y' (xo) = ~ ( t1y -~ -ft1sy -~ + ;Ot1oy _..2_ + ... ) 
2 2 2 

and 
"( )-I ("2 1 A4 I ,\6 ) Y Xo - 7i2 u Y -1- 12 u Y- z + 90u Y- 3 + ... (3') 

Example 1. Find y' (I) and y"(l) for the function y=y(x) given 
·by Table 63. 

TABLE 63 

VALUES OF THE FUNCTION y = y (x) 

X 

I 
y 

I 
6.y 

I 
A,zy 

I 
6.8y 

I 
6.•y 

0.96 0.7825361 
-86029 

0.98 0.7739332 -1326 
-87355 25 ----- -

1.00 0.7651977 -1301 1 
- -

-88656 26 -- -
1.0~ 0.756332I -1275 

-89931 
1.04 0.7473390 

Solution. Forming the differences for the function y (Table 63) 
and utilizing the underlined terms, we get, on the basis of for· 
mula (3), 

, ( l) = _1_ (- 87355+88696. }()- 7 _ 
y. . 0.02 2 

- _!__ • 25 + 26 . I 0-7 + _!_ • I . I 0- 7) = 
6 2 30 

=-50· (88005.5 +4.2+0) · I0- 7 = -0.4400485 
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As a check, note that the tabulated function is Bessel's function 
of order zero y = J 0 (x). 

As we know, 
J~ (I) =-J1 (x) L~= 1 = -0.4400506 

Similarly, using the twice underlined terms and applying for
mula (3'), we have 

y'' 1J) = - 1
- • (- I30 I · 1 0- 7 

- _!_ · I · 1 0- 7 
) = \ 0.022 12 

= -2500·1301· I0- 7 = -3.2525 · I0- 1 = -0.325250 

By way of comparison, we give the exact value obtained on the 
basis of relations between the Bessel functions: 

y" (I)= J'~ (I)= J 1 (I)- J 0 (I)= 0.4400506-0.7651977 = -0.325I47 

Thus, finding the second derivative numerically is, generally, a 
less reliable operati6n than finding the first derivative. 

Note. It is sometimes required to find the extremum of a diffe
rentiable function y=y(x) given in tabular form. It is then ne-
cessary that the equation y' (x) = 0 hold at the point of the extre
mum x. Equating the derivative y' (x) to zero jn formula (2), we 
find the appropriate value of q by the method of successive appro
ximations. From this, 

X=X0 +qh 
and the value of y is computed from formula ( 1) or from some 
other interpolation formula. The value of y thus found is the extre
mum of the function if the second difference t1 2y preserves constant 
sign in the neighbourhood of the point x. 

Example 2. Find the zero of the derivative of the function y = 
= J 1 (x) given by Table 64. 

We supplement Table 64 with finite differences of the function y. 

Solution. We take X 0 = 1.84. Using the underlined differences, we 
get, on the basis of formula (2), , 

O = 918- 723 + q ( _ 164 I) + 3q
2 
-· I . 2 + 4 

. 2 6 2 

or 
3 

0 = 97- I641 q + 2. q2 

From this, 

(4) 
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TABLE 64 

THE VALUES OF THE FUNCTION y = J 1 (x) 

X I y I t1y I 
f::,2y 

I 
f18y 

1.80 0.5815170 
2561 

1.82 0.5817731 -1643 
918 2 - -

1.84 0.5818649 
. 

-1641 - -723 - 4 
- -

1.86 0.5817926 -1637. 
-2360 2 

1.88 0,5815566 -1635 
-3995 

1.90 0.581 157'1 

Dropping the small nonlinear term, we get the first approximation: 
97 

q(l) --- 5 911.}0- 2 
-1641- . 

Improving this value, we obtain the second approximation from 
formula (4): 

q (Z) = q(l) + -1
- [q<1>) 2 = 5 911·10-Z +-1

-· 3 494·10- 3 = 1094 . 1094 . 

= 5.911· I0- 2 + 3.2· I0- 6 = 5.911·10- 2 

Hence we can put 
q = 0.05911 

whence 

X= Xo+ qh = 1.84 + 0.05911.0.02 = 1.84P822 

Thus 
J; (1.8411822) = 0 

15.4 FORMULAS OF NUMERICAL DIFFERENTIATION 
FOR EQUALLY SPACED POIHTS 

Let the points X0 , X1 , x2 , ••• , x,z be equally spaced; that is, 

xi+J...:-Xi=h (i=O, 1, 2, ... , n-1) 

and for the function y = y (x) let the values Yi = y (xi) (i = 0, I, : .. , n) 
be known. For this set of points x1 construct Lagrange's interpo-
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lation polynomial (Sec. 14.12): 

where 

Then 

Putting 

we get 

and 

(i = 0, 1, ... , n) 

X-X0 -h-=q 

. . 
II~+l (xi)= (X;-X0 ) (xt-X1) ••• (xi-xi_ 1) (xi-xi+ 1 ) ••• (xi-xn) = 

=hni (i-1) ... I (-1) ... [- (n-i)] = 

= ( -I)n-ih7! (n -i)! ( 1) 

Hence, for the Lagrange polynomial Ln (x) we have the expression 
n . 

_ ~ (-l)n-1 Yi. q~n+l] 
Ln (x)-~ ·r ( )! . 

i=O t. n-t q-' 

From this, noting that 

we get 

~=h 
dq 

n 
, , 1 ~ (-l)n-l Yi d {qfn+ll} 

Y (x) ~ Ln (x) =hi~ i! (n-i)! dq q-i 

The higher order derivatives of the given function y (x) 
found in similar fashion. To estimate the error 

rn (x) = y' (x)-L~ {x) 

(2) 

{3) 

may be 

we take advantage of the familiar formula for the error of inter
polation formula {2) (Sec. 14.14): 

y<n +1) (~) 
Rn (x) = Y (x)-Ln (x) = (n+ l)! Iln+l (x) (4) 

where 6=6(x) is an intermediate value between the points x0 , 

X1 , ••. , Xn and X. 

Assuming that y (x) E c<n+z>, we derive 

rn(x)=R~(x)= 

= (n~ 1)! { y<n+l> (s) II~+l (x) + Iln+l (x) :x ~y<n+I> (s)J} 
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From this, taking into account formula (1) and assuming 
d 

dx [y<n+ 1> (6)] to be bounded, we get the error of the derivative at 

the points: 

(5) 

where 6 is a value lying between X0 and xw 
I. Let us ,perform the computations for n = 2 (three points). 

From formula (2) we get 

1 1 
L2 (x) = 2 Yo (q-1) (q-2)-y1q (q-2) +2 Yzq (q-1) 

·whence, noting that :; = h, we have 

y' (x) ~ L; (x) =! [+Yo (2q-3)-Y1 (2q-2) ++ Y2(2q-I)J 

In particular, for the derivatives 

y' (xi)= y' t(i = 0, I, 2) 

we obtain the following expressions: 

Y~ = ;h ( -3yo + 4y1 -Yz), 

Y~ = ;h ( -Yo + Y 2)' 

Y~ = 2
1
h (Yo -4y1 + 3yz) 

with corresponding errors: 

fo = ~ hZy"'(6o), 

1 h2 "' (r: ) '1 = -6 y '::>1' 

'2 =-ih2y"' (62) 

We give, without proof, the differentiation formulas for four 
and five points [3J, the validity of which the reader can easily 
check by himself. 

II. n=3 (four ooints): 

Y~ = ;h ( -lly0 + 18y1 -9y2 + 2y3)- ~
3 

yW (6), 

Y~ = 6lh ( -2yo-3Y1 + 6yz- Y3 ) + ~~ y<4
) (6), 
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Y~ = 61h (y"- syl + 3y2 + 2y3) --7; Y(4) (s), 

y; = 6
1
h { -2y0 + 9y1 -18y2 + 11y3 ) + ~ y14

> (~) 
II I. rc = 4 (five points): 

y~ = 1 ~h (- 25yo + 48yl -36y2 + ·J 6y3 -3y4 ) + 
1~
4 

y(o) (s), 

Y~ = l~h { -3yo-10yl + 18yz-6Ya + Y4)- ;~ yto) (~), 

y; = l~h (Yo- 8yl + 8y3-Y4) + ~~ Y15
) (~), 

y; = l~h (-Yo +.6y1-l8y2 + 10y3 + 3y4)- ;~ y15 l (~), 
Y~ = l~h (3y0c- l6yl + 36y2 -48y3 + 25y4 ) + /~

4 

yiSl (S) 

An examination of formulas l to 1 I I shows that if the number 
of points is odd and the derivative is taken at the midpoint, then 
the corresponding formula for numerical differentiation has a sim-
pler expression and higher accuracy. , 

Below we give the formulas (for n = 2 and n = 4) for such central 
derivatives [3]; in order to exhibit the symmetry, we have changed 

II h h h 
Fig. 66 -' .. --- ... 'o'" .... ---... "' .. ---,>o< .. --- .... '0 )r 

~2 ~I ~ ~ ~ X 

the numbering of the points (Fig. 66): 
I. n = 2. 

where y1 = y (xi) and i = -1, 0, 1. 

II. n=4. 
, 2 ( ) I ( ) + h' ~~)~ Yo= 3fi Yt- Y-1 -12/z !12-Y-2 3D Y '=' 

where y1 = y (xi) and i =-2,- 1, 0, 1, 2. 

15.5 GRAPHICAL DIFFERENTIATION 

The problem ~f graphical differentiation consists in constructing 
the graph of the derivative 

Y = f' (x-) 

of a function y = f (x) on the basis of the graph of that function. 
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We start with the graph of the function y = f (x) (Fig. 67). 
To construct (to a known scale l) the graph of its derivative, 
choose on the given curve a sufficiently dense set of points 1, 2, 3, 
4, 5, ... including, if possible, the characteristic points of the 
graph. "By eye" construct tangents to the graph of the function 
at these points. Then, on the x-axis choose the point P ( -l, 0) 

Fig. 67 

P, 
\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ ( _______ _ 

(pole) and draw straight lines parallel to the corresponding tan
gents P1', P2', P3', P4', P5', ... to their intersection with the 
y-axis. The segments of the y-axis 01 ', 02', 03', 04', 05', . . . are, 
respectively, magnitudes proportional to the values of the deriva
tive y' = f' (x) at the chosen points; that is to say, they are ordi
nates of the graph of the derivative. Indeed, to take an example, 
for point I in Fig. 67 we have 

OA = l tan a 1 = lf' (x1 ) 

We obtain similar results for all other points. Therefore, the points 
1", 2", 3", 4", 5", . . . of intersection of the parallels passing 
through""the points f', 2', 3', 4', 5', ... with the corresponding ver
tical lines passing through the points of tangency 1, 2, 3, 4, 5, ... 
belong to the graph of the derivative y = lf' (x). 

By joining the points 1", 2", 3",· 4", 5", ... with a line the 
nature of which has regard for the positions of the intermediate 
points, we obtain an approximate graph of the derivative y' to the 
scale l. If we choose l = 1, the graph of the derivative is then 
drawn to full _scale. 
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To increase the accuracy of the graphical construction, it is 
advisable first to determine the direction of the tangent and then 
to give an indication of the point of tangency. To do this, sub
divide the graph of the function into small segments that differ 
but slightly from straight-line segments. Let us consider one of 
them, AB in Fig. 68. Construct a family of chords parallel tb the 

Fig. 68 

secant AB. The- locus of the midpoints of these chords is the curve 
I( intersecting the graph of the function at C, the tangent at C 
being parallel to the secant AB. Using this technique, we can find 
the point and the corresponding direction of the tangent on each 
line segment. The subsequent construction is carried out as indi
cated above. 

More detailed descriptions may be found in the special litera
ture (see, for example, [5]). 

*15.6 ON THE APPROXIMATE CALCULATION 
OF PARTIAL DERIVATIVES 

If a function z = f (x,y) is given on a rectangular grid 

x=xo+ih, Y=Yo+jk 

(i, i=O, 1, 2, ... ), then it may be represented in approximate 
fashion by the interpolation formula (Sec. 14.26) 

Z =Zoo+ [pt1l+Ozoo + qt10+lzoo] + 
1 

where 

+ 2T [p (p -1) t12+oozoo + 2pq L1l+lzoo + q (q-1) L1o+2zoo] + 
1 ' .. 

+ 3T [p (p-1) (p- 2) t13+ozoo + 3p (p -1) qL12+1zoo + 
+ 3pq (q-1) L11+2zoo + q (q-1) (q-2) L1o+3zoo] + ... (1) 

X-X0 p=-h-, Y-Yo q=-k-

and ,1m+nz00 = .1';m~~z (0, 0) are mixed double differences. 



15.6 Approximate calculation of partial derivatives 

From formula (1) it is easy to find the partial derivatives 
i}z iJx dp 1 iJz i}z i}z dq I iJz 
a-x a;;· Tx-T8P' --ay=aq · CIY=Taq 

and so forth. 
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Chapter 16 

APPROXIMATE INTEGRATION OF FUNCTIONS 

16.1 GENERAL REMARKS 

If a function f (x) is continuous on an interval [a, b] and its 
anti derivative F (x) is known, then the definite integral of .this 
function from a to b may be computed from the Newton-Leibniz 
formula 

b 

~ f (x) dx = F (b) -F (a) {1) 
a 

where F' (x) = f (x). 
However, in many cases the anti derivative F (x) cannot be found 

by elementary means or is too involved; as a result, computation 
of the definite integral by formula ( 1) may be difficult or practi
cally impossible. 

Moreover, in practical situations, the integrand f (x) is often 
specified in tabular form and then the whole concept of an anti
derivative is meaningless. Similar problems arise in the compu
tation of multiple integrals. Therefrom stems the great importaHce 
of approximate, primarily numerical, methods for computing defi
nite integrals. 

The problem of the numerical integration of a function con
sists in computing the value of a definite integral on the basis of 
a series of values of the integrand. 

The numerical computation of a single integral is called me
chanical quadrature, that of a double integral~ mechanical cubature. 
We will call the respective formulas, quadrature and cubature 
formulas . 

.. Let us first examine the numerical computation of single integ
rals. The ordinary technique of mechanical quadrature consists in 
replacing the given function r (x) on the interval [a, b] under con
sideration by an interpolating or approximating function rp (x) of 
a simple kind (say a polynomial) and approximately setting 

b b 

~ f (x) dx = ~ rp (x) dx (2) 
a a 
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, 
The function cp (x) must be such that the integral ~ cp (x) dx can 

a 

be evaluated directly. 
If the function f (x) is given analytically, then the question is 

posed of estimating the error in formula (2). 
Let us examine in more detail the use, for this purpose, of the 

Lagrange interpolation polynomial (Sec. 14.12). . 
Suppose, for .the function y = f (x), we know the corresponding 

values at n+1 points X0 , X1 , X 2 , •.•• , xn of [a, b]: 

f(xi)=Yi (i~=O, 1, 2, ... , n) (3) 

It is required to fino approximately 
b b 

~ y dx = S f ( x) dx 
a a 

Using the given values Yi• construct the Lagrange polynomial 
n 

L() ""' I1n+l(x) 
n X = ~ (x-x·) II' t (x·) Yt 

i::=O I n l I 

(4) 

where 

and 
Ln(xi)=Yi (i=O, I, 2, ... , n) 

Replacing the function f (x) by the polynomial Ln (x), we get 
b b 

~ f (x) dx = ~ Ln (x) dx + Rn [f] (5) 
a a 

where R 11 [f) is the error in the quadrature formula (5) (remainder 
term). From this, using (4), we get the approximate quadrature 
formula 

where 
b 

Ai= \ 
v 
a 

b f1 

~ ydx= L AiYi (6) 
a i==e 

(i = 0, 1, 2, ... , n) (7) 

If the limits of integration a and b are interpolation p0ints, 
then the quadrature formula (6) is of the "closed type", otherwise 
it is of the "open type". 

With respect to computation of the coefficients Ai, note that 
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(1) the coefficients Ai are independent of the choice of the- funcM 
tion f (x) for a given arrangement of the points; 

(2) for a polynomial of degree n, formula (6) is exact because 
in that case Ln (x) == f (x); hence, in particular, formula {6) is 
exact for y=xk (k=O, 1, ... , n); that is, Rn·[xk]=O for 
k=O, I, ... , n. 

Putting y = xk (k = 0, I, 2, ... , n) in (6), we get a linear sysM 
tern of n + 1 equations: 

n 

1 fo=~Ai, 
i==O 
n I 11 = ~ Aixi, 

i=O 

I (8) 

n 

J In= ~Aix[ 
i=O 

where 

(k = 0, I, ... , n) 

from which it is possible to determine the coefficients A0 , A1 , ••• , An 
[I], [2]. The, determinant of system (8) is the Vandermonde 
determinant 

D= U (xi-xi) =1= 0 
l>J 

Note that in the application of this method the actual construcM 
tion of the Lagrange polynomial Ln (x) is unnecessary. 

A simple method for computing the errors of quadrature forM 
mulas has been worked out by S. M. Nikolsky [3]. 

Example. Derive a quadrature formula of the form 
l s ydx = AoY (-}) + A1Y ( ~) + A2y (! ) 
0 • 

Solution. Putting 

y=xk 

in (9) and noting that 

I 1 

(k=O, 1, 2) 

~ dx= I, ~xdx=~, 
0 0 

(9) 
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we get the system 

whence 

and, thus, 

( 10) 

The quadrature formula ( 1 0) is 9f the open type and is exact 
for all polynomials of degree not exceeding two. It is easy to see 
that (I 0) yields a correct result for y = x3 as well, and so this 
formula is also exact for third~degree polynomials. 

16.1 NEWTON-COTES QUADRATURE FORMULAS 

Suppose, for a given . function y = f (x), it is required to com~ 
pute the integral 

Choosing a spacing 

b 

~ ydx 
a 

h=b-a 
n 

divide the interval [a, b] by means. of equally spaced ·points 

Xo=a, Xi=Xo+ih (i= I, 2, ... , n-1), Xn=b 

into n equal parts, and let 

Yi=f(xiJ (i=O, I, 2, ... , n) 

Replacing the function y by an appropriate Lagrange interpo· 
lation polynomial Ln (x), we obtain the approximate quadrature 
formula 

(1) 

where Ai are certain constant coefficients .. 

~R 9615 
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\Ve derive explicit expressions for the coefficients Ai of formu
la (I). As is known (Sec. 14.12), 

n 

Ln (x) = ~ Pi (x) Yt 
i= 0 

where 

Introducing the notation 
X-X0 q= -h-

and 
qfn +1 J = q ( q - l) . . . ( q - n) 

we obtain [cf. formula (2) of Sec. 15.4] 
11 
~ (-l)n-i qln+l] 

Ln (x) = ~ ., ( ·) 1 • --. Yt 
i=O t. _n-t . q-t 

(2) 

(3) 

(4) 

(5) 

(6) 

Replacing in ( 1) the function y by the polynomial Ln (x), we 
obtain, by virtue of (6), 

or, since 
x-x0 d dx 

q=-h-' q=h 

then, ~y a change of variables in the definite integral, we get 
n 

·_ (-J)n-i 5 qln+l) 
Ai- h., ( ')' --. dq t. n-t. q-t 

(i = 0, 1, 2, ... , n) 
0 

Since 

h == !?..=.!!... 
n 

we ordinarily put 

where 
n 

J (-l)n-i \" qfn+ll H-=- --dq 1
. n i! (n-i)l .., q-i 

(i = 0, 1. 2, ... , n) (7) 
0 

are constants called Cotes coefficients (see, for example, [1 J, [ 4] ) . 
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Then the quadrature formula (1) assumes the form 

o n 

~ y dx = (b --a) ~ H iYi 
g l=O 

(8) 

where 

(i=O, 1, ... , n) 

It is easy to see that the following relations are valid: 
n 

(1) ~Hi= I, 
i=O 

16.3 THE TRAPEZOIDAL FORMULA AND ITS REMAINDER TERM 

Applying formula (7) of the preceding section, we have, for 
n= 1, 

I 

H - - (' q ( q- 1) dq ~ __!_ 
o- j q -2' 

0 

whence 
Xt 

~ ydx= ~ (Yo+YI) {1) Fig. 69 

Xu 

We thus obtain the trapezoidal formula for approximate compu
tation of a definite integral (Fig. 69). 

The remainder term (error) of the quadrature formula ( 1) is 

Xt 

R = ~ y dx- ~ (Yo + Y1) 
Xu 

Assuming that y E c<z> [a, b], we derive a simple formula for the 
remainder term. We will regard R =!(.(h) as a function of the 
s·pacing h; then we can put 

x0 +h 

R (h)= S y dx- ~ [y (x0 ) + y (x0 +h)] 
Xo 

Differentiating this formula with respect to h twice in succession, 
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we obtain 
l h 

R' (h)= y (X 0 + ~) -2 [y (X 0 ) + Y (X 0 +h)] -2 y' (X0 +h)= 

=-}[y(X0 +h)-y(x0 )]- ~ y' (xo+h) 

and 
1 1 h 

R" (h)= 2 y' (x0 +h)- 2 y' (xo+h)- 2 y" (x 0 +h) = 

=- ~ y" (x 0 +h) 
Note that 

R (0) = 0, R' (0) = 0 

From this, integrating with 'respect to h and using the mean
value theorem, we successively derive 

h h 

R' (h) = R' (0) + s R" (t) dt = - + 5 t y" (x o + t) dt = 
0 0 

h 

= --}y" (~1) 5 tdt = -~ y" (sl) 
0 

where sl E (xo, Xo +h) and 
h h 

R (h)= R (0) + 5 ~' (t) dt = --} 5 t2 y" (~ 1 ) dt = 
0 0 

h 

= -+ !f" (S) ~ t2dt = - :; !J" (£) 
0 ' 

where t E (X0 , X 0 +h). 
Thus, we finally have 

R= -~; y"Ts) 
where £ E (X0 , x,). 

From the foregoing, it. foUows, in particular, that if y'' > 0, 
then form11la (I) yields the value of the integral with an excess, 
but if y" < 0, it yields the value with a deficit. 

16.4 SIMPSON'S FORMULA AND ITS REMAINDER TERM 

From formula (7) of Sec. 16.2 we get, for n= 2, 
- 2 

I I 5 I (8 ) I H 0 =r;:·r;: (q-l)(q-2)dq=4 3-6+4 =5, 
0 



16.4 Simpson's formula and its remainder term $91 

2 

I I 5 I H 2 = 2 · 2 . q ( q-1) dq = 6 
0 

Hence, since x2 -X0 = 2h, we have 

Xz 

5 ydx= ~ (Yo+4YI +y2) (1) 

which is the formula of Simpson's rule. Geometrically, this for
mula is obtained by replacing the given curve y = f (x) by the 
parabola y = L 2 (x) passing through three points M 0 (X0 , Yo), M 1 (X17 y1) 

and M 2 (x2 , y2) (Fig. 70). 

!I 

!h 
!/u 

Fig. 70 
0 

The remainder term of Simpson's formula Is 
Xt 

R = S Y dx- ~ (Yo + 4yl + Y2) 

X~ 

Assuming that yEC!~> [a, b], we derive a simpler expression for R 
in a manner similar to what was done for the trapezoidal formula. 
Fixing the midpoint x1 and regarding R = R (h) as a function of 
the spacing h (h ~ 0), we get 

X 1 +h 

R (h)= ~ y dx-~ [y (x1 -h)+ 4y (x1 ) + y (X1 +h)] 
Xt-fJ 
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whence, differentiating the functlon R (h) three times in succ.ession 
with respect to h, we obtain 

1 
R' (h)= [y (X1 +h)+ y (x1 -h)] -3 [y (X1 -h)+ 4y (x1 )+Y (x1 +h)]-

h - 2 
- 3 [ -y' {X1 -h)+y' (x1 +h)] = 3 [y(x1 -h)+y(x1 +h)]-

~{ y (X1)-~ [ -y' (X1 -h)+ y' (x1 +h)], 

R" (h)=-} [ -y' (x1 -h)+ y' (x1 +h)]-
\ 

- ~ [ -y' (x1 -h)+ y' (x1 +h)J -4 [y" (x1 -h)+ y" (x1 +h)]= 

= ! [ -y' (x1 -h)+ y' (x1 +h)~~ [y" (x1-h)+ y" (x1 +h)], 

R'" {h)=-} [y" (x1 -h)+ y" (x1 +\h)]-

-f [y" (x1-h)+y" (x1 +h)]~ ~ [-y"' (x,-h)+y'" (x1 +h)]= 

=- ~ [Y,"' (x1 +h) -y'" (x1 -h)]=-
2~

2 

ylv (~3 ) 
where ~3 E (x1 -h, X1 +h). 

Moreover, we have 
R (0) = 0, R' ( 0) = 0, R" (0) = 0 

Successively integrating R"' (h) and using the mean-value theorem. 
we find 

h h 

R" (h)= R" (0) + 5 R"' (t) dt =- ~ s t"'y 1v (63 ) dt = 
0 0 

h 

= - ~ yiv (sz) 5 f2 dt =- ~ h3yiv (62) 
0 

where ~ 2 E (X1 -h. X1 +h), 

h h 

R' (h) =R' (0) + 5 R" (t) dt = ~ ~ 5 t 3y1V (~2) dt = 
0 0 
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where ~~ E (x1 -h, X1 +h), 

h h 

R (h)= R (0) + s R' (t) dt = - 1
1
8 s t 4y1v (~1 ) dt = 

0 0 
h 

1 s h5 =- T8 y!V (~) t4 dt = -90 yiV (~) 
0 

where s E (X1 - h, X1 +h). 
Thus, the remainder term of Simpson's· formula is 

R = -~~ ylV (~) (2) 

where ~ E (X0 , X2). 

Hence, this formula is exact for polynomials not only of degree 
two but of degree three as well, which means that Simpson's rule 
has a rather high accuracy for a relatively small number of ordi
nates. 

16.5 NEWTON-COTES FORMULAS OF HIGHER ORDERS 

Carrying out the appropriate computations for n = 3, we obtain 
from formula (7} of Sec. 16.2 Newton's quadrature formula 

(1) 

(three~eighths rule). 
The remainder term of formula ( 1) is {2] 

R= _3s~ y'v (s) 

where sE(x0, x3). 
The subsequent Newton-Cotes quadrature formulas are given 

in [1], [2]. The remainder terms of these formulas are given by 
Steffensen (see [1], [5], [6]). 

Note that for sufficient smoothness of the function Y= f (x) the 
error in a Newton-Cotes formula employing n + 1 ordinates is at 
least of the order of [I], [6] 

R=0kE(i)+3] 
where E ( i) is the largest integer in the fraction ~ . 

From this we see that quadrature formulas employing an odd 
number of ordinates are more advantageous as to the degree of 
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accuracy. See the table of Cotes coefficients (Table 65). For the 
sake of notational convenience, th~ Cotes coefficients for each n 

TABLE 65 
COTES COEFFICIENTS 

n Ha Ht Hz Hs fi, fi6 Hs 

I I I 
2 I 4 1 
3 I 3 3 1 
4 7 32 12 32 7 
5 19 75 50 50 75 19 
6 41 216 27 272 27 216 41 
7 751 3577 1323 2989 2989 1323 3577 
8 989 5888 -928 10496 -4540 10496 -928 

are given in the form of fractions: 

H·=Ri 
' N 

Fi1 

751 
5888 

with common denominator N. Note as a check that 
n 

~ Ht=N 
1=0 

Common 

Hs dcnomina-
torN 

2 
6 
8 

90 
288 
840 

17280 
989 28350 

It is worth bearing in mind that the Cotes coefficients for large n 
may be negative (see, for instance, n=8). 

Example. Evaluate 
l 

l=s~ 1+x 
0 

using a Newton-Cotes form.ula employing seven ordinates (n = 6). 

Solution. Taking a spacing of 
h:_ 1-0 _ _!_ 

- 6 - 6' 

we form a table of values (see Table 66) where for convenience 
we· assume fli = 840 Ht· 
Whence 

I I= 840 • 581.994372 = 0.6933 
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TABLE 66 

EVALUATING AN iNTEGRAL BY THE NEWTON-COTES FORMULA 

i 

I 
Xi 

I 
Y! I Hi 

I 
Hm 

0 0 1 41 41 

I 
1 6 

216 185.142857 6 7 

2 
1 3 

27 20.25 3 4 
1 2 

272 
3 2 3 181.333333 

2 3 
27 4 3 5 16.2 

5 6 
216 5 6 TI 117.818182 

6 1 
1 

41 20.25 2 

~ I I I I 581.994372 

The exact value is 

l=ln2=0.69315 ... 

Since the Cotes coefficients are extremely involved for a large 
number of ordinates. a practical procedure for approximating de
finite integrals is as follows: lhe interval of integration is divided 
into a sufficiently large number of subintervals to each of which 
is applied a Newton-Cotes quadrature formula employing a small 
number of ordinates (see, for instance, [7]). Formulas of simpler 
structure are then obtained and the accuracy of these formulas 
may be arbitrarily high. 

We will now consider some examples of such formulas. 

16.6 GENERAL TRAPEZOIDAL FORMULA (TRAPEZOIDAL RULE) 

To evaluate the integral 
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divide the interval of integration [a, b) into n equal parts [x0 , x1 J, 
[x1 , x2], ••• , [xn-u xn] and to each apply the trapezoidal rule 
[see Sec. 16.3, formula (l)J. Setting h=b-a and denoting by 

n 
Y; = f (x;) (i = 0, l, ... , n) the values of the integrand at the 
points xi, we have 

b s ydx = 4 (Yo+·y~) + -i (y1 + Y2)+ · · · + ~ (Y, ... l +Yn) 
a 

or 
b 

S Y dx = h ( y; + Y 1 + Y2 + .. · + Y n- 2 + Y n -1 + ~) (I ) 
a 

Geometrically, formula ( 1) is obtained by replacing the graph 
of the integrand function y= f (x) by a polygonal line (Fig. 71). 

!lo !II !lz !In 

Fig. 71 
h h h h ,--..... ,--..... ,.,--, ,----- ,--..... 

0 

If y E c(z> [a, b], then the remainder term of the quadrature for
mula ( 1) is, by (2) of Sec. 16.3, 

Xn n 

R = S Y dx - ~ ~ (y i -1 + Y i) = 
Xu I= 1 . 

= ,t [J y dx- ~ (y,_, +Y,)] =- ~; ~ y" (\;1) (2) 

where ~tE (xi-P X;)· 
Consider the arithmetic mean 

n 

J.t = ~ L.Y" (si>· 
i=l' 
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Clearly, ~ lies between the smallest value m2 and the largest 
value M 2 of the second derivative y" on the interval [a, b]. Thus 

m2~~~M2 

Since y" is continuous on [a, b], it assumes all intermediate va
lues between m2 and M2 • A point ~ E (a, b] therefore exists such 
that 

~ = f" (~) 
From formulas (2) and (3) we have 

R = _ ~~
3 

y" (~) = _ (b~;) h2 y" (~) 

where ~ E [a, b]. 

16.7 SIMPSON'S GENERAL FORMULA (PARABOLIC RULE) 

Let n =2m be an even number and let Yi = f (x;) (i = 0, I, 2, ... , n) 
be the values of the function y = f (x) for equally spaced points 
a =X0 , X1 , ••• , Xn = b with spacing 

h= b-a = b-a 
n 2m 

Applying Simpson's rule [Sec. 16.4, formula (I)] to each doubled 

!I 

I 
I 

' ' I X I !I~ i !lz Jl 

!J, fl u I 

Fig. 71 I 

0 Zu .X~ 

interval [x0 , X 2], [x2 , X4], 
we get 

I 
I 
I 

.x. 

... ' 

!J=f(.x) 

!/zm 

.X~m-z J:~m 

[X2m- 2 , X2m] of length 2h (Fig. 72), 
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whence we obtain Simpson's general formula: 
b 

S ydx =+[(yo+ Yzm)·+ 4 (yl + Y3 + · · · + Y2rn-1}+ 
a 

+ 2 (Yz + Y4 + · · · + Yzm-2)] 

Introducing the notation 

Gl = Y1 + Ys+ · · · + Y2m-1? 
G 2 = Y 2 + Y4 + · · · + Yzm 

we can write· (I) more simply as 
b 

S ydx = + [(y0 + yJ+ 4a1 + 2a2] 

a 

(1) 

( 1 ') 

If y E cw [a, b], then the· error in Simpson's formula on everv 
doubled interval [xzk-z• X2k] (k = 1, 2, ... , m) is given, on the 
ba?is _of formula (2) of Sec. 16.4, by the formula 

h6 IV(!: ) rk=-go Y ':Jk 

where 6k E (X2k_ 2 , X2k). Summing all these errors, we get the re
mainder term for Simpson's general formula in the form 

Since y1v (x) is continuous on [a, b] there is a point 6 E [a, b] 
such that 

m 

y!V (6) = -Jn L yiV (~k) 
k= 1 

We therefore have 

R ~- ~~6 yiV (6) =- (b--;-8~) h" yiV (6) (2) 

where s E [a, b]. 
If the maximum admissible error e > 0 is given, then, denoting 

M4 =max I yv1 (x) I, 
we will have, for determining the spacing h, the inequality 
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whence 

V 180e 
.h< (b-a)M

4 

4/-Thus, h. is of the order of v e. . 
In many .cases,· it is extremely difficult to estimate the error in 

Simpson's quadrature formula (1) using (2). Then a double com
putation is carried out witb spacings h and 2h, and it is taken 
that the coincident decimals belong to the exact value of the · 
integral. 

There is another technique of practical convenience for compu
ting the error in Simpson's quadrature formula. Assuming that 
the derivative y1v (x) varies slowly on the interval [a, b] we obtain 
by (2) an approximate expression for the desired error 

R=Mh~ 

where the coefficient M wi II be cons'i dered constant. Let ~h and 
~H be approximate values of the ii;J.tegral 

b 

I= ~ ydx 
a 

obtained. by Simpson's rule with spacing h and H =2ft, respec
tively. We have 

and 

whence 

R - 'L,h-'L,H 
- 15 

For the approximate value of the integral I it is advisable to 
take the corrected value 

I= l:h + ~h~Y.,H 

Note that if the number of divisions n is a multiple of 4, then 
the sum 'EH may be computed by using tabular values, taking 
every other one. 

Example; Using Simpson's formula, compute the integral 

taking n = 10. 

I 

r dx 
I= J 1 +x 

0 
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Solution. We have 2m= 10, whence 

1-0 h=-10-=0.1 

The results of the computations are given in Table 67. 
TABLE 57 

EVALUATING AN INTEGRAL BY SIMPSON FORMULA 
,. 

l I Xi I Y2;-1 I Ytj 

0 0 I Yo= 1, ooooo] 
1 0.1 0,90909 
2 0.2 0.83333 
3 0.3 0,76923 

.4 0.4 0.71429 
5 0.5 0,66667 
6 0.6 0.62500 
7 0.7 0.58824 
8 0.8 0.55556 
9 0.9 0.52632 

10 1.0 I 0.50000=Yn 

~ I 
/13 459551 (o1) I I 2.72818 I ( l1z) 

By formula (1 ') we have 

h . 
-f ~ 3 (Yo--!- Yn +_ 40'1 + 20'2) = 0.69315 

I 

(3) 

Let us compute the error of the result (3). The total error R 
is made up of the error R1 of operation and the remainder term R2 • 

Clearly, 

where Ai are the coefficients in Simpson's formula and e is the 
maxi mal rounding error for the values of the integrand. 

In our case 
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We estitDate the remainder term by formula G2). Since 
I 

Y= I+x =(1 +x)-1 

hen 

whence 

24 
yiV = (-1) (-2) (-3) (- 4) (I +x)-5 = (1 +x)o 

, and, therefore, 

I R I ~ 1 · (O. 
1 
)
4 

• 24 = 1 3 · I o- ~ 
2 ~ 180 . 

Thus, the limiting total error is 
R=0.5·I0- 5 + 1.3·10- 5 = 1.8·10- 5 < 0.00002 

and, hence, 
I~ 0.69315 ± 0.00002 

16.8 ON CHEBYSHEV'S QUADRATURE FORMULA 

Let us consider the quadrature formula 

1 n 

~ f (t) dt = .~ Btf Ut) 
-1 f =1 

where B i are constant coefficients. 
Chebyshev suggested choosing the abscissas t; so that: 
(I) the coefficients 8 1 a·re equal, 

607 

(I) 

(2) he quadrature formula (1) is exact for all polynomials of 
degree up to n inclusive. 

Let us show how the 8 1 and ii can then be found. Setting 

B1 = 8 2 = ... =Bn=B 

and noting that for f (t) == I, we have 

whence we obtain 
2 B=-n 

Consequently, Chebyshev's quadrature formula jg of the form 
I n 

5 t (t) dt = + L t Ut) 
-1 i=I 

(2) 
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To determine the abscissas ti, note that formula (2), by Condi
tion (2), must be exact for functions of the form 

f(f)=f, f 2
, ••• , tn 

Substituting these functions into (2), we obtain the system of 
equations 

f 1+f 2+ .. . +fn=O, 

t~+ t~+ ... + t~ = ~ , 

ti + t~ + ... + t~ = 0, 

t~ + t~ + ... + t~ = ~ ' 
(3) 

from which we can determine the unknowns ti (i = I. 2, ... , n). 
Chebyshev demonstrated that the solution of system (3) reduces 
to finding the roots of a certain algebraic equation of degree n 
[6], [8]. Table 68 lists the values of the roots t, of system (3) 
for n = 2, 3, ... , 7. 

TABLE 68 

VALUES OF ABSCISSAS ti IN CHEBYSHEV'S FORMULA 

n 

I 
t 

I ti ~ n 
I 

i 

I ti 

2 1; 2 =j=0.577350 6 1; 6 =t=O .866247 
3 I; 3 =f 0. 707.1{)7 2; 5 i=O. 422519 

2 0 3; 4 =1=0.266635 
4 I; 4 =fO. 794654 7 1· 

' 
7 =t= 0 . 883862 

2; 3 1=0.187592 2• 
' 

6 =r:o .529657 
5 1; 5 =t=O .832498 3; 5 =t=O. 323912 

2; 4 =f0.374541 4 0 
3 0 

As S. N. Bernstein ·demonstrated, the system (3) for n 0::::::8 and 
n?;; 10 does not have any real solutions. Therein lies the funda
mental defect of Chebyshev's quadrature formula. 

Exampel 1. Derive Chebyshev's formula with three ordinates (n = 3). 
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Solution. 'vVe have the following system of equations for deter· 
mining the abscissas t 1 (i = I, 2, 3~; 

!1 + tz + ! 3 = 0, } 
t~ + t~ + t~ = I, 
tr + t~ + t~ = o 

Let us consider the symmetric functions of the roots 

cl = t} + t2 + t3 , 

C2 = t1t2 + tlta + t2t3, 
Ca=tltzt3 

From system (4) we have 

C1 =0, 

Cz= ~ [(t~+ t2 +f3)2 -{tr+t;+t~)]= ~ (0-I)=~ ~, 
c3 = i [(It+ t2 + ta)3-3 {tl + t2 + ta) {ti + t~ + tn+ 

(4) 

+2U~+t:+tV] ={(0-0+0)=0 

From this we conclude that t 1 are the roots of the auxiliary 
equation 

or 
f3 -C1 ta + C2t-C3 =0 

t3 _ __!_ t = 0 
2 

Hence, we can take 
y2 y2 

t1=-,-~, !2=0, ta=-2-

Thus, the corresponding Chebyshev formu Ia has the form 
1 

sf (t) dt = ~ [t (- ~2) + t (0) + t ( ~2)] 
-I 

To apply the Chebyshev quadrature formula to an integral of 
the form 

b 

~ f (x) dx 
Q 

it is necessary .to transform it by the substitution 

X= bta +~~.t 

39 9616 
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which carries the interval a~ x~ b into the interva_l - I < t < 1 
Applying Chebyshev's formula (2) to the transformed integral, 
we get 

where 

b ~ 

5 
b-a ,_, 

a f ~X) dx = -n - t: f (x;) 

b+a b-a 
Xt=-2-+-2-ti 

(5) 

(6) 

and t; (i = I, 2, ... , n) are the roots of system (3) (given in 
Table 68). 

Chebyshev's quadrature formula is mostly used in shipbuilding. 

Example 2. Evaluate the integral 
1 

'=Sxdx 
1+x 

0 

using Chebyshev's formula with five ordinates ·(n = 5). 

Solution. Introducing the notation 

f(x)=-x
l+x 

we have 
1 

I= 5 [f (xi)+ f (x2) + f (X3 ) + f (X4 ) + f {xr;)] 

where, by formula (6), 
J I J J 

Xl = 2+ 2 11 = 2+2 · (- 0.83250) = 0.08375, 

J 1 1 I 
X2 =2+2 f 2 =2+2 · (- 0.37454) = 0.31273, 

l 

1 I 1 I 
Xa =2+ 2 ta =2+2. 0= 0.5 

X 4 = 1- X2 = 0.68727 
Xr; = 1- X1 = 0.91625 

-
The respective values of Y; = f (x1) (i_ = 1, 2, 3, 4, 5) of the integ· 
rand are listed in Table 69. 

From this we get 
1 

I =r; · 1.5342 = 0.3068 

By way of comparison, we give the exact value of the integral to 
six significant digits: 

I= 0.306846 •.• 
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TABLE 69 

EVALUATING AN INTEGRAL BY CHEBYSHEV'S FORMULA 

i I Xi 

I 
!I! 

I 0.08375 o-.0773 
2 0.31273 0.2382 
3 0.50000 0.3333 
4 0.68727 0.4073 
5 0.91625 0.4781 

~ I I 
1.5342 

16.9 GAl}SSIAN QUADRATURE FORMULA 

·In this .section we will need some facts about Legendre poly· 
nomials, which are polynomials of the form 

(n=O, 1, 2, .•. ) 

The following are the basic properties of Legendre polynomials [1]: 
( 1 ) P n (1) = I , P n (- I ) = (- l)n ( n = 0, 1 , •.• ) , 

1 

(2) ~ P n (x) · Q k (x) dx = 0 (k < n), where Qk (x) is any poly· 
-I 

nomial of degree k less than n; 
(3) the Legendre polynomial P n (x) has n distinct real roots 

lying in the interval (- 1, 1 ). 
Listed below are the first five Legendre polynomials (their 

graphs are shown in Fig. 73): 

P0 {X)=l, 

P1 (x) = x, 
I P2 (x) = 2 (3x2 -1), 

l 
P 8 (x) = 2 (5x3 -3x), 

1 
P4 (x) =s (35x'-30x2 + 3) 

Let us now derive the Gaussian quadrature formula. We first 
consider a function y = f (t) specified on the standard interval 
[- 1, 1]. The general case can readily be reduced to our case by 
a linear substitution of the independent variable. 
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We pose the problem as follows: how must one choose points 
t1 , tz, ... , tn and coefficients A1 , A2 , ••• , An so that the quad· 
rature formula 

I n 

~ f(t)dt=~Ad(t;) (1) 
-1 l=l 

is exact for all polynomials f (t) of degree N as high as possible. 

!/ 

Fig. 73 

Since we have' at our disposal 2n constants ti and A; (i = 1, 
2, ... , n), and a polynomial of degree 2n- 1 is determined by 
2n coefficients, this highest possible degree is in the general case 
clearly equal to N = 2n- 1. 

To ensure equation ( 1) it is necessary and sufficient that it be 
valid for 

f (f) = 1 , f, fl., .•• , fZn - 1 

Indeed, setting 

(k = 0, 1, 2, ... , 2n- 1) (2) 

and 

Zn-1 

f {t) = ~ Cktk 
k=O 



16.9 Gaussian quadrature formula 613 

\Ve get 
I 2n-l I 2n-1 n 

~ f ( t) dt = ~ C k ~ fk dt = ~ C k ~ A Jf = 
-1 k=O -1 k=O i=l 

n Zn -1 n 

= ~ A; ~ Ckt7 _:_ ~ Ad {t;) 
l=l k=O i=l 

Thus, taking fnto account the relations 
I ( 2 

5 kd _ 1-(- 1)k+ 1 _ -k 1 for k even t t- --< + 
· _ 1 · k + 1 l 0 for .k odd 

we conclude that to solve the problem [2], [3], [6], it is sufficient 
to determine t 1 and A; from the following system of 2n equations: 

n 

·~ A;=2, 
i=l 

n 

~ A;t;= 0, 
l=l 

n 
~ A tzn-z 2 
.t::.J i i =-2--1 ' 
t=l n-

n 

~ A .f~"-1 =0 .t::.J ll ' 
i=l 

) 

(3) 

The system (3) is a nonlinear ·system and its solution in the 
ordinary manner involves great mathematical difficulties. However, 
the following artificial device may be employed. 

Consider th~ polynomials 

f(t)=tkPn(t) (k=O, 1, ... , n-1) 

where P" (t) is Legendre's polynomial. 
Since the degrees .of these polynomials do not exceed 2n-1, 

then formula ( 1) should, on the basis of (3), hold true, and 

l n 

~ tkP n (t) dt = ~ A,t7P n (t;) 
-1 t=l 

(k=O, 1, ... , n-1) (4) 

On the other hand, by virtue of the orthogonality property of 
Legendre polynomials (Property 2), the ~quations 

I 

\ fkPn(t)dt=O for k<n 
ol 
-I 
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are valid and therefore 
n 

~ Att?P n (t,) = 0 (k=O, 1, ... , n-1) (5) 
i=l 

Equations (5) will definitely be ensured for any values Ai if we put 
Pn (t,) = 0 · (i = 1, 2, ... , n) (6) 

Thu~, to achieve the maximum accuracy of the quadrature formula 
( 1 ), it is sufficient to take for the points t i the zeros of the 

· respective Legendre polynomial. As is known (Property 3), these 
zeros are real and distinct and lie in the interval (- I, 1 ). 
Knowing the abscissas of ti, the coefficients Ai (i =I, 2, ... , n) 
can· readily be found from the linear system of the first. n equa
tions of system (3). The determinant of this subsystem is the 
Vandermonde determinant 

D= II (ti-tj) =fo 0 
i>i . 

and, hence, A; are determined unambiguously. It may be, shown 
that the quadrature formula (I) with the thus obtained coefficients 
A; (i = 1, 2, ... , n) will be more exact for all polynomials of 
degree not higher than 2n-l. 

Formula (1), where the t1 are zeros of the Legendre polynomial 
P n (t) and the A; (i = 1, 2, ... , n) are determined from system (3), 
is called the Gaussian quadrature formula. 

Example t. Derive the Gaussian quadrature formula for the case 
of three ordinates (n = 3). 

Solution. The Legendre polynomial of degree three is 

P 3 (t) ={ (5i 3 -3t) 

Equating this polynomial to zero, we find the roots 

tl =- y ~ ~-0.774597, 
fg= 0, 

/3 
f 3 = "J; 5 ~ 0.774597 

To determine the coefficients, A1 , A2 , A3 , we have, by (3) 

A1 +A2 +A3 =2, ) 

-J/ ~ A1 + y; A3 =0, 
3 3 2 
5Al +s-Aa =a 
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whence 

Therefore, 
l 

8 
A=-

2 9 

s f (t) dt = ~ [ 5f (- y;) + 8f (0) + 5f ( l/;) J 
-1 

TABLE 70 

ELEMENTS OF THE GAUSSlAN FORMULA 

n I i I ti I At 

I I I I 0 I 2 

2 II; 21 =F 0 . 5 7735027 I I 

3 l; 3 =F 0. 77 459667 ~ = 0 . 55555556 

2 0 ~ = 0. 88888889 

4 1; 4 =F 0 . 86113631 0.34785484 
2; 3 =F 0.33998104 0.652!4516 

5 1; 5 =j=0.90617985 0.23692688 
2; 4 =F 0 ~ 53846931 0.47862868 
3· 
' 

0 0.56888889 

6 1; 6 =F 0. 93246951 0.17132450 
2; 5 =!=0.66120939 0.36076158 
3; 4 =j=O .23861919 0.46791394 

7 1; 7 =F o. 94910791 0.12948496 
2; 6 =F 0 . 7 4153119 0.27970540 
3; 5 =F 0.40584515 0.38183006 
4 0 0.41795918 

8 I; 8 =F 0. 96028986 0.10122854 
2; 7 =F 0 • 79666648 0.22238104 
3; 6 =F 0.52553242 0.31370664 
4; 5 =!=0.18343464 0.36268378 

-

615 
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For reference (see Table 70), we give the approximate values of 
the abscissas of ti and coefficients A 1 in the Gaussian quadrature. 
formula {1) for n= 1 to 8 (see [1], [4], [6]). 

The inconvenience of the Gaussian quadrature formula consists 
in the fact that the abscissas of the points t 1 and the- coefficients 
A1 are, generally speaking, irrational numbers. This defect is 
partially compensated for by its high precision for a relatively 
small number of ordinates. 

Let us now consider using the Gaussian quadrature formula for 
evaluating the integral 

b 

~f(x)dx 
a 

Making a change of variable, 

we get 

_ b+a_+b-at 
X--2- --2-

b J s f (X) dx = b-; a s f ( b t a+ b 2 a t )" dt 
a · -1 

Applying the Gaussian quadrature formula ( 1) to this last integral, 
we have · 

where 

b n 

Sf (x) dx = b-;a L AJ (xi) 
a l=l 

_ b+a +b-at 
Xi--2- -2- l (i = 1, 2, ... , n) 

(7) 

(8) 

and t; are the zeros of the Legendre polyn9mial P n (t); that is, 
p n (t,) = 0 

The remainder term of the Gaussian formula (7) with n points 
is expressed as follows [ 1], [6f: 

whence we obtain 

(b-a)Zn+l (n!)4 f<Zn> (~) 
[(2n)!]3 (2n+1) 
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l (b-a) 11 r R5 = 1237732650 -z- t 10
) (s) 

R _ 1 (b-a) 13 fllZl (!':) 
6 - 648984486150 2 '::> 

and so forth. 

Example 2. Evaluate the integral 
1 

I=~ Vl +2xdx 
0 

using the Gaussian formula with three ordinates (n = 3). 

617 

Solution. We have a= 0 and b = 1. By formula (8) and Table 70, 
the abscissas of the points will have the following values to five 
significant figures: 

I I 
X1 = 2+2 t1 = 0.11270, 

1 I 
x2 = 2 + 2 i 2 = 0.50000, 

1 1 
x3 =2+ 2 t3 = 0.88730 

The corresponding coefficients of formula (7) will, in our case, be 

C1 = b;-a A 1 =+ · ~ = 1~ =0.27778 

b-a 1 8 4 
C2 =-2-A2 =2 · -g=g- =0.44444 

b-a l 5 5 c3 =-2-A3 = 2 · g-=~=0.27778 

The subsequent computations are given in Table 71. 

TABLE 71 

SCHEME FOR EVALUATING AN INTEGRAL BY THE GAUSSIAN FORMULA 

t 
I 

Xi 

I 
Yi 

I 
c, 

I 
ciYi 

I 0.11217 1.10698 0.27778 0.30747 
2 0.50000 1.41421 0.44444 0.62853 
3 0.887~0 1.66571 0.27778 0.46270 

z 
I I I I 

I. 39870 
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Consequently 
3 

I= ~ Ciy1 = 1.39870 
l=l 

To estimate the residual error R3 , _we can take advantage of the 
formula 

R __ 1_ (b-a)?ft6) (t) h t - ( b) 
a - 15750 2 \::1 w ere ~::, E a, 

Supposing 
1· 

f (x) = V 1 + 2x = ( 1 + 2xf2 
we have 

11 

[< 6
> (x) =·+ (-{) (- ~) (-f) (-f) (- ; ) (1 + 2x) -2 . 26 = 

--,.From this, 

and, hence 

= -945(1 + 2x) 
11 
z 

max ! [< 6
> (x) I = 945 for 0 C x ~ 1 

945 ( l ) 7 1 I Ral ~ 15750 2 ~ 2000 

Note that the exact value of the integral is 

V- I . 
. I= 3 - 3 ~ 1.39872 

16.10 SOME REMARKS ON THE ACCURACY OF QUADRATURE 
FORMULAS 

The quadrature formulas we have considered have the following 
structure: 

b n 

~ f (x) dx = ~ Ad ( x J + R [f] 
a l=1 

(1) 

where xu X2 , ••• , Xn are a given set of points in the interval of 
integration [a, b], Ai are some known constant coefficients, and R [f] 
is the remainder term. 

The accuracy of various quadrature formulas differs for one and 
the same number of ordinates. 

Example. Compare the accuracy of different quadrature formulas 
with three ordinates for the integral 

1 

I= S V2+xdx = 2V3 -~= 2,797435 ... 
-1 __ 
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Solution. Using Simpson's formula~ we get 

1 ~ {rv-2-1+4 V2+o+V2+ 1]=; ·8.428905=2.809635 

Chebyshev's formula yields the result 

I~~ [ (2- ~2 + V2+0+ y-2 +-~----2 ] = 
2 

= 3' 4.220097 = 2.813398 

Finally, the Gaussian formula gives the value 

I~ 0.555566 (V-2-0.774597 + V2+0.774597) + 
+ o.888889 V2 + o = 2.797460 

Thus, in this case the Gaussian formula is the 
We confine ourselves to an examination of 

quadrature formulas with equally spaced points; 
these include the most common formulas: tra
pezoidal formula, Simpson's formula, the 
Newton-Cotes formula. In this case, the accuracy 
of the quadrature formula is in the main cha
racterized by the order of the remainder term 

where 

b-a 
h=-n 

(2) 

is the spacing (n is the number of subdivisions) 
and m is a natural number. For example, for 
the trapezoidal formula (Sec. 16.3) we have 

R [f] =- b12 a h2f" (~) 

and so m = 2; for -Simpson's formula (Sec. 16.4) 
we have 

whence m = 4. The larger the number m, the 
more exact the quadrature formula; in this 
sense, Simpson's formula ·is more exact than 
the trapezoidal formula. The quality of a for
mula is revealed when we have ·a sufficiently 
small spacing h. 

most exact. 

!I 

-8 

Fig. 74 
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From this it fellows that in specific cases a crude quadrature 
formula cannot yield better results than a more exact one (for the 
same spacing). For example, for the function (Fig. 74) 

f (x) =- 8 + 45x2 -25x' 
we have 

1 

I = ~ f ( x) dx = 2 ( -8 + 15-5) = 4 
-1 

For h = 1 the trapezoidal formula yields the exact value 

11 =+ f (-1) + f (0)+-}t (1) = 6-8+ 6= 4 

whereas Simpson's formula for h = 1 does not even ensure the sign 
of the integral: 

I I 8 
/ 2 =3 [!(- 1)+4f(O)+fil)] =3(12-32+ 12)=- 3 

For a fixed number of points, the accuracy of a quadrature for~ 
mula depends essentially upon the location of the points. Greatly 
distorted values may result if the arrangement of points is not 

!I 
suitable. For instance, con~ 
si der the function y = f (x) 
given in Fig. 75. Choosing 
equally spaced points a= x0 , 

Xu X 2 , X3 , X 4 = b and employ~ 
ing the appropriate Cotes 
formula for five ordinates we 

0 fo-~77f?;f"-'~:m~~'077z:;;;;:--z-<>::-~ get 
tl=.Iu b 

I = ~ f (x) dx < 0 
a 

whereas it is obvious that 
-c ----- ---- ----- 1 > o. 

Fig. 75 It is not very difficult to 
construct similar examples 

for any quadrature formula with an arbitrary number of ordinates. 
Gen"erally, for a considerable number of zeros of the integrand 

f (x) or for a large number of its extrema [that is, when there 
are many zeros of the derivative f' (x)], the accuracy of the quad· 
rature formulas is greatly reduced because of the unavoidable large 
values of the higher derivatives. Therefore, the spacing h should 
be chosen so that it is much less than the distances between adja~ 
cent zeros of the function f (x) and its derivative f' (x). For this 
purpose, it is suggested to divide the basic interval of integra
tion [a, ~] into subintervals [a., ~], inside each of which the func-
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tions f (x) and f' (x) preserve sign (if this i-s possible), and to 
evaluate the integral by parts, choosing the spacing for each subin
terval. In more complicated cases, one also has to take _into con
sideration the behaviour of higher derivatives t<n> (x) (n ~ 2). By 
way of general orientation, it is well to construct the graph of the 
integrand y = f (x) beforehand·. If the function is a highly oscilla
ting one, it is best to employ special computational techniques. 
There are also general techniques which have been elaborated for 
increasing the accuracy of quadrature formulas [9]. 

To find the total limiting error of the quadrature formula ( 1 ), 
one must also take into account the summation error R1 • Suppose 
the terms f (xi) (i = 1, 2, ... , n) have been computed with an abso
lute error not exceeding e, and the coefficients Ai of the quadra
ture formula are exact posi
tive constants. Then we can !I 
put 

n n 

R1 ~ ~ A,e=e ~ A1 (3) 
i=t i=t 

Since the quadrature formula 
(1) is valid for f(x)==1, 

b n 

~ dx = b-+ a= -~ A 1 
a t=t 

For this reason, from (3) we 0 
have 

R1 ~ (b-a) e (4) 

(J=.X, 

Fig. 76 

Consequently, the total I imiting error of a quadrature formula~. 
without regard for the final rounding error, is 

R = ( b-a) e + I R [f] I 
where I R [f] I is the error of method, which may be determined as 
indicated above. 

Note that if the integrand y = f (x) is given in tabular form by 
the values y, = f (xi) (i = 1, 2, ... , n), then, strictly speaking, we 
cannot estimate the accuracy of the quadrature formula (1). This 
is because through a finite set of points Mi (xi, Yi) it is possible to 
pass an infinity of curves y = f (x) (Fig. 76) bounding various areas 
o~ the given interval [a,· b]; that is, the integral 

b 

I=~ f (x) dx 
a 

can a priori have an absolutely arbitrary value (see Fig. 76). In 
this case, quadrature formulas may be used only if we have some 
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idea about the unused intermediate values of the integrand function 
and its general properties, thus enabling us to get an idea of 
the nature of the graph of the function. 

*16.11 RICHARDSON EXTRAPOLATION 

If for the quadrature formula (1) of Sec. 16.10. we know the 
order of the remainder term R = R [f], then we can use the method 
of double computation to determine the magnitude of R. Let 

R = 0 (hm) (m ~ 1) 
where 

(n is the number of divisions), then we can approximately get 
R=Mhm (1) 

where M is a quantity which, for the given integrand f (x), we 
will take to be constant on the interval of integration [a, b]. We 
choose two different spacings 

b-a b-a h1 = -- and h2 = --
nl nz 

where n1 and n2 (n2 > n1 ) are the number of subintervals in the 
first and second cases, respectively. 

Denote by I n
1 

and I n
2 

the corresponding approximate values of 
the integral /. From ( 1) we have 

Rn.=f-fn
1
=M(b-;,_a)m (2) 

and 

(
b-a)m Rna=/-fn2 =M fl;- (2') 

where Rn. and Rna are the appropriate remainder terms. Then 

ln 2 -ln1 = M (b-a)m (---k----1-) 
n1 nz 

and, consequently, 

On the basis of ( 1) we get an expression for the remainder term: 
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in particular, for h= h'd; that is, when n = n2 we have 
n'!_l 

Rn2 = rn--;n (I n2 -In) (3) 
nz -n1 

Using correction (3) and by virtue of (2'), we get the following 
improved value for the integral I: 

(4) 

This technique is called Richardson extrapolation [10]. Introduc
ing the notation 

we have 

where 
1 

~=ry.m-1 

(5) 

(6) 

The coefficients ~ are tabulated for various values of ex. and m. 
Note that for the trapezoidal formula m = 2 and for Simpson:s 
formula, m = 4. A special case of formula (5) was given in 
Sec. 16.7. 

We will show that if In =fo In, then In n always lies outside 
I ] 

I 2 II 2 

the interva.l [In,, n2 . 
Indeed, tf 

I n2 >In, 

then from formula (5) we have 

But if 

I n2 <In, 

then from the same formula (5) we obtain 

Into n2 = I n2- ~ (I nt- J n) < I n2 = min {In,' I n2} 

Thus 

Int,n2~[Jn,, In2] 

That is, / 11" n'J is obtained from In, and I n2 by means of an ext~a
polation operation, whence the name of the method. 

If In.= I n
2

, then obviously 
I n1, n2 = / n1 = I n2 
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It may be shown that for a sufficiently smooth integrand func
tion f (x) the order of the remainder ter.m for I n

1
, nl is at least 

equal to m + 1. 

Note. Tables 72a and 72b give examples of Richardson extrapo
lation. 

TABLE 72a 

EXTRAPOLATION FOR THE CASE OF THE TRAPEZOIDAL FORMULA 

No. 

I I I' I 
/4 

I lz, 4 I 
I 

~ 

I I=~ sin x dx 1.571" 1.896 2.004 2.000 
0 

2 

2 I=~ e-x2 dx 0.877 0.881 0.8823 0.8821 
0 

3 
7 

I= ~ x2 .In x dx 185.7090 179.5385 177.4819 177.4836 
3 

4 

l=.f dx 
4 

Y5-x2 
0.9695 0.9389 0.9286 0.9267 

0 

No. I e1=l-1 2 I e'/,=1-1 4 I el,z=l-1,,. 

1 0.429 0.104 -0.004 
2 0.0051 0.0011 -0.0002 
3 -8.2254 -2.0549 0.0017 
4 -0.0428 -0.0122 -0.0019 

From these two tables it will be seen that, as a rule, the 
extrapolation increases the accuracy of computations for functions 
without singularities. 

It is also possible to derive more exact extrapolation formulas 
using the values In , In and In of the desired integral. that cor
respond to the three distinct spacings 

b-a 
hs=- (s= I, 2, 3) 

ns 

and taking into account the first two terms of the expansion of 
"the remainder term of the quadrature formula [1 0]. 
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TABLE 72B 

EXTRAPOLATION FOR THE CASE OF SIMPSON'S FORMULA 

No. 

I 
n 

] I=~ sin x dx 
0 

I 

2 s dx 
I= 1 +x2 

0 

7 

3 I=~ x2 ln x dx 
3 

4 

4 j" dx I-
- (25-x2)

3
/ 2 

0 

No. 

I 
e1=1-J 1 

I -0.094 
2 0.0021 
3 0.0296 
4 -0.0044 

•16.12 BERNOULLI NUMBERS 

Consider the fundi on 

I 
l ~ 

I 
/4 

2.094 2.004 

0.7833 0.7853 

177.454 177.481 

0.0577 0.0541 

I 
e,= 1-1 4 

-0.004 
0.0001 
0.0026 

-0.0008 

f (x) =ex::_ 1 

Taking advantage of the familiar expansion 

x x2 x3 

eX= I+lT+w+3f+ ... 
we can write 

I 
12, 4 

I 
I 

2.010 2.000 

0.7855 0.7854 

177.483 177.4836 

0.0538 0.0533 

I 
e,,:=l-l'r.• 

-0.010 
-0.0001 

0.0006 
-0.0005 

,(I) 

f (x) = x x2 x x3 x lxz (2) 
1T+2T+rr+·.. 1+2!+3!+ ... 

From this it is clear that the function f (x) can be expanded in 
a power series about x = 0; for the sake of convenience in subse-

40 9616 
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quent computations, we represent this series as 
00 

X ~ Bn n 
eX-l = ~ nJX 

n=O 

(3) 

where B0 = f (0) = I. In order to determine the other coefficients 
Bn (n = 1, 2, ... ) of the expansion, which are called Bernoulli 
numbers, we make use of the identity obtained from (2): · 

ro oo 
~ xn ~ B 
~ (n + 1 )! . ~ n~ xn == I 
n= 0 n==O 

Multiplying together the power series and equating to zero the 
coefficients of positive powers of the variable x, we obtain an 
infinite system of linear equations: 

Bn I + Bn- 1 1 + +' Bo l O 
nf'Tt (n-1)!'21 ··· Ol(n+l)!= (n = 1, 2, 3 ... ) 

or, multiplying by (n+ I)! '·and noting that 
(n+ I)! cn-k 

(n-k)! (k+ 1) = n+l 
(k=O, 1, ... , n+I) 

we get 

C~+t8n + C~+tBn-r + ... + C~+ 1B1 + 1 = 0 (4) 

If we agree to set 

then formula (4) may be compactly written in the following sym
bolic form: 

or, replacing· n + 1 by n, 

(8 + I)n-8n = 0 (6) 

Putting n = 2, 3, 4 
of equations: 

in formula (6), we obtain an infinite system 

2B1 + 1 =0, ) 
3B2+3B1 + 1.= 0, I 

4B3 + 682 + 481 + I = 0, ~ 
5B4 + 108a+ 1082 +581 + 1 =0, I 

) 

(7) 
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Whence, we successively find 
I 8---

~- 2 , 

I 1 5 
86=42' 87=0, 8s=-30' 89=0, 810=66' 

~1 7 
8n = 0' 812 = - 2730 ' 813 = 0' 814 = 6 ' B ~;, = 0, 

3617 . 43 867 
816=- 510, 817=0, 81s=~, Blo=O, 

B __ 174611 
20 - 330 

and so on. 

627 

Thus, the Bernoulli numbers may be determined step by step 
from the symbolic formula (6); note that after the binomial ex" 
pansion the powers of the B numbers must be replaced by Ber
noulli numbers with the appropriate indices. 

Function (1) is called the generating function of Bernoulli num
bers. Taking . advantage of the notation of (5), we can write 
expansion (3) symbolically as follows: 

_x_=eBx 
eX-J 

It is obvious from the structure of system (7) that all the Ber
noulli numbers are· rational. Besides, it turns out that the 
Bernoulli numbers of odd index, with the exception of Bu are 
equal to zero. We prove this property in the general form. No
ting that 

we have 

Clearly 

. B0 = I and B1 = -1/2 

IX> 

q> (x) =ex x 1 -8Ix =ex~ 1 + ~ = 1 + L ~~ xn (8) 
n=2 

X (eX+ 1) 
cp (x) = 2 (eX-1) 

X X 

X e2 +e --; X X 
- · =- coth -l X X 2 2 

ey--e2 · 

is an even function, and so its expansion (8) contains only even 
powers of the variable x and, hence, 

8 n = 0 for n = 3, 5, 7, ... 

Bernoulli numbers find applications in a diversity of problems. 
For instance, they are used in the important Euler-Maclaurin 
summation formula which we wi II now derive. 
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•16.13 EULER-MACLAURIN FORMULA 

Let y = f (x) be a function defined in the domain x ~ x0 • \Ve 
consider the finite-difference opera tor 

!lf (x) = f (x +h)- f (x) 

where h is a fixed positive quantity. The inverse operator -*-of the 
function f (x) is naturally taken to mean the function F (x) which 
satisfies the finite-difference equation 

t1F (x) = f (x) (I) 

Thus, from ( 1) we have 
1 

F (x) =Tf (x) (2) 

If f (x) is regarded on a set of equally spaced points 

where t1x1=xi+ 1 -Xi=h (i=O, 1, 2, ... ), then the inverse ope
rator F (xi)={- f (xi) can easily be constructed. Indeed, we form 
the finite sum 

i= 1 

S (xt) = ~ f (xi) (i = I, 2, ... ) 
f=O 

and agree that S (x0 ) = 0. We clearly get 

t1S (xi) =S (xi+l)-S (xJ = f (xi) 

On the other hand, by (I) we have 

t1F (xi) = f (xi) 

Subtracting (4) from (3), we get 

11 [F (x1)-S (xi)]= o 

(3) 

(4) 

for i = 0, I, 2, .... Here, the difference F (xi) -S (xi) does not de
pend on the subscript i and we can put 

F (xi) -;-S (xi)= F (x0 ) -S (x0 ) = F X0 ) 

whence 
F (x1) = F (xr,) + S (xi) 

where F (x0 ) is an arbitrary constant. Thus 
1 

, "X f (xi)= F (x0 )+ S (x;·) (5) 

That is to say, the inverse operator for a finite difference is the 
operator of a finite summation. 
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Let us now introduce the differentiati-on operator 

Df {x) =d~~) 

The inverse operator ~ is to be ·understood in the sense of the 
operation of integration: 

X 

~ f (X) = 5 f (X) dx 
Xu 

Using the Taylor series, we find 

t'lf (x) = ~ ~~ D•t (x) ={ t h•~• } f (x) = (e'D-J) f (x) 

Hence · 
~ = (ehD_I) 

Then, for the inverse operator ~ , we get the following expression: 

1 1 

't"=ehD-1 

Multiplying both members of this equation by hD, we get 

hD _!_ = ___!!!!__ 
tJ. ehD-1 

In the right-hand member we have the generating function of Ber
noulli numbers and so 

or, expanded, 

(6) 

Integrating (6) from x = x0 to x = Xn and using formula (5), we 
obtain 

1 l 
-;r f (xn)- "X f (X0) = 
~- I • ' 
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or 
n-1 n-I 

F (X0 ) + ~ f (xi) -F (x0 ) = /~ 1 (x1) = 
i~ 0 ~::.0 

Xn ro 

=hi S f (x) dx+ I'.~~ hk-1 [f(k-1) (xn)-f<k-1> (xo)] 
Xo k:::.l 

T-aking into account that 

1 
B1 =- 2 and Bzk+I =0 for k= 1, 2, ... 

we get the Euler·A1aclaurin, formula (also called the Euler·Maclau· 
rin summation formula) 

Xtl 

ft(x)dx=h[~ f(xo)+f(x1}+f(x2)+ ... +f(xn-1)+ ~ f(xn)]-
x., 

m 

-{;;(~~~I h2k [f(2k-1> (xn)-rrek-1> (xo)] + R2m (7) 

· where R2m is the remainder term. The notation (7) in the form of 
an infinite series is not always legitimate since the series may di · 
verge. Substituting the values of the Bernoulli numbers, we get 

.\fi . 

S ydx=h(~ Yo+Yl+Yz+· .. +Yn-1+ ~Yn)-~;.(y~-y~)+ 
~· -

+ h4 ( ,, , "') h
6 

( v v) + 
720 Yn -~0 -30240 Yn -yo · · • 

... -<:~), hzm [tam-u (xn)-fl'~m-1> (xo)] + R2m (8) 

The remainder term in the Euler·Maclaurin formula is of the form [6] 

R = -nh2m+s Bzm+z -f(Zm+Z) (t) 
zm (2m+2)! '= 

where ; E (Xo, xn)· 
· The Euler-Maclaurin formula (8) is used for approximate evalu

ation of definite integrals and· also for approximate summation of 
the values of functions for equally spaced values of the argument. 
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Indeed, from {8) we have 
n Xn 

~f(x;)= ~ 5 f(x)dx+f(xo)~f(xn) + 
r=O Xu 

m 

+· L (!)~ hzk-J [f(2k-1> (xn)-[<zk-1> (Xo)] -f. 
k=l 

+ nhzm+z Bzm+?." f<2m+z> (s) (9) 
(2m+2)! 

Example 1. Using the Euler-Maclaurin formula, calculate the ap
proximate value of the definite integra.! 

1 

i = ~(sin x-lnx+eX)dx 
0.2 

Solution. Divide the interval [0.2, 1 J into, say, eight subintervals 
taking h=O.l and setting 

X;=0.2+i·O.I (i=O~ I, ... , 8) 

The results of the computations of the values of the function 
f(x)=sinx-lnx+ex are listed in Table 73. 

TABLE 73 

VALUES OF THE FUNCTION f (x) =sin X -}n X+ ex 

X 

I 
0.2 

I 
0.3 

I 
0.4 

I 
0.5 I 

f (x) I 3.02951 I 2.84936 
I 

2.79754 
I 

2.82130 
I 

X I 0.7 I 0.8 
I 

0.9 I 1.0 
I 

f (x) I 3.01435 
I 

3.16605 I 3.34830 
I 

3.55975 
I I 

whence 
I I 

2 f (xo) + f (xi)+ ... + f (x1) +2 f (x8 ) = 24.1894 

Confining ourselve~ to the fifth derivative, we ·have 
I f' (x) =cos x--; + e", 

f'" (x) = -cosx-~+ex, 
24 

fV (x) =COS X- x6 +·ff' 

0.6 

2.89759 
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Hence 
f' (0.2) = -2.7985, 

f"' (0.2) = ~249.7587 
fV (0.2) = -74997.7985 

f' ( 1) = 2.2586, 
{"'(1)=0.1780 

fV (1) = -20.7415 

Substituting the values found into (8), we obtain. 

I·- 24.1894· 0.1- (Oii2 

• (2.2586 + 2.7985) + 

+ (0. 1)
4 

·(0 1780+249 7587)-(0. 1
)

6 
·(-20.7415 + 720 . . 30240 ' 

-+ 74997.7985) = 2.41894-0.00421 + 0.00004 =2.41477 

Direct integration yields 
I= [-cos x-x (In x-1) +eX] ]~.z ~ 2.4148 

Example 2. · Find the sum of 
l 1 l l 

5f2 + 532 _+. 552 + ... + 9§2 

Solution, In our case 
1 

f(x)=x 2 , h=2, X0 =51, Xn=99 

We find- derivatives of odd order ·of the function f (x): 

f' (x)=- :a' 
f"' (x}=- ~:, 

fV (x) = - 7:~ , 
/

VII ( ) __ 40320 t x - . 9 , e c. 
, X 

Substituting . .into formula (9) and restricting ourselves to the seventh 
derivative,· we obtain · 

x::o99 99 

~ 1 1 sdx l (I 1) I ( l I ) ~ x2 =2 x2 +2 w+992 +3 51'3-993 -
x=51 51 

4 ( l 1 ) 16 ( l l ) 64 ( 1 I ) -15 51!;--99" +21 w-997 -15 w-999 = 

= 0.004753416 + 0.00_0243490 + -o.000002169-
-0.000000001 = 0.004999074 
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By (9), where we have to put h = 2, n = 24, m = 4, the error 
in the result is 

R =24·2Hl. BH,. fllo>(t) < 24-210.2_. _.!._.~<~,.._.lo-u 
8! :, 66 8J 50 12 251U '""" 

16.j 4 APPROXIMATION OF IMPROPER INTEGRALS 

An integral 
b 

~ f (x) dx 
a 

(l) 

is called proper if (I) the interval of integration [a, b] is finite, 
(2) the integrand f (x) is continuous on [a, b], otherwise the 
integral (I) is termed improper. 

Let us first consider the approximate computation of the impro
per integral . 

rrJ 

~ f (x) dx (2) 
a 

with an infinite interval of integration where the function f (x) is_ 
continuous over a~ x < oo. 

The integral (2) is convergent if there is a finite limit 
b 

lim r f (x) dx 
b-HR J 

a 

and, by definition, we assume 
rR b 

r f (x) dx = lim r f ( ;;;) dx 
j b-+ ro .) 
a a 

(3) 

(4) 

If the limit {3) does not . exist, then the integral (2) is diver
gent; such an integral is considered to be meaningless. Therefore, 
before attempting to evaluate an improper integral one must make 
sure, using familiar convergence tests [I 0], that the integral con
verges. 

To evaluate the convergent improper integral (2) to a· given 
accuracy e, we represent it in the form 

ro b rs> 

~ f (x) dx = ~ f (x) dx + ~ f (x) dx (5) 
a a b 

Since the integral converges, the number b may be chosen so 
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large ihat the inequality 
IX> 

St(x).dx <; (6) 
/:J 

is valid. 
The proper integral 

b 

~ f (x) dx 
a 

may be computed from one of the qu·adrature formulas. Let S be an 
c approximate value of this integral to an accuracy of 2 ; thus 

b 

5 f ( x) dx- S < ~ (7) 
a 

From formulas (5), (6) and (7) we have 

n f(x)dx-S I< 8 

and so the problem can be solved. 
Suppose now that the interval of integration [a, b] is finite 

and the integrand f (x) has a finite number of discontinuities 
on [a, b]. Since under our assumptions the interval of integ
ration may be partitioned into subintervals with a single 
discontinuity point of the integrand function, it suffices to exa
mine one case: when there is a single discontinuity point c of the 
function f (x) on [a, b], this point being of the second kind. 1 > 

If c is an interior point of [a, b], then by definition we put 
b ( c-01 b l 
~f(x)dx= Jim i ~ f(x)dx+ ~ f(x)dx} (8) 
a Ot.-.+0 \ a c+Ot J 

{jz-. + 0 

. 1> If c is a point of discontinuity of the first kind, that is, there exist finite 
one-sided limits 

f(c-0)= lim f(x) and f(c+O)= lim f(x), 
x-.c. x<c x-..c, x>c 

then we can put 
0 c b 

~ f(x) dx= ~ f1 (x) dx+ ~ f 2 (x) dx 
a a· c 

where 

ft(x)={ ~~;~O) :~ ::ex< c ·and fz(X)={ ~~~~O) :: ;;~~b 
The functions f1 (x) and f2 (x) are continuous on the intervals (a, c] and [c, b] 
respectively. Thus, our integral reduces to the sum of two proper integrals. 
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and if the limit exists the integral is convergent, otherwise it is 
divergent. 

In similar fashion we define the convergence of the improper 
integral (8) if the discontinuity point c of the integrand f (x) coin· 
cides. with one of the endpoints of the interval of integration 
[a, b]. 

In order to approximate, to a given accuracy e, the convergent 
improper integral (8), where the point of discontir:mity c E (a, b), 
one chooses positive numbers 01 and 02 so small that the ine· 
quality 

holds true. Then, using familiar quadrature formulas, one appro· 
xi mately calculates the proper integrals 

c-01 , b 

~ f (x) dx and ~ f(x)dx (9) 
a c+0 2 

It is clear that if S1 and S2 are approximate values of the in· 

tegrals (9) to within ~ , then 

b 

~ f (x) dx ~ sl + s2 
a 

to an accuracy of e. If the discontinuity point c of the integrand 
f (x) is an· endpoint of the interval of integration [a, b], then the 
computational procedure is modified accordingly. 

16.15 THE METHOD OF KANTOROVICH 
FOR ISOLATING SINGULARITIES 

A useful device in calculating the approximate value of an in
tegral of a discontinuous function is the method of L. V. Kantorovich 
for isolating singularities [I], [6]. [10]. The underlying principle 
of this method is that we take out of the integrand f (x) a certain 
function g (x) having the. same singularities as f (x), which is in
tegrable in elementary terms on the given interval [a, b] and is 
such that the difference f (x)- g (x) is sufficiently smooth on 
[a, b]. For example, · 

f (x)-g (x) E c<m> [a, b], where m-;;;:: 1 
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We then have 
b b b 

~ f (x) dx = ~ g (x) dx + ~ [f (x)- g (x)] dx 
a a a 

where the first integral is taken directly, and the second integral 
is readily evaluated by means of standard formulas. 

Let us consi_der the.- use of this method for computing integrals 
of the form 

b r qJ (x) dx 
J (X-Xo)Cl 
a 

where x0 E [a, b] J 0 <ex.< I and cp (x) is continuous on [a, b]. 

(1) 

Let ~ (x) E"C{m+t> [a, b], that is, let ~ (x) have continuous deri
v-atives on [a, b] up to the order (m+ 1) inclusive. 

Using Taylor's formula, we have 

m <k> ( ) 
fP(X)= L IF k!Xo (X-X0)k+1J'(x) (2) 

k=O 

where 

[s E (a, b)] 

From this, we get, for integral (1), 

S
b IF (x) dx = ~ IF<k> (xo) r (X-X )k-cx dx + r 'l' (x) dx 

(x-x0)a ~ k! J 0 J (x-x0 )~ 
a k=O a a 

m <k> ( ) ="""' IF Xo [(b-x )k+l-a:__(a-x )k+I-a] +I (4) 
~ k! (k+ 1- rx) o o 
k=O ' 

where 
b _ s 'l' (x) dx 

I- (X-Xo)a (5) 
a 

From formula (3) it follows· that 

, 'l' (x) E c<m> [a b] 
(X-Xo)a_ ' 

(at least!); hence, integral (5) is a proper integral and can be 
computed to any degree of accuracy by using the appropriate 
quadrature formula. 
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The Kantorovich method is also applicable to improper integ
rals whose . integrands have several points of discontinuity of the 
type considered. In that case, to evaluate the integral it suffices 
to partition the interval of integration into parts containing only 
one singular point of the integrand function, and then take advan
tage of the additive property of integrals. 

Example 1. Calculate the approximate value of the improper in· 
tegral [ 11] 

Solution. The integrand 

1 
2 

I- 5 dx 
- Vx(l-x) 

0 

1 1 

f (x) = x-2 (1-x) --z 
has one singularity x = 0- on the interval [ 0, ~]. 
Expand the function 

] 

Q) (x) ~ (1-x) -2 

in a Taylor series in poweys of x up to x4
• Using the binomial 

theorem, we have 

( ) 1 1 + 3 z 5 3 + 35 ' cp x = +-zx 8x + 16x 128x 

whence 
1 1 

2 1 T 1 

I=5x- 2 dx+{5 x2 dx+ 
0 0 

I 1 1 
2 3 2 5 2 7 

3 S - 5 S ? 35 S - 715801 1 rn +s x 2 dx+ 16 x- dx+ 128 x 2 dx+l1 = 645120 v 2+1~= 
0 0 0, 

where. 

and 
I 

'I' (x) = fl-~ 

= 1,5691585 + 111 (6) 

1 
2 

I -S 'P(~ dx 
1 - Y X 

0 

(I + 1 + 3 z + 5 3 + 35 !l) . ~'' (0) = 0 \ Z X B X 16 X 128 X ' 't' 

(7) 
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We compute the proper integral (7) by Simpson's formula taking 

n= 10 and spacing h=~0 =0.05. The results of the computations 

to six decimal places are listed in Table 74. 

TABLE 74 

EVALUATING INTEGRAL (7) BY SIMPSO!'J'S FORMULA 

i 

I 
x; 

I 
Y2j-1 I YzJ 

0 0 1 o 000000 1 

1 0.05 
2 0.10 0.000000 0.000009 
3 0.15 
4 0.20 0.000056 0.000216 
5 0.25 
6 0.30 0.000624 0.001508 
7 0.35 
8 0.40 0.003225 0.006316 
9 0.45 

10 0.50 0.011588 1 0.0202391 

~~ 

I I 0.015493 I 0.008049 

From this, we have 
1 1 

I 1 = 20 .3 (0.020239 + 4 · 0.015493 + 2 ·0.008049) = 60 X 

X 0.098309 = 0.0016385 
Hence, by (6), we have 

- 1.5691585 \-
I-+ 0.0016385 I - 1.5707970 

Note that the integral I is expressible in elementary terms and 
its exact value is ' 

I = -i- = 1.5707963 ... 

Note. In some cases, an improper integral can be transformed 
into a proper integral by a change of variable or by integration 
by part~ 
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Example 2. Transform 

into a proper integral. 

00 1-S dx 
- (l+x) Y x 

1 
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(8) 

Solution. Putting x = _!_ in (8), we obtain an integral with finite z 
limits: 

I I 

1_S dz _ 1 dx 
- (z-.t- I) y z -.) (I +x) Y x 

(9) 

0 0 

but with a singularity at X= 0. 
Integrating by parts, we have 

I I 

I= J I ~xd (2Vx) = 2~~= 1: + S 2Vx (I !x)2 = 
0 0 

I 

-1 +2J Vx dx 
- (I +x)2 

0 

The remaining integral is a pr9per integral, and quadrature for
mulas can be applied to it without any ·difficulties. Other techni
qu~s are also used for the transformation of improper integrals [6]. 

16.16 GRAPHICAL INTEGRATION 

The· problem of graphical ~integration consists in the following: 
from th~ given graph of a continuous function y = f (x) it is re
quired to construct the graph of its antiderivative: 

X 

F ( ;) = ~ f (X) dx 
a 

In other words, we have to construct a curve y = F (x) whose or
dinate at each point x is numerically equal to the area· of g cur
vilinear trapezoid with base [a, x] bounded by the given curve 
y=f(x). 

For an approximate construction of the graph of the antideri
vative y = F (x), we partition the area of the corresponding curvi
linear trapezoid bounded by the curve y = f (x) into narrow verti
cal strips using the ordinates 'drawn at the points x0 , x~' ... (a= 
= xt < X1 < x2 < ... ) (Fig. 77). Using the mean-value theorem, 
we replace each of these strips with an equal (as far as possible) 
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rectangle having the same base and with altitude equal to f(~t.) 
where ~i (i = I, 2, ... ) is an intermediate point of the ith interval 
[xt_ 1, xJ; thus, we put 

Xi 

~ f (x) dx= f (sJ (xi-xi-1) 

where 
Xf-l 

(i = 1' 2, ... ) 

!I 

Fig. 77 

The values of the antiderivative 
X 

F ( x) = ~ f ( x) dx 
Xo 

may be computed at the points Xt by the method of accumulation: 
F (X0 ) _:_ 0, 

Xt Xi-l Xi 

F (x;) = ~ f (x) dx = ~ f (x) dx + ~ f (x) dx = 
Xo Xo Xi-2 

=F(xt-1)+f('f.t)(xi-xi-1) (i=l, 2, ... ) (1) 

Let M1 (~ 1 , f (61)), M2 (£2 , f (6 2)), ••• be the corresponding points 
of the curve y = f (x). Projecting them on the y-axis, we obtain 
the points M~, M;, ... (Fig. 77). 

Now choose pole P with the distance OP = 1 and draw rays 
PM~, PM;, .... The desired curve y = F (x) may be approxi ma
tely replaced by the polygonal line N 0 N 1N 2N 3 ••• with vertices 
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N0 (X0 , 0), N 1 (X1 , F(x1)), N2 (x2~ F(x2)), •••• The successive seg
ments of this polygonal line will be parallel to the corre?ponding 
rays; namely, NoN1 jjPM~;· N 1N 2 jjPM;, N 2N 3 jjPM;, ... ·.Indeed, 
on the basis of formula (1), the slope of the segment Ni_ 1Ni is 

k = F (xi)-F (xi-1) = f (~) 
Xi-Xi-1 i 

Now, by virtue of the construction, the slope of ray OMi is 

kj = '(ri) =' (~i) 
Hence 

(i=l,2, ... ) 

Thus, the actual construction of the graph of the function y = F (x) 
may be carried out as follows: from point N0 (x0 , 0) draw the 
straight line N0 N1 parallel to the ray OM~ to intersection with 
the vertical line x = x1 al the point N 1 ; from N 1 draw the straight 
line N1 N2 parallel to the ray OM~ to intersection, at N2 , with the 
vertical x = x2 and so on. 

Note that when applying this method of graphical integration 
th'e points xi (i = 0, 1, ... ) need not be taken equally spaced. To 
increase the accuracy of the construction, it is advisable to include 
in the set of points x1 the characteristic points of the .graph of 
the function to be integrated (zeros, extremal points of_ inflection). 

Generally speaking, graphical integration has a low degree of 
accuracy and so is useful when the aim is to obtain a rough pic
ture of the integral 'of the function or when the integrand is spe
cified graphically and its analytical expression is not known. 

*16.17 OH CUBATURE FORMULAS 

Cubature formulas are designed for numerical evaluation of double 
integrals [I]. , 

Suppose a function z = f (x, y) is defined and continuous in some 
bounded domain a (Fig. 78). In this domain a we choose a set of 
points (lattice points) Mi (xi, Yi) (i =I, 2, ... , N). To compute 

the double integral ~ ~ f (x, y) dxdy we approximately pui 
(0') 

~ ~ f ( x, y) dx dy = f Ad ( x 1, y i) ( 1 ) 
(a) i= 1 

; 

Jn order to find the coefficients Ai we wiH require that the 
cubature formula (1) hold true for all polynomials 

(2) 

41 9616 
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whose degree does not exceed a specified number n. For this it is 
necessary and sufficient that formula (1) be exact for the product 
of powers 

xkyt 

(k, 1=0, l, 2, .· .. , n; k+l~n) 

Putting f(x, y)=xkyt in (1), we have 
N 

lkt = ~-~ xkyl dxdy= ~ A;x~ !h 
(a) l= I 

(k, l = 0, I, 2, ... , n, k + l ~ n) (3) 

Thus, generally speaking, the coefficients Ai of (1) can be deter
mined from the system of linear equations (3). 

n 

!I 
0 

z 0 0 

0 0 ., 

(J 0 z n k 

Fig. 78 fig. 79 

For the system (3) to be determinate, it is necessary that the 
numher of unknowns N be equal to the number of equations, whence, 
forming a "lattice of exponents" (Fig. 79), we obtain 

N = (n -t-1) + n + ... + 1 = (n+ l) ~n+ 2> 

A difficult and still open question is that of the most approp
riate choice of lattice points for a given domain. 

Another sufficiently general technique for computing a double 
integral may be indicated. Suppose the domain of integration is 
bounded by continuous single-valued curves 

y = rp (x), y = '}> (x) (({) (x) ~ '}> (x)) 

and two vertical lines i =a, x = b (Fig. 80). 
-Using fam_iliar rules, set up the limits of integration in the double 

integral 

I = ~ ~ f ( x, y) dx dy (4) 
(O") 
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to get 
b 'lj) (X) 

~ ~ f (x, y) dx dy = ~ dx ~ f (x, y) dy 
(D) a ~ (X) 

Suppose 
tiJ (X) 

F (x) = ~ f (x, y) dy (5) 
~(X) 

Then 

b 

~ ~ f ( x, y) dx dy = ~ F ( x) dx (6) 
(o) a 

Applying one of the quadrature formulas to the single integral in 
the right-hand member of (6), !/ 
we obtain 

n 

~ ~f(x,y)dxdy='LCiF(xi) (7) 
(0) l=l 

where xiE[a,b] (i=I. 2, ... , 
n) · and C i are certain constant 
coefficients. In turn, the values 

'¢(Xi) 

F (x;) = ~ f (xi, y) dy 
f{J (Xj) 

0 a 

Fig. 80 

may be found from certain quadrature formulas 

mi 

F (xi)= L Buf (x;, y1) 
i=l 

where Bij are appropriate constants. 
From formula (7) we derive 

n mi 

~ ~ f (x, y) dx dy= L L CiB;j{ (xi, Yi) 
(u) i= l j= I -

(8) 

where C i and B ij are known constants. 
Geometrically, this method is equivalent to the computation of 

a volume I expressed by the integral (4) by means of cross-sections. 
The general remarks made with respect to the computation of 

single integrals (see Sec. 16.10) remain valid, with appropriate 
modifications for cu bature formulas of type (8). 
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*16.18 A CUBATURE FORMULA OF SIMPSON TYPE 

To begin with, let the domain of integration be a rectangle: 

R{a~x~A, b~y~B} 

(Fig. 81), whose sides are parallel to the coordinate axes. Halve 

!/ 

0 

Fig. 81 

each of the intervals [a, A 1 and 
[b, B] by the points 

X0 =a, x1 =a+h, X2 =a+2h= A 

and, .respectively, 

Yo = b, -Y1 = b + k, Y2 = b + 2k = B 

,__.... 11 -+-- ;, ___. where 
I I ' 

h-A-a k-8-b. 
- 2 ' ~ 2 

_ In all, we thus obtain nine 
points (xi, y j) (i, j = 0, I, 2, ... , 9). We have 

A B 

~ ~ f (x, y) dx dy = ~ dx ~ f (x, y) dy (1) 
(R) a b 

Now, computing the inner integral by Simpson's quadrature for~ 
mula, we find 

A 

~ ~ f(x, y)dxdy= ~ dx· ~ [f(x, Yo)+4f(x, Y1)+f(x,y2)]= 
a . 

Again applying Simpson's formula to each integral, we get 

or 

hk • -
~ ~ f(x, y)dxdy=-g{[f(xo, Yo)+4f(xu Yo)+f(x2 , Yo)J+ 
(R) 

+ 4 [f (xo, Yl)-+ 4f (xt, Y1) + f (xz, Y1)] + 

+ [f (xo, Y:J+4f (xt, Yz)+/ (Xz, Y2)]} 

+ f (x2, Y2)] + 4 [f (xl, Yo)+ f (xo,Yt) + (2) 
+ f (Xz, Yt) + f (~1• Yz)] + 16f (xl, Y1)} 
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We will call (2) Simpson's cubature formula. Hence, 

~ ~ f (x, y) dx dy = hgk (ao+ 4cr1 + 16a2) 

(R) 

645 

(2') 

where a 0 is the sum of the values of the integrand f (x, y) at the 
vertices of the rectangle R, a1 is the sum of values of f (x, y) at 
the midpoints of the sides of the rectangle R, G2 = f (x1 , y1 ) is the 
value of the function f (x, y) in the centre of R. The multiplicities 
of these values are given in· Fig. 81. 

Example 1. Applying the Simpson cubature formula, ,evaluate the 
double integral [7] 

4. 4 2. 6 

I= s s dxx~Y 
4 2 

Solution. We take 

h- 4.4-4_0 2 d k-2.6-2_0 3 
- 2 - . an - 2 - . 

The correspo~ding values of the integrand z = _!_ are listed in 
xy 

Table 75. 
TABLE 75 

COMPUTING A DOUBLE INTEGRAL BY SIMPSON'S FORMULA 

~ 4.0 4.2 4.4 
. 

2.0 0.125000 0.119048 0.113636 
2.3 0.108696 0.103520 0.0988142 
2.6 0.096154 0.0915751 0.0874126 

Applying the cubature formula {2), we obtain _ 

1 = 
0 · 2~0 · 3 [(0.125000 + 0.113636 + 0.096154 + 0.0874126) + 
+ 4 (0.119048 + 0.108696 + 0.0988142 + 0.0915751) + 

+ 16·0.103520] = 0.0250070 
The exact value of this double integral is 

4. 4 2. 6 

S S dxx:Y.=ln l.3·ln 1.1 =0.0953108·0.262364=0.0250061 
4 2 -

Hence, the residual error is 
l 

ll = 1 o.o2500Q-o.o25oo7o t = o.oooooog ~ 10- 6 
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If the dimensions of the rectangle R {a<x<A, b<y~B} 
are great, increased accuracy of the cubature formula (2) is obtained 
by partitioning the domain R into a system of rectangles and 
applying Simpson's cubature formula to each. 

Suppose that the sides of the rectangle R are divided into nand 
· m equal parts, respectively; the result will be a relatively coarse 
· net nm of rectangles (in Fig. 82, the vertices of these rectangles 

Fig. 82 

!/ 

8=y.?m 
!J 2m-t 
!JZm-z 

!h 
!lr 

b =!fu 

IJ 

are indicated by the large circles). We then subdivide each of these 
rectangles into four equal part_s. The vertices of this fine net of 
rectangles will represent the lattice points Mif of the cubature 
formula. 

Let 

and 

h=A-a 
2n 

k=B-b 
2m 

Then the lattice of points will have the following coordinates 

x1 = X0 + ih {x0 =a; i = 0, 1, 2, ... , 2n) 
and 

... ' 2m) 

For the sake of brevfty, w~ introduce the notation 

f (xi, Yi) = fii 
Applying formula (2) to each of the rectangles of the coarse net, 

we have (Fig. 82) 
hk n m 

_ } } f (x, Y) dxdy = 92: L [(fzi. 2i+ f2i+2, zi+ fzi+Z, 2j+2 + 
(R) i=O j=O 

+ f2i, zj+z)+ 4 ({2/+I, zj+ fzi+z, zj+I +fzi+I, 2j+2 + f2i, zj+l) + 
+ l6f2i+I, zj+I] 
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Whence, collecting like terms, we fina11y get 
hk 2n 2!1l 

~) f(x, y)dxdy=g L LAi/iJ (3) 
(R) i=Oj=O 

where the coefficients 'Au are the corresponding elements of the 
matrix 

rl 4 2 4 2 4 2 4 I' 
4 16 8 16 8 16 8 16 4 
2 8 4 8 4 8 4 8 2 

A= ..... 
2 8 4 8 4 8 4 8 2 
4 16 8 16 8 16 8 16 4 
1 4 2 4 2 4 2 4 1 _j 

If the domain of integration a is curvilinear, then we construct a 
rectangle R ::J a whose sides are parallel to the coordinate ·axes 

Fig. 83 
0 

(Fig. 83). We consider the auxiliary function 

f
* ( ) _ f f (x, y) if (x, y) E a, 

x,y-\ 0 if(x,y)ER-a 

\Ve th~n clearly have 

~ ~ f (x, y) dx dy = ~ ~ f* (x. y) dx dy 
(cr) <R> 

This integral can be· approximately evaluated by the general cu
,ature formula (3). 
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Chapter 17 

THE MONTE CARLO METHOD 

17.1 THE IDEA OF THE MONTE CARLO METHOD 

The usual way of solving a problem is to indicate an algorithm 
(a sequence of operations) which yields the desired quantity f 
either exactly or to a specified accuracy. Namely, if we denote 
by {1 J { 2 , ••• , fn, ... the corresponding results of sequentially 
accumulating operations, then 

( 1) 

and in the case of a finite number of operations, the process is 
terminated at some stage: Here the computation procedure is 
strictly deterministic; in the absence of mistakes, two different 
computors obtain the same result. 

There are problems, however. for which it is practically impos
sible to construct an algorithm or the algorithm is prohibitively 
complicated. In such cases, one often resorts to modelling the 
mathematical or physical essence of the problem and to using the 
law of large numbers from probability theory. The estimates 
{ 1 , f 2 , ••• , f n' •.• of the desired quantity f are obtained via a 
statistical treatment of material involving the results of certain 
random trials repeated many times. It is then required that the 
random quantity f n converge in probability to the required quan
tity f as n--+ oo [ 1], [2]; that is for any e > 0 we must have the 

- limiting relation 

lim P(jf-fnl <E)= 1 (2) 
n- ro 

where P denotes ·the appropriate probability. 
The choice of the quantity f n is determined by the specific pe

culiarities of the problem. For example, one often interprets the 
sought-for quantity f as. the probability. of a random event (or, 
more generally, as the mathematical expectation of some random 
quantity). Then the frequency fn of occurrence of the event for n 
random trials (or, respectively, the empirical mean of the values 
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of a random quantity) may, under broad assumptions, be regarded 
as a probability estimate of the sought-for quantity. Other ver
sions are also possible. It will be noted that in these cases the 
computational procedure is ·nondeterministic since it is determined 
by the results of random trials. 

Methods of solving problems that employ random quantities are 
classed under the general heading of the Monte Carlo method. To 
be more precise, the Monte Carlo method [3], [4], [5], l6I embra
ces a collection of techniques which permit obtaining the solutions 
of mathematical or physical problems by means of repeated random 
trials. The estimates of a sought-for quantity are derived statisti
cally and are of a probabi-listic nature. In actual practice,- random 
trials are replaced by the results of certain computat-ions performed 
on random numbers (see Sec. 17.2). 

The Monte Carlo approach came into effective use with the 
advent of high-speed electronic computers, since to obtain a suf
ficiently exact estimate of the desired quantity requires performing 
computations for a very large number of special cases with subse
quent statistical treatment of a stupendous amount of numerical 
data. It must be pointed out that when using the Monte Carlo 
method there is no need to know the exact relationships between 
the given and the sought-for quantities of the problem; it suffices 
only to elucidate the set of conditions under which an appropriate 
event occurs. This circumstance mrkes it possible to use the Monte 
Carlo method in solving logical problems . 

. Of the mathematical problems to which the Monte Carlo method 
has been applied, we mention the following: solving systems of 
linear equations, matrix inversion, finding the eigenvalues and 
eigenvectors of a matrix, evaluating multiple integrals, solving 
the Dirichlet problem, solving functional equations 'of· a variety 
of types, and so on. The Monte Carlo method is also successfully 
employed in the solution of' problems of. nuclear physics. It is 
well to bear in mind that even in the solution of one· and the 
same problem the scheme for applying the method- may- be essen-
tially different. . 

In this chapter we consider the computation of multiple integ
rals and the solution of systems of linear equations by the Monte 
Carlo method. Information concerning other types of problems may 
be found _in the special literature (see, for example, [3], biblio
graphy, and also [61). 

1·7 .l RANDOM NUMBERS 

In actual applications of the Monte Carlo method, random trials 
are ordinarily replaced by sampling random numbers. 
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Definition I. A random quantity is one whose values depend on 
the outcome of a random event. 

A random quantity X is given by the distribution law 

P (X < x) = <D (x) 

where x is any real number and <D (x) is a known function (the 
distribution function). The values of a nmdom quantity are called 
random numbers. 

Definition 2. If a random quantity has a given distribution law 
[1], [2] (uniform, normal,. and so forth). then we will say that 
the appropriate random numbers are distributed by this law. 

Suppose the numbers Xp x2 , ••• , x,11 ••• are the values of one 
and the same random quantity X under independent trials with 
recurient conditions. Then the sequence of random numbers 

{xn} (1) 

is called a random sequence with the appropriate distribution law. 
In what follows we will, as a rule, consider random sequences (1) 
uniformly distributed on the unit interval 0 ~ x ~ 1. If (a,· b) is 
any interval 1

> extracted from [0, 1] and vn = vn (a, b) is the number 
of elements in a finite subsequence x1 , x2 , ••• , X11 belonging to 
(a, b), then for the uniformly distributed sequence (1) we have 
the limiting relation 

lim "n (a, b) b-a 
n 4 iP n 

(2) 

which means that the limiting relative frequency of the sequence 
{xn} uniformly distributed on [0, 1] is, for each subinterval (a, b), 
equal to the length of the subinterval with probability I. 

If the random sequence {xn} is yniformly distributed on the 
interval [0, I J, then the 1 inear transformation 

(n = 1, 2, ... ) (3) 

where A and B are given numbers, reduces to the random sequence 
{y,J uniformly distributed on the interval [A, B]. Generally, 
having a random sequence {xn} uniformly distributed on the in
terval [0, 1]. we can construct a random sequence {Yn} with a 
specified distribution law <D (y). Namely, suppose 

y 

CD (y) = ~ rp (t) dt 
-oo 

1> By agreement, the endpoints a and b may or may not be included in the 
intE>rval (a, b), 
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is the appropriate distribution function, ll where cp (t) is the pro
bability density. 

For the sake of simplicity, we ·assume that the function 

X~ <D (y) 

is continuous and strictly monotonic (Fig. 84). Then, determining 
Yn from the equation 

(n = 1, 2, ... ), 

we obtain for each Xn the random sequence {Yn} having the speci
fied distribution law <D (y). Namely, by the mode of construction 

Fig. 84 

the following limiting relation will hold,_ with probability 1, for 
the sequence {Yn}: 

- b 

lim Vn (a, b) 5 cp (Y) dy 
n ...... oo n - (4) 

a 

where vn (a, b) is the numb'er of elements of the finite sequence 
y1 , .•. , Yn belonging to the arbitrary interval (a, b). 

In particular, putting · 
1 _.J.t_ 

cp (y) = ----=- e z 
f2n 

we obtain by this method a canonical normally distributed (Gauss
ian) random sequence {Yn} which corresponds to a random quan
tity Y with mathematical expectation MY= 0 and variance DY =I. 
The linear transformation .-

(n = 1, 2, ... ) 

1 l If Yn (n = 1, 2, ... ) lie in the finite interval A~ y ~ B, then we as usual 
~ssu.me <p (y)=~ for y~ [A, Bl. . 
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yields a normally distributed random sequence {zn}, which corres
ponds to the random quantity Z for which the expectation MZ =C 

and the variance DZ = cr2
• 

17.3 WAYS OF GENERATING RANDOM NUMBERS 

Random numbers may be generated by using the ·results of 
random physical processes (say, dice, roullete wheels, scintillations 
in a Geiger-MUller counter, noise generated in electrical transmis
sion systems, etc.). There are also available tables of random 
numbers (see, for example, [7], [8] ). 

Strictly speaking, when we use mechanical devices to obtain 
random numbers one is not completely sure that we are dealing 
with random events with a specified distribution of probabilities. 
Such material is therefore tested statistically for randomness. In 
this sense, tables of random numbers are a more reliable source, 
since they have already been tested for randomness. However, the 
use of tables of random numbers for solving problems on digital 
computers often involves great inconvenience [9]. 

Monte Carlo solutions ordinarily require a very large number 
of random numbers. For practical purposes, these numbers are 
most conveniently obtained by means of special randomizing devi
ces which are hooked up to the computer. The operation of these 
devices is regulated by random physical processes (such as ra
dioactive decay, noise in electronic tubes, etc.) [9]. 

Since the generation of random numbers that meet a given 
theoretical model is an extremely delicate and involved process, 
one often confines himself to obtaining so-called pseudorandom 
numbers, which largely resemble the corresponding random num
bers. Rather involved mathematical algorithms are required for 
the production of pseudorandom numbers. In .the sequel, the term 
"random number" will include both random and pseudorandom 
numbers if the distinction between them is not essential. 

We now give some simple techniques for obtaining random 
numbers (in the broad meaning) uniformly distributed on the 
inte'rval [0, lJ. For the sake of simplicity, we assume that these 
numbers are pure decimal fractions with a fixed number of deci
mals, say s (s-digit decimal fractions); that is, such that can be 
written as 

(1) 

where rx; (i = 1, 2, ... , s) are the digits of this number wh'ich 
take the values 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 

In. order to coqipile a table of random numbers of type ( 1) 
uniformly distributed on [0, 1], it is sufficient to indicate the 
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methods of obtaining the digits ai and to meet the following con
ditions: 

(a) ai is a random sampling take-n from the set. of numbers from 
0 to 9, all indicated values being equally probable and mutually 
independent; 

(b) the choice of a digit ai does not in the least affect the choice 
of the next digit ai+ 1 • 

A sampling of this type is performed s times in order to obtain 
an s-digit random number. 

The mode of choice which meets conditions (a) and (b) can 
actually be realized in many ways. We consider several. 

1. Place in an urn ten identical balls numbered from 0 to 9. 
The balls are drawn from the urn in succession and the numbers 
a are recorded. After each extraction, the ball is returned to the 
urn and all the balls in the urn are mixed before each new 
extraction. 

2. Two dice are thrown at one time. If n1 and n2 are the sums 
obtained (n1 , n2 = 1, 2, 3, 4, 5, 6) of the first and second die, 
respectively (the dice must be distinguishable), then the digit a 
of the random number is taken equal to the remainder left after 
dividing the sum 6(n1 -l)+n2 by 10, where n1 < 6, that is, 
a is a nonnegative integer less than 10 that satisfies the cong
ruence 1> 

6 (n1 -1) + n2 ==a (lffiod 10) . (2) 

If n1 = 6, the dice are thrown again. From formula (2) it follows 
• that the digit a can with equal ppobability assume any value 

from 0 to 9 (see [7]). 
3. An s-digit integer is squared and the middle s digits are 

extracted; then the process is repeated. If s is sufficiently great, 
say s ~ 10, then the extracted digits may be taken as sets of 
elements of s-digi t pseudorandom numbers [3]. 

To obtain a sequence of pseudorandom numbers, one can also 
multiply a multidigit number by a fixed multiplier and extract 
middle digits or square a multidigit number and reduce modulo 
som.e sufficiently large prime. 

4. A pseudorandom sequence {x,
1

} is generated by means of the 
process [1 0] 

where 

1
> The notation a= b (mod k) (a, b, k integers) states that the difi\~rence 

a- b is exactly divisible by k. 
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5. Use is· made of the decimal expansion of a positive irra
tional number 

ro=~o' ~1~2 • • • ~s •• • =~o+(w) 
where ~o is the integral part of the number w and (w) is its frac· 
tiona I part. 

To obtain a random sequence {xn} we assume 

Xn=(nw) (n=l, 2~ ... ) 

If a random sequence consisting of s-digit numbers is~ required, 
then one confines himself to the appropriate digits in the num
bers (nw). 

To solve certain problems, one needs several random sequences: 
'x <u} {x<2J} {x<mJ} 
) n ' n ' • · ·' n 

In this case, one chooses m linearly independent positive irratio
nalities w1 , W2 , ••• , wm and puts 

x~) =(nwk) (k=l, 2, ... , m; n=l,. 2, ... ) 

It is also possible to take .one uniformly distributed random 
sequence {xn} and perform m samplings from it: 

{xl, Xm+v Xzm+l' • · ·}, 

{x::P Xm+z' , • • X!!m+2' ••• }, 

taking numbers after every m elements instead of in succession. 
We will then obviously have m uniformly distributed subsequences. 

TABLE 76 

RANDOM NUMBERS UNIFORMLY ~ISTR !BUT ED ON ro. 1] 

0.57705 0.35483 0.11578 0.65339 0.66674 
0.71618 0.09393 0.93045 0.93382 0.99279 
0.73710 0.30304 0.93011 0.05758 0.24202 
0,70131 0.55186 0.42844 ·o.oo336 0.94010 
0.16961 0.64003 0.52906 0.88222 0.60981 

0.53324 0.20514 0.09461 0.98585 0.13094 
0.43166 0.00188 0.99602 0.52103 0.35193 
0.26275 0.55709 0.69962 0.91827 0.64560 
0.05926 0.86977 0.31311 0.07069 0.64559 
0.66289 0.31303 0.27004 0.13928 0.68008 

I 
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Tables 'of random numbers are compiled by these and other 
methods. These tables ordinarily give random decimal digits, from 
which it is easy to construct r-andom numbers of a specific size. By way 
of an example, we give a portion of a table (see [7]) of fivew 
digit random numbers (Table ~76). 

17.4 MONTE CARLO EVALUATION OF MULTIPLE INTEGRALS 

Let the function 
Y=f(xl, X2, · • ., Xm) 

be continuous in a closed bounded domain S and let it be re
quired to evaluate the m-fold integral 

I= ~ ~ ... ~ f (xu x2, ••• , xm) dx 1dx2 •• : dxm ( 1) 
(S) . 

Geometrically, the number I is an (m + 1 )-dimensional volume of 
a right cylindroid u in the space Ox1X2 • • • X.mY constructed on 
the base S and bound~d above by the given surface y = f (x), 
where x = (x1 , X 2 , ••• , xm) (Fig. 85). 

/ .:em 
I 

Fig. 85 

We transform the integral ( 1) so that the new region of integ
ration lies entirely within the unit m-dimensional hypercube. Let 
the domain S be located in the m-dimensional parallelepiped 

ai~xi ~A, (2) 
(i = 1, 2, ... , m) 

1> More precisely, an algebraic volume in which it is assumed that the parts 
of the cylindroid located above the hyperplane Ox1x2 ••• Xm are of positive 
measure, those below that hyperplane, of negative measure. 
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We make the change of variables 

xi=a;+(A;-a;)6i (3)· 
(i = I, 2, ... , m) 

It is then clear that the m-dimensional parallelepiped (2) .will be 
transformed into the unit m-dimensional hypercube 

0~6i~ 1 (i= 1, 2, ... , m) (4) 

and, consequently, the new region of integration a which is found 
by the -ordinary rules will lie entirely inside this hypercube 
(Fig. 86). 

Computing the Jacobian of the transformation, we have 

A 1 -a1 0 0 
D (xl> X2 , ••• , Xm) 0 A 2 -a~. . . . 0 
D (~1• S2• · · ·, 6m) 

0 0 ... Am-am 

= (A 1 -a1 ) (A 2 -a2) ... (Am -am) 
Thus 

where 

F (6u 62 , • • ·, 6m) = (Al-al) (A 2 -a2) · · · (Am:._am) X 
X f (al +(A -al) ~ 2 , a2 + (Al- a2) 62• · · ·, am+ (Am- am) 6m) 

Introducing the notation 

6 = {6u 62 • · • · ' 6m) 
and 

du = d61 d62 • • • d6m 

we can write (5) more compactly as 

I = ~ ~ . .. ~ F (6) du 
(cr) 

(5') 

We will give two ways for evaluating integral (5') by the me
thod of random trials. 

First method: Choose on the interval [0, 1 J m uniformly distribu
ted independent sequences of random num·befs: 

6il) ' 6i1
)' ••• ' 6~1)' ..... , 

6i2
)' 6~2 ) ' ••• ' 6~t2 ) ' ... , 

The points M1 (6Jl>, 6?>, .•. , 6im>) (i = I, 2, ... ) may be regarded 

.1') 9filf'> 
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as random. Choosing a sufficiently large number N of points MP 
M 2 , ••• , MN, we check to see which belong to the domain a 
(first category) and which do not (second category). Let (Fig. 87) 

(l) M 1 Ea for i=l, 2, ... , n (6) 

Fig. 86 Fig. 87 

and 

(2) M; ~ o for i = n + 1, n + 2, ... , N (6') 

(for the sake of convenience we change the numbering of the 
points here!). With regard to the boundary r of the domain a, 
it is necessary beforehand to specify which boundary points, or 
what part of them, are to be regarded as belonging to a and 
which as not belonging to this domain. This is of no particular 
significance in the general case for a smooth boundary r; but in 
certain cases it must be settled with regard for the concrete si
tuation. 

Taking a sufficiently large number n of points Mi Eo, we put, 
approximately, 

n 

Yav= * L F (Mi) 
i=l 

whence the desired integral is given by the formula 

(7) 

where a is understood to mean an m-dimensional volume in the 
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domain of integration a. If it is difficult to compute the volume 
of a, then we can take 

whence 
n 

I~~ _L. F (M;) 
i=) 

In the particular case where a is the unit cube (a= I), verifica· 
tion is unnecessary; thus n = N and we simply have 

1 N 
l=NLF(Mi) 

i=l 

In verifying the conditions (6) and (6'), one ordinari1y proceeds 
from the analytic representation of the boundary r of the domain a. 

, In the simplest case, if the surface r is given by the equation 

cv (6) = o (8) 

where for cp (6) < 0 the point 6 E a and for (J) (6) > 0 the point 
6 ~a, we have: (1) if <p (M ,-) < 0, then the point Mi is of the first 
category and (2) if <p (M;) > 0, then the point Mi is of the second 
category. The points Mi for which cp- (Mi) = 0 are classed in the 
first or second category by convention. Note that equation (8) may 
be replaced by any equivalent equation. This sometimes greatly 
facilitates computation. Thus·, for instance, the inequality for a 
circle 

l 
x2 + yz-x-y+ 4 ~ 0 

is more conveniently replaced by the equivalent inequality 

(x- ~ r +(Y~ ~ r ~! 
since the latter one is more easily verified. 

If the domain a is standard and given by the inequalities 

61 ~61 ~~1· 
~ (61) ~ s2 < ~ (~~), (9) 

then to determine the membership of· a random point M (61! 
s2 , • • • Sm) in the first or second category, one verifies the vali · 
dity of fh~se inequalities. 
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TABLE 77 

SCHEME FOR DETERMINING MEMBERSHIP OF A RANDOM POINT 
M(; 1 ••• • , ~m) IN THE STANDARD DOMAIN (9) 

£1 
I 

£1 I ft 
I 

el 
I 

Sz 
I ~ I 

~2 I ez 

... 
I Sm 

I 
Sm I Sm 

I 
em 

I 
e 

I 
y 

-

This is conveniently done by the scheme given in Table 77. Here 

( 1 if ~; E l6i. ~~I 
E•= < -

I l 0 if 6i ~I~·, (·/ 
(i = 1, 2, ... , m) and e = E1E2 ••• em. Clearly 

if e= 1, then ME a, 
if e = 0, then M ~a 

Note that if e1= 0 (j < m), then the subsequent values ej+l• ••. , em 
need not be computed since they do 
not affect the final result. The value 
of the function y = F (M) is compu
ted only for those points M for which 
e = 1. Then formula (7) i~ used to 
evaluate the integral /. 

!I 

Fig. 88 

(Fig. 88). 

Example. Give an approximate eva
luation, by the Monte Carlo method, 
of the integral 

I = ~ ~ (x2 + y2
) dx dy (10) 

(a) 

where the domain cr of integration 
is defined by the inequalities 

I '2 ::( x ::( 1 , 0 ::( y ::( 2x- I (a) 
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Solution. The integral (1 0) is given in reduced. form, that is the 
domain a of integration is located in the unit square 

O~x~l, 0 ~ y ~ 1 

To solve this problem, we take advantage of. the table of random 
numbers (Table 76), regarding each succeeding pair of numbers 
in the table as the corresponding coordinates x andy of the random 
point M (x, Y1· Since the computation is of an illustrative nature, 
we confine ourselves to N = 20 random points; for the sake of 
simplicity, we round thei·r coordinates to three decimal p1aces. 
The results of the computations are listed in Table 78 where we put 

X I 
0.577 
0.737 
0.170 
0.432 
0.059 
0.355 
0.303 
0.640 
0.002 
0.870 
0.116 
0#930 
0.529 
0.996 
0.313 
0.653 
0.058 
0.882 
0.521 
0.071 

~ I 

~ (x) = 0, y (x) = 2x-l, 

~ 

0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 
0.500 

~ 

TABLE 76 

EVALUATING THE DOUBLE INTEGRAL (10) 
BY THE MONTE CARLO METHOD 

I x H y I !!. (X) I y(X) 

1.000 1 0.716 0 0.154 
1.000 1 0.701 0 0.474 

-

' 1.000 0 0.533 
1.000 0 0.263 
1.000 0 0.663 
1.000 0 0.094 
1.000 0 0.552 
1.000 1 0.205 0 0.280 
1.000 0 0.557 
1.000 1 0.323 0 0.740 
1.000 0 0.930 
1.000 1 0.428 0 0.860 
1.000 1 0.095 0 0.058 
1.000 1 0.700 0 0.992 
1.000 0 0.270 
1.000 1 0.934 0 0.306 
1.000 0 0.003 
1.000 1 0.986 0 0.764 
1.000 1 0.918 0 0.042 
1.000 0 0.239 

I I I I I 

H·l z 

0 0 
0 0 

0 
0 
0 
0 
0 

1 1 0.452 
0 

1 1 0.855 
:0 

1 1 1.048 
0 0 
1 1 1.482 

0 
0 0 

0 
0 0 
0 0 

'0 

I 1
4

1 
3.837 
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Thus 
1 

Zat~= 4 · 3.837 = 0.96 

and, hence, by formula (7),, noting that d=! , we have 

l 
f = Z av · (} = 0. 96 · 4 = 0. 24 ( 11) 

.If we take, approximately, 

then we get 
1 

I~ 0.96· 5 =0.19 

Note that the true value of the integra I is 
7 I= 
32 
~ 0.22 

and so the relative error of the resu It ( 11) is 

0 = 0.24-0.22,......, go~ 
0.22 ,......, /O 

The number of points here, N = 20, is of course Insufficient for 
the statistical regularities to exhibit themselves properly; never
theless, a result satisfactory enough for a rough orientation has 
been obtained. 

Second method. If the function F (6) = F (61 ,- 611 , ••• , 6m) is nonne-
gative, then the integral (5) may be regarded as the volume of 
a solid V in the (m + I)-dimensional space 06162 ••• ~my; that is, 

I=~~ .. · ~ d61d611 ... d6mdy (12) 
(V) 

where the domain of integration V is._ defined by the conditions 

6 = (61, 62, ... , 6m) E a, 0 ::( y ~ F (s) 
Let 

O~F(~) ~B 

Introducing in ( 12) the new variable 

we get 

I 
T}=EfY 

( 13) 

{14) 
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where the new domain v is a cylindroid in the space 0~1~2 ••• ~ml'J 
constructed on the region a and bounded below by the hyperplane 
rJ = 0 and from above by the hyperplane 

1 
TJ = 8 F (~) 

(Fig. 89). By virtue of inequality ( 13), the volume v· lies entirely 
within the (m+ I)-dimensio
nal hypercube 

0 ~ ~i ::( 1 
(i = 1, 2, ... , · m) 

O~rJ<l 

Now take, on [0, I}, m + 1 
uniformly distributed inde
pendent random sequences 

{~?>}, {6~2>}, · • •, {£1mJ}, {lli} Cm 

whose correspond.ing elements 
wi II be regarded as the coor
dinates of the random points 

Mi gjl>, 612>, · · ·, sim>, '11;} 
(i= 1, 2, ... ) 

Fig. 89 

of space 061~2 ••• ~m 'ft· If n random points out of the total number 
of N belong to the volume v, and N -n do not belong to this 
volume, then for a sufficiently large number N we can approxi
mate ly put 

( 15) 

Thus, 
l=B·P(MEv) 

where the point M can occupy the positions Mu M11 , ••• , MN 
with the ·same probability. The validity of the relation 

MEv 

is verified in the same way as in the first method. Note that if 
r1 is a unit' hypercube 0 ::( s; ::( 1 (i == I, 2, ... , m), then for the 
point Mds?>, ... ,~jm>, l'J;), all the coordinates of which are assu·, 
med to belong to the unit interval [0, I], it is sufficient to verify 
only the validity of the relation -

~ 1 F('f:<l> 'f:<Zl :t<m>) 
11; ~ 7f ~~ ' ~~ ' · • · ' ~m 
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Let us now consider the gen~ral case when 

F (~) = F Cs1, ~l!' ••• , ~m) 

is an alternating function. Suppose 
-b~F(s)'~B 

where b and B are nonnegative numbers. Put 

and we have 
F (s) =- b + (B +b) F (s) 

~~ ... ~F(s)dcr=-bcr-f-(B+b) ~~ .... ~.F(~)dcr 
(0') (CJ) . 

( 16) 

where the function 'YJ = F (s) satisfies, by inequality (16), the in
equalities 

The integral 

~ ) . . . } F (6) dcr = ~ ~ . : . -~ dcr d11 
(a) ~) 

may be evaluated by the method· indicfited above. 
To estimate the accuracy of the approximate equation 1> 

fo =55 .. . ~ dcrd'YJ = P\M E v) ~ ~ (17) 
(tl) 

first suppose that we have to do with ideal random uniformly 
djstributed sequences of points Mdi =), 2, ... ), whose coordina-
tes lie in the unit interva I [0,_ 1]. . 

On the basis of the Bernou11i theorem and applying the Che
byshev inequality, we have 

p (I ~ -I o I < 8) ~ 1 -I o (~z---;1 o) ~ 1 - 4e!N ( 18) 

Given, for a specified e, the guarantee probability 

(1~) 

we get from inequality (18) that the condition. (19) is definitely 
met if 

(20) 

From this we derive 

(21) 

1> The factor 8 is inessential. 
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Thus, the ac{:uracy of the estimate 

for a given maximum probability is inversely proportional to the 

square root of the number of ·tri-als, or e = 0 ( ; N) . This cir-

cumstance causes the relatively slow convergence of the Monte 
Carlo method; for example, in order to reduce the error of the 
result 10-fold, the number of trials must be increased 100-fold! 
If the accuracy of the estimate e and the guarantee probability 
1-8 are given, then from formula (20) we derive the necessary 
nutnber of trials 

1 
N = 4e26 

For example, for e = 0.001 and o = 0.01 we have 

N = 25,000,000 

(22) 

The estimate (22) is exaggerated and may be substantially improved! 
\Ve note one important circumstance: the number of trials N 

is independent of the dimensionality of the integral / 0 and there
fore the Monte Carlo method is used to advantage in computing 
multiple integrals of high dimensionality, where the use of ordi
nary cubature formulas encounters appreciable difficulties. For 
example, in order to approximate in the ordinary way a 10-fold 
integral extended over a unit volume with spacing h = 0.1, one 
requires a sum containing roughly 1010 terms! 

In practical Monte Carlo evaluation of multiple integrals, one 
ordinarily uses s-digit uniformly distributed random sequences. 

In this case, !he faction ~ will, if N is great, be close not to the 

true volume I 0 but to a certain fictitious volume /~, which appro
ximately represents the relative measure of the number of points 
M with coordinates of the form 

(23) 

(i = 1, 2, ... , m; 

that fall in volume v (cf. Sec. 17.3); strictly speaking, /~ depends 
on whether the boundary points belong to the volume v or not. 
The total error of the result is estimated in the following manner 
(see [2]): 

(24) 



666 Ch. t7. The Monte Carlo Method 

The first t~rm ]/~ -/0 1 of the right member of' (24) is the usual 
computational error obtained when replacing the integral / 0 by a 
sum corresponding to a partition of the volume v into elementary 
cubic cells whose vertices belong to the grid (23). The magnitude 
of this error may be evaluated by means. of the inequality 

11~-Io r ~v-~ (25) 

where v is the upper sum [in our. case, for integral (17), it is 
simply the volume ·of the circumscribed step-like solid] and v is 
the lower sum (that is, the volum€ of the inscribed steplike 
solid). The magnitude of the error II~ -I 0 j depends· essentially 
on the number of digits s in the random numbers, and if the 
boundary of the solid v is piecewise sm,ooth, then this error can 
be made arbitrarily small for sufficiently large s. The inconvenience 
due to increasing the number of digits lies in the resulting increase 
in the amount of labour, since the computations then involve 

additional digits. The second term I 1~- ~I in the right-hand mem

ber of inequality (24) is called the sampling error and may be 
estimated probabi listically by means of the Bernoulli theorem, as. 
indicated above. 

*17.5 SOLVING SYSTEMS OF LINEAR ALGEBRAIC. EQUATIONS 
BY THE MONTE CARLO METHOD 

Let us consider the linear system 

n 

~ auxJ = b1 
J=l 

(i = 1, ... , n) 

In some way we reduce system ( 1) to the special form 

n 

xi-:- ~ cxiJxf + ~i 
J=I 

(i= L .... , n) 

Introducing the matrix n = [cxif] and the vectors 

[
xt] ~~Ij· 

X= ;" ' II= l~. , 
we can write system (2) in the matrix-vector form 

x=cxx+~ 

(1) 

(2) 

(2') 

We will assume that all eigenvalues of the matrix a are less than 
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unity in modulus. In particular, it suffices to consider that some 
canonical norm of the matrix a obeys the inequality 

II a II< I (3) 

Then system (2') has a unique solution which can be found b'y 
the method of iteration (Sec. 8.IO). 

We select a set of multipliers vii so that the numbers p;1 defined 
by the equations · · 

aij=P;;Vij (i, j= I, ... , n) (4j 

satisfy the following conditions: 

(I) p0 ~0, and ·P;i>O for aii:¥==0, 
n 

-(2) ~ Pii < 1 (i= I, ... , n). 
i=l 

Let 
n 

Pi. n+t = 1- ~ Pij 
i=l 

(i =I, ... , n) 

Besides, we agree to put 

and 
p n + 1 , j = 0 for j < n + I 

Pn-fl, n+l = 1 
Let us consider a particle performing a random walk and pos~ 

sessing a finite number of possibl_e and incompatible states· 

St, 52, · · ·, Sn, Sn+t 

This particle is such that it passes from state-S; to state Si with 
proba bi li ty Pii (i, j = I, ... , n + 1 ), irrespective of previous states 
and with total indeterminacy relative to future states. The state 
sn+1 = r (a "boundary" or "absorbing barrier'') is special and cor
responds to a complete stop of the particle, since, by virtue of 
the condition Pn+t, i=O U,= 1, ... , n), transitions from the state 
sn+l to the state sj are impossible with probability 1 'for j < n + 1. 
Thus, the process of a random walk ceases as soon as a particle 
reaches the boundary r. The foregoing change of states is ordina
r'ily called a discrete Markov chain (more precisely, simple homo
geneous) with- a finite number of states [2]. The nuf\lbers Pii are 
called transition probabilities, and the matrix 

TI = [~u. ·: ·. P.tn. P~. n.+t·] 
Pnt ,. · • Pnn Pn, n+l 
0 } ... · 0 I 

is the transition probability matrix of the states {S;} (chain law). 
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Let S1 be a fixed state different from the boundary state 
(i < n+ 1). We consider the random walk of a particle which starts 
out from the given state si = si and, after a series of intermediate 
states sit' si~· ... ' sim, terminates on the boundary sim+t = r. 
Thus~ Sim (m ~ 0) is the state of· the particle immediately prece
ding its emergence at the boundary. The totality of states 

{5) 

will for brevity be called a trajectory (path). Let X 1 be a random 
quantity dependent on the random trajectories T i starting with 
the state Si (the functional of the trafectory T 1) and assuming on 
the trajectory (5) the value --. 

~ (Ti) = ~io + vioil~it + vioi,vili2~i2 + ... + vioi\ • • • Vim-tim ~im . (6) 

where ~I (j = i0 , i1 , •.• , im) are the cprresponding constant terms 
of the reduced system (2). 

In particular, if v1f = 1, we simply have 

~ (Ti) = ~io + ~i1 + • · · + ~im (6') 

By the product rule for probabilities, the trajectory Ti and, hence, 
the value 6 ~{['i), occurs with probability 

p (T i) = ProtP iti2 • · · Pimim+t 

where i0 = i and im+I = n + 1. 
Theorem. The mathematical expectations 

(i == I, 2, ... , n) 

are the roots of system (2). 

(7) 

Proof. The trajectories T i which start out from tne state S 1 may 
be partitioned into n + 1 categories _ 

r it= {Si, slt si~· ... }, 
T12 = {Si, Sz, Siz• · · · }, 

Tcn={Si, Sn, Siz• ... }, 
T ;, n+ 1 = {S" Sn+l} 

depending on the first step.; that is, a particle whir-h initiates a 
random walk from state Si can, at the first step, either pass into 
state S1 or into state 8 2 , and so on, .and upon completion of a certain 
number of steps terminate the random walk at the boundary. 

If a particle has the trajectory 

T if= {Si, Sf, S12 , ••• , S1m, Sim+, = r} 

where i ~ ~ + 1, then Jhe random quantity X 1 will, by (6), take 
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on the value 

6 (T1f) = ~ 1 + vif~f + vifvfi~~t 2 + ... + 
··· +vijvji2 ••• Vim-tim~im=~i+v;j(~j+vji2~t~+ 

·+ ... + Vjiz • · • Vim_ 1 lm~im) = ~~ + Vtj6 (Tj) (8) 

where Ti is some trajectory with initial state Sf. 
When the particle reaches the boundary r immediately, that 

is, when the path is of the form Ti .. n+l = {St, ,~+ 1 }, then 

£ (T i, n+l) = ~i· (8') 

The probability that the trajectory Ti is a trajectory of type TiJ 
is obviously equal to PtJ· 

By the definition of mathematical expectation, we have 

MXi = ~6 (Ti) P (Ti) ~ ,2; ~ 6 (Tif) P (Tif) 
Ti i Ttj 

If hi < n + I, then the trajectory T if consists of the interval (S1, Sf) 
and some trajectory T J· For this reason, P (Tt1) = Pitp (Tj)· For 
j = n + 1 we have 

6(Ti,n+l)=~i and P(Ti,n+l)=.Pi.n+l 

Moreover, since each trajectory Tif is for i<11+I associated in 
a one-to-one manner with the trajectory T1 (and vice versa) sum
mation over the trajectories T,f for j =I, ~' ... , n may be rep
laced by summation over the trajectories T1. 

Whence, having regard for formula (8), we get 
n 

MXt= .~· ~ [~t+vif6(T)] ·PtJP(TI)+~iPt. n+l 
r= I Tj 

or 

MX i = i: Pt;vif ~ 6 (Ti)P (Ti) + ~i [-± PtJ ~ P (Tf) +Pt. n+l]--
. r=I Tj r=l Tj 

But, clearly, 

~ ~ (Tf) P (T1) = MXi (j = 1, 2, ... , n) 
Tj 

Moreoyer, ~ P (T ;) = I and 
Tj 

Hence 
n 

MXi= .~ aiJMXJ+~i 
r= 1 

(i = 1, ... , n) 

· where r:xii = p11vii· 
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The proof of the theorem is complete. 
·Note. In proving this theorem we assumed that the mathematical 

expectations 
xi= MX i (i = 1, ... , n) 

exist. It can be proved that when condition (3) is met the random 
quantities Xi have finite expectations. 

From the theorem just proved it follows that the roots of system 
(2) may be regarded as the mathematical expectations of the 
random quantities X1 , •..• , Xn. For an experimental determination 
of the quantity xi= MX i one organizes N random walks with 
random trajectories T}k> (k = I, ... , N) with initial state Si and 
each time one records the value 6 (Tjk>) of the random quantity Xi. 
Suppose that the trials are independent and the qu~ntity )f.i has 
a bounded variance. Then, by virtue of Chebyshev's theorem [I], 
.[2], for N sufficiently large, the following inequality will hold 
true with a probability arbitrarily close. to unity~ 

I x1- ~ £. ~ (T)•') I < e 
k=l 

where e is the given limiting error. Thus, the roots of the system 
(2) can approximately be determined from the formulas 

(9) 

In particular, this method can be used to invert a matrix of 
the form 

( 1 0) 

where )]·a II < I and E = [o;j] is the unit matrix. To do this, note 
that the elements of the inverse matrix 

A -1 = [xii] 

are the roots of t~e linear system 
n 

~ (oik-cxik)xki::::::oii (i, i= I; ... , n) 
k=l 

whence we fi~d that the elements of each column 

(j = 1, ... , n) 

of the matrix A -l are determined from the linear subsystem 

(i = I,/ •.• , n) · (11) 
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On the basis of the foregoing, starting from the state S~ = S;
0

, 

for fixed j, we obtain the random quantity X;i with values 

Sj (Ti) = oioj + oiljviuil + ... + 0imivioil . . . Vim-lim 

where T; = {Si, Si
1

, ••• , SimSim+r = r} and the numbers vii are 
such that Pii'o determined from the equations rx;i = PijVtf' are 
transition probabilities. from the state Si to the state Si. The 
expectations MX ij = xii yield the desired elements of the matrix A - 1 • 

Let us now show, practically, how to organize a random wa}k 
of a particle with given transition probabilities Pii' For the sake 
of simpli~ity, we assume that Pii are decimal fractions with common 
denominator 10s (s natural): 

t;l tiz _ f;, 'n+l 
P;1 = ws ' Pt2 = 10"" ' · • ·' P;, n+1- ws 

where f;n t;2 , ••• , ti, n+I are nonnegative integers, and 

t ;1 + t ;~ + ... + t;, n + 1 = 1 os ( i = 1 , 2, ... , n) 

We consider a particle with initial state Si. Let {x} be s-digit 
numbers less than unity uniformly distributed on the interval 
[0, 1]; for example, the el~ments of a table of random numbers. 
Let us generate the random number x. If it happens that the 
inequality 

holds true, then we will take it that the particle moves from 
state Si to state S1 • Furthermore, if 

..!JL c. < t;l + ti2 ws ~X lOs 

then we assume that the particle moves from S; to S2 • The other 
transitions are defined in a similar manner. In particular, a par
ticle hits the boundary Sn+l = r if the random number X is SUCh 
that 

f;l+···+tinc_ <til+···+tin+ti,n+l=l ws ~X . JOS 

On the basis of the given convention it is clear that the number 
of fa.rourable cases for the transitions Si--+Si (j= 1, 2, ... , n-t 1). 
are proportional to the respective numbers 

; 

and these cases are equally probable. Therefore the transition 
probabilities 

tu 
P(S;-~Si)= ws =P;j (i= 1, ... , n; j= 1, ... , n+ 1) 
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Extracting a sequence of random numbers and taking the above 
rule for -guidance, we get the rand<;>m walk of a parti<;le with fixed 
initial state and given transition probabilities. To obtain the 
required accuracy of the rpots (in a probabilistic sense) one must 
consider a sufficiently large number of independent random walks. 

Example. Solve the following system of equations by the Monte 
Carlo method: 

X1 =0.lx1 +0.2x2 +0.7,} 
X 2 = 0.2x1-0.3x2 + 1.1 

Solution. We can put 

whence the transition probability matrix is 

[

0.1 0.2 1 0.7] 

n = o.t·~~~! ~.s 

( 12) 

where the elements of' the first row are, respectively, the probabi
lities of transition from state 5 1 to states S1 , 5 2 and S3 = f, and 
the elements of the second row are those from state S2 to states 
S 1 , S2 and S3 , the "fringe" corresponding to the boundary r. 

Since the elements of the matrix II are multiples of 0.1, one 
can use single-digit random ·numbers whose digits are recruited 
from some randon sequence, say, are elements of the random 
numbers of Table 76 (Sec. 17.3). 

The results obtained for 20 random walks with initial state S1 

are listed in Table 79. The random number x ensured the transi
tions of the states in accord with the following instructions:· 

I. For initial state S1 : 

(}) if 0 ~X ~ 0, l, then 51 ---+ 51 , 

(2) if 0.1 ~X< 0.3, then 51 ---+ 82 , 

(3) if 0.3~ X< 1, then 81 ---+ f 
II. For initial state 52 : 

(1) .if 0 ~X< 0.2, then 5 2 ---+ Slt 
(2) if 0.2 ~X< 0.5, then s2--+ S2, 
(3) if 0.5 ~X< 1, th.en S 2 ---+ f. 

The values of the random quantity X1 computed from. formula (6) 
are listed in the last column of Table 79. From this· 
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No. I 
1 
2 
3 
4 

5 
6 

7 

8 
9 

10 
11 

12 

13 
14 
15 

16 
17 
18 

19 
20 

I 
43 96!6 

Random 

TABLE 79. 

FINDING THE UNKNOWN x1 OF SYSTEM (12) 

BY THE MONTE CARLO METHOD 

I Random-walk trajectory I 
Value of random 

number x. quantity X 1 

0.5 S1 -+r 0.7 
0.7 S1 ---+ r 0.7 
0.7 S1 ---+ r 0.7 
0.0 } 
0.5 sl---+ sl---+ r 0.7 +0.7 

0.7 S1 -+r 0.7 
0.1 \ S1 ..........._ S2 ---+ r 0.7+1.1 0.6 I 
0.1 } 
0.8 S1 ---+ S2 ---+ r 0.7+1.1 

0.7 S1---+ r 0.7 
0.3 S1 ~ r 0.7 
0.7 S1 -+r 0.7 

0.1 } 
0.0 sl---+ s2---+ S1 ~ r 0.7+1.1+0.7 
0.7 

0.0 ) 0.1 
0.3 

sl ---+ sl ---+ sz-+ s2 ---+ 0.7+0.7+1.1-0.1 
0.1 ---+ S1 --1- S2 ---+ r - 1.1- 0. 7- 1.1 
0.6 
0.9 S1---+ r 0.7_ 
0.6 S1 ---+ r 0.7 
0.1 } 
0.5 s1 ---+ s2-+ r 0.7+1.1 

0.3 sl---+ r 0.7 
0.3 S1---+ r 0.7 

0 2) 0.4 
0.4 SI ---+ S2 ---+ Sz ---+ Sz-+ 0.7+1.1-1.1+ 
0.3 ---+ S2 ---+ S1 -+ r +1.1-1.1-0.7· 
0.1 
Q.6 
0.6 S1 -+ r 0.7 
0.2 } S1 ---+ S2---+ r 0.7+1.1 
0.6 

I ~ I 21·0.7+4-1.1 
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The unknown x2 is computed -:in similar fashion. 
Note that the exact roots of system ( 12) are x1 = l and .x~ = 1. 
Other methods are also employed for solving algebraic linear 

equations by the Monte Carlo method [11]. 
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characteristic number 375, 377 
characteristic polynomial 37G, 382 
characteristic root 375 

. Chebyshev, P. L. 554 
Chebyshev polynomial 554 
Chebyshev's quadrature formula 607ff 
check 

final 17 
intermediate I 7 ' 

check sums 281 
chords, method of 122 
class, periodicity 214 
classical analysis 5 
coefficients 

Cotes 594, 600 
Fourier 213 
Lagrangian 543 

Collar, A. R. 272, 675 
column vector 229 
combination method 136 
commutative matrices 234 
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complex roots 
one pair of 190 
two pairs of 194, 197 

components of continued fractions, terms 
of 55 

computatfon(s) (see also computin~) 
of determinants 269 
double, method of 50 
in which errors are not taken into 

exact account 42 
computation sheets I 6 
computational scheme of Danilevsky's 

method 416 
computation work, rules of 15ff 
computing (see also computation) 

analytic functions 89 
cube roots ! 12 
exponential functions 91 
forms 16 
functions 77ff 
hyperbolic functions 10 I 
logarithmic functions 95 
polynomials 77 
rational fractions 82 
reciprocals 104 
reciprocals of square roots 1 I I 
square roots 107 
trigonometric functions 98 

conditions 
of biorthogonality 390 
Hurwitz 406 
Sylvester 389 

conformal partitioned matrices 257 
continued fraction(s) 55 

components of 55 
conversion of to a simple fraction 56 
expanding functions into 72ff 
infinite 55 
n.component 55 . 
nonterminating 66 

convergent 66 
divergent 67 

simple 56 
standard 56 
theory of 55ff 
contraction mapping 487ff 
convergence 

accelerating {by Lyusternik method) 
453, 458 

of Fourier trigonometric series (acce
leration of by Krylov method) 217 

of iteration processes 
first sufficient condition of 491 
second sufficient condition of 493 

of iteration processes for systems of 
linear equations 322ff, 394ff 

necessary and sufficient condition~ 
for 398 

sufficient conditions for 322 
of matrix power series 394 
methods for effectively checking the 

conditions of 405 
of the Newton process 465, 469 

rapidity of 474 
stability of 478 

of numerical series, accelerating 203 
of power series, acceleration of by 

Euler-Abel method 209 
of series, acceleration of 89 
of Seidel process 

first· sufficient condition for 327 
necessary and sufficient conditions 

for 400 
for a normal system 403 

Index 

second sufficient condition for 330 
third sufficient condition for 333 

c:onvergence theorem 214 
convergent integral 633, 635 
convergents 58ff 

canonical 59 
law of formation ·of 59 

coordinates of a vector 336 
in a basis 34 I 

correct digit 25 
Cotes 

Newton-Cotes quadrature formulas 
593 

Newton-Cotes formulas 599 
Cotes coefficients 594, 600 
Cramer's formulas 276 
Cramer's rule 273 
cubature, mechanical 590 
cubature formulas 590, 641ff 

of Simpson type 644 
Simpson's 644 

cube roots, computation of 1 !2 

Danilevsky, A. M. 
method of 412 

computation of eigenvector's by 420 
computational scheme of 416 
except ion a! cases in 418 

Davis, P. 674, 675 
degenerate linear transformation 374 
Del 497 
delta 

Kronecl;er 230 
the operator 1l 508 

derivatives 
central 580 
partial 588 

Descartes' rule of signs 178 
descent, steepest (see method of steepest 

descent), 496, 499 
determinant(s) 230 

characteristic 376, 565 
computation of 269 
Gaussian method in computing 288 
secular 376, 565 

expansion of 410ff, 429 
Vandermonde 592, 614 

diagonal difference table 511 
diagonal matrix 229, 265 
di If erence(s) 

central 530 
divided .S54ff 
double (of higher order) 570 
error of 34 
finite 507ff 
lambda (/.,-difference) 440 

difference equation 198 
difference table 510 

diagonal 51 I 
horizontal 51 I 

differentiation 
approximate 574ff 
graphical 586 
numerical 583 

differentiation operator 629 
digit 

correct 25 
significant 24 

dimensionality of a subspace 342 
direct procedure (see forward substi-

!ion) 280 
discrete Markov chain G67 
distribution function 651 
distributivity 344 
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divergent integral 633. 635 
divided differences 554ff 

table of 556 
double computation, method of 50, G22 
double differences of higher order 570 
double-entrv table 569 
Duncan, v/. J. 272, 675 

eigenvalue(s) 375, 377, 382, 445 
extremal property of 387 
finding (of a matrix) 41011 
finding the first 436 
finding the numerically largest 430 
finding the second 439 

eigenvector(s) 375, 382, 445ff 
computation of by Danilevsky's me· 

thod 420 
computation of by Krylov's method 

424 
finding (see eigenvalue) 410ff, 430,439 

element(s) 
of a matrix 229 
principal 287 

Emde 524, 568 
empirical formula 524 
entries (of a matrix) 229 
equal effects, principle of 45 
equat1on(s) 

algebraic 162 
characteristic 376 
difference 198 
equivalent I 19 
graphical solution of I 19 
linear 273 
nonlinear (sfe systems of nonlinear 

equations) 459 
root of I 15ff 
secular 376 
solution of 199 

equivalent equations I 19 
equivalent matrices 268 
error(s) 19 

absolute 19 
computations in which errors are not 

taken into exact account 42 
of a difference 35 
epsilon (<-rrror) (propagation law 

of) 515 
general formula for 42 
initial 23 
limiting absolute 20 
limiting relative 21 
of method 22, 621 
of operation 23, 84 
of the problem 22 
of a product 37 
of a quotient 40 
relative (see relative error) 19, 21 
residual· 23 
rounding 23 
sam piing 666 
sources of 22ff 
of a sum 33 
theory of 42 

error estimate, probability 52 
escalator method 320 
Euclid's algorithm 165 
Euler, L. 58 
Euler-Abel method 209 
Euler-Abel transformation 210 
Euler.Maclaurin formula 628, 630 
Euler-Maclaurin summation formula 

630 
even· digit rule 26 

ex act methods 273 
exact number 19 
el\haustion, method of 443, 444 
expansion 

bilinear (of a matrix) 392 
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of secular determinants 410ff 
comparison of different methods of 

429 
Stirling's 207 

exponential functions 50, 91 
computing values of 91 

extrapolation 519 
backward 529 
forward 529 
Richardson G22ff 

extremal property of eigenvalues . 387 

factorial(s) (see gen~ralized power) 517 
invel'se 205 

Faddey~v. D. K. 272, 321, ·458, 657 
Faddeyeva, V. N. 272, 321, 335, 393, 

409. 458, 573, 675 
Fikhtengolh, G. M. 54, 76, I 14, 161, 

228, 648, 675 
final check I 7 
finite differences 507ff ,.,. 
finite-difference operator 628 
form(s) 

bilinear (of a matrix) 384 
computing 16 
Frobenius standard 412 
quadratic (see quadratic form) 31 I 

formula(s) 
of approximate differentiation 

based on Newton's first interpola
tion formula 575 

based on Stirling's formula 580 
Bessel's interpolation 534. 535 
Bessel\, for parabolic interpolation 

535 
Cardan's 186 
central 580 
for central derivatives 580 
central interpolation 552 
central- difference 531 
Chebyshev's quadrature 607ff 
Cramer's 276 
cubature 590, 64lff 

of Simpson type 644 
Simpson's 644 

empirical 524 
Euler-Maclaurin 628, 630 
Euler-Maclaurin summation 630 
Gauss' quadrature 61 I, 614 
Gaussian interpolation 531, 532, 53:1 
general trapezoidal 601 
for interpolating to halves 536 
interpolation (see interpolation for· 

mulas) 
Lagrange's interpolation 539, 541 
Lambert's 100 
Markov's 566 
Newton-Cotes (of higher orders) 

599 
Newton-Cotes quadrature 593 
'Newton·Leibniz 590 
Newton's first interpolation 519, 52Z 
Newton's second interpolation formu 

la 526, 527 
Newton's quadrature 599 
quadrature 590 

accuracy of 618 
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of closed type 591 
Newton's 599 
of open type 59 I 

Simpson's (and its remainder term) 
595 

Simpson's general 603 
Stirling's interpolation 533 
trapezoidal (and its remainder term) 

595 

Forsythe, G. E. 321 
forward extrapolation 529 
forward interpolation 529 
forward substitution (see direct proce-

dure) 280 · 
Fourier 

theorem of Budan-Fourier 175, 176 
Fourier coefficients 213 

estimates of 213 
Fourier trigonometric series ~213 
fract!on(s) 

continued (see continued fractions) 55 
rational (see rational fractions) 82 

Frazer, R. A. 272, 675 
frobenius _matrix 412, 415, 418 
Frobenius standard form 412 
fuks, B. A. 202, 675 
function(s) 

analytic 89 
Bessel's (of order zero) 582 
computing values of 77ff 
distribution 65 I 
exponential 50, 91 
hyperbolic 10 I 
interpolating 518 
interpolation of 507ff, 519 
iteration for approximating the values 

of 103ff 
jump 221 
logarithmic 9'5 
signum 86 
trigonometric 49, 98 
zero of 115 

fundamental system of solutions 365 
fundamental theorem of algebra 162 

Gantmacher, F. R. 393, 675 
Gauss' first interpolation formula 532 
Gauss' quadrature formula 611. 614 
Gauss' second interpolation formula 532, 

533 
Gaussian Interpolation formulas 531, 

532, 533 
Gaussian method 277fT 

inversion of matrices by 290 
use of in computing determinants 288 

Gaussian random sequence 652 
Gavurin, M. K. 458, 676 

method of 458 
Gelfand, I. M. 393, 458, 676 
Gelfond, A. 0. 161, 202, 228, 676 
general formula for errors 42 
general trapezoidal formula 601 
generalized power 517 
generqte (see space, generated by vectors) 

342 
Gnedenko, B. V. 674, 676 
Goncharov, V. L. 573, 676 
gradient (of a function) 497 
gradient method 496 
Graeffe 182 

method of Lobachevsky-Graeffe 
179, 182 

graphical differentiation 5~6 

Index 

graphical 1ntcgration 639 
graphical solution of equations I 19 
Grave, D. 202, 676 

halving method 121 
Hermitian symmetry 343 
Hero's algorithm 107 
Hero's' process 107 
Hildebrand, F. B. 201, 202, 676 
horizorttal difference table 51 I 
Horner's scheme 77, 78 

generalized 80-82 
Householder, A. S. 393, 506, 674, 676 
Hua's theorem 179 
Hurwitz conditions 405 
Hurwitz theorem 406 
hyperbolic cosine 10 I 
hyperbolic functions 101 
hyperbolic sine 101 
hyperbolic tangent 102 
hypercube, unit m-dimensional 656 

Identical transformation 375 
improper integral(s) 633 

aprox imation of 633 
improving roots 284 
inequality 

Bessel 216 
Cauchy 245 

infinite continued fraction 55 
initial basis of a space 341 
initial error 23 
integral(s) 

convergent 633, 635 
divergent 633, 635 
improper 633 
multiple 656 
probability 56! 
proper 633 

intergation 
approximate 590ff 
graphical 639 

intermediate check 17 
interpolating function 518 
Interpolating to halves, formula for 536 

interpolation 519 
backward 529 
forward 529 
of functions 507, 519 
of functions of two variables 567 
inverse (see Inverse interpolation) 
method of 411 
in the narrow sense 519 
parllbolic 522 
problem of (statement of) 518 

interpolation formula(s) 
Bessel's 534, 535 

remainder term of 552 
central. 552 
with constant interval (general) 536ff 
Gauss'first 532 
Gauss' second 533 
Gaussjan 531 
Lagrange's 539, 541 

error estimate of 547 
Newton's 519 

error's estimates of 550 
for a function of two variables 571 
for unequally spaced values of the 

argument 556, 558 
Newton's first 519, 522 
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Newton's second 526, 527 
Stirling's 533 

remainder term of 552 
interpolation method, for expanding 

a secular determinant 565 
interpolation points 518 

best choice of 553 
interval (see spacing) 507 

variable 555 
invariance of a linear subspace 379 
inverse, additive (of a matrix) 232 
inverse factorials 205 
inverse interpol at ion 

for case of e{Jually spaced points 559 
for case of unequally spaced points 562 
finding roots of an equation by 564 

inverse matrix 236 
correcting elements of an approximate 
316ff 
properties of 239 

inverse problem of theory of errors 44 
second 48 

inverse transformation 373 
inversion of matrices 236 

by Gaussian method 290 
solution of systems of linear equations 
by 273 
isolation 
of roots 115 
of singularities bv Kantorovich meth-

od 635 : 
iteration (see linear system) 

for approximating the values of 
function 10311 

method of 13811; 300, 302, 484ff 
process of, convergence of (see con

vergence of process of iteration) 
491' 493 

of a vector 431 
Jleration processes 

convergence of (for systems of 1 inear 
equations) 322ff, 394ff 

estimate of the error of approximations 
in 324 

lt~rat!ve wethods (see methods, itera
tive, and methods of iteration) 

Jacobi matrix 465. 470 
Jacobian 15fi, 657 
Jahnke .524, 568 
Jump function 221 

K<Jdvrov, M. 674 
Kagan, B. M. I 14, 676 
Kantorovich, L. V. Hi!, 228, 465, 481, 

506, 676 method of (for isolating 
singularities) 635 

Kimtorovich theorem 465 
Khaletsky, scheme of 295, 297 
Khinchin, A. Ya. 76, 676 
Khovansky, A .. N. 76, 114, 676 
Kimball, G. E. 674, 677 
K.itov, A. I. 674, 676 
Krinitsky, N. A. 674, 676 
Kronecker delta 230 
Krylov, A. N. 54, 189, 202, 217, 228, 

589, 648, 676 
method of 217, 225, 411, 42lff 

computation of eigenvectors by 424 
Krylov, V. I. 225, 648, 676 
Kummer transformation 203, 204 
Kurosh, A. G. 202, 409, 458, 676 
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Lagrange, method of 169 
Lagrange's interpolation formula 539, 

541 
Lagnnge's theorem 168 
Lagrangian coefficients 543 

computing 543 
computational scheme for 546, 547 

lambda-difference 440 
Lambert's formula 100 
latent root 375 
law 

chain 668 
propagation (of e-error) 515 

Lednev, N. A. 573, 676 
Legendre polynomials 611 

properties of 611 
Leibniz 

Newton-Leibniz formula 590 
length of a vector 345 
Leverrier, method of 411 
limiting absolute error 20ff 
limiting relative error 21 

tables for determining 30 
Lin's method 201 
linear dependence of vectors 337 
linear equations, solving· systems of 

273ff 
linear subspace 341 

invarlance of 379 
linear system 

11ormal 312 
reducing (to a form convenient for 

iteration) 307 
linear transformations 

degenerate 374 
operations with 371 
singular 374 
of variables 367 

linear vector spaces 336ff 
theory of 336ff 

linear-transformation operator 369 
linearly dependent vectors 337 
linearly independent vectors 337 
I ines (of a matrix) 229 
Lobachevsky, N. L 182 
Lobachevsky-Graeffe method 179, 182 

for case of complex roots 187, 192 
for case of real and distinct roots 184 

logarithmic function 95 
logarithms 49 
lo~s of accuracy in subtraction 35 
Lyapin, E. S. 272, 676 
Lyust~rnlk, L. A. 114, 453, 458, 676 

method of 453ff 

Maclaurin 
Euler-Maclaurin formula 628, 630 

Maclaurin's series 89 
major approximation 19 
Maltsev, A. I. 272, 393, 676 
mapping, contraction 487ff 
Markov, A. 114, 228, 648, 676 
Markov chain, discrete 667 
Markov's formula 566 
matrices (see matrix) 
matrix (matrices) 

absolute value of 242 
adjoint of 236 
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bilinear expansion of 392 
bilinear form of 384 
bordered 257 
change-of-basis 348 
characteristic 376 
commutative 234 
conformal partitioned 257 
diagonal 229, 265 
difference of 231 
eigenvalues of 375 
eigenvectors of 375 
elementary transformations of 2GB 
equality of 230 
equivalent 268 
Frobenius 412, 415, 418 
inverse 236, 239 
inversiop of (see inversion of matrices) 
273 
Jacobi 465, 470 
lirnit of 249 
minor of 248 
modulus of 242 
multiplication of 232 

by a scalar 231 
nonsingular 236 
norm of 242, 243 
nullity of 248 
operations involving 230 
orthogonal 350 

method of 363 
properties of 350 

orthogonalization of 351 
partitioned (see partitioned matrices) 
positive definite symmetric rear 388 
powers of 240 
product of 231 
of quadratic form 311 
quasidiagonal 256 
rank of 248 
rational functions of 241 
real 389 
rectangular 229 
series of (see matrix series) 251 
similar 339, 380 
singular 236 
square 229 
sum of 231 .. 
symmetric 235, 384 
trace of 377 
transformation 368 
transition probability 667 
transpose of 234 
triangular 265 
unit 230 
zero 230 

matrix algebra 229 
matrix inversion 236 

by partitioning 260 
using the coefficients of the charade· 

ristic polynomial of a matrix 
for 450 · 

n~atrix power series, convergence of 394 
matrix series, absolutely convergent 

252 
mechanical cubature 590 
mechanical quadrature 590 
mesh points 518 
method(s) 

of A. A. Abiamov 458 
of accumulation 306, .640 
of alt~rnating sums 169 
Bernoulli's 198ff 
of bordering (matrices) 262 
of bounds 50 

of chords 122 
combination 136 

Index 

of A. M. DanHevsky 412 
computation of eigenvectors by 420 
computational scheme of 416 
exceptional cases in 418 

of double computation 50, 622 
for effectively checking the conditions 
of convergence 405 
escalator 320 
Euler-Abel 209 
exact (in solving systems of linear 

equations) 273 
of exhaustion 443, 444 
Gaussian (see Gaussian methods) 277ff 
of M. K. Gavur!n 4'58 
gradient 496 
halving 121 
interpolation 411 
of iteration 138ff, 300, 302, 484ff 
iterative (in solving systems of linear 

equations) 273 
of L, V. Kantorovich (for isolating 

singularities) 635 
of A. N. Krylov 217, 225, 411, 421ff 

computation of eigenvectors by 424 
of Lagrange 169 

or Leverrier 411, 426 
Lin's 201 
of Lobachevsky-Graelfe 179, 182 
of L. A. Lyusternik 453ff 
modified Newton 135 
Monte Carlo 649ff 
Newton I 27, 171, 459£ 

modified 481ff 
nomographic 121 
of orthogonal matrices 363 
orthogonalization (see -orthogonaliza-

t ion methods) 
of N. V. Paluver 201 
of power series 504 
of principal elements 287 
of proportional parts 122 
of Purcell 320 
of relaxation 313ff 
of Richardson 320 
of scalar products (for finding first 

eigenvalue of a real matrix) 436 
Seidel 309ff 
square-root 293 
of steepest descent 496, 499 

for a system of linear equations 501 
Sturm 173 
of successive approximations 138 
of tangents 127 
of undetermined coefficients 411, 428ff 

Mikeladze, Sh. E. 589, 648, 676 
Milne, W. E. 458, 506, 573, 589, 648, 

674, 677 
Minor (of a matrix) 248 
Minor approximation 19 
Mlodzeyevsky, B. K. 202, 677 
modified Newton method 135 
modulus 242 

of a matrix 242 
Young's 44 

Monte Carlo evaluation of multiple 
intel;rals 656 

Monte Carlo method 649ff 
problems attacked by 650 
sclving systems of linear algebraic 

equations by 666 
Morrey, C. B. Jr. 506 
Morse, P. M. 674, 677 
multiple integrals, Monte Carlo evalu-
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ation of 656 
multiplicity of a root 162 

nabla 497 
negative 

of a matrix 232 
of a vector 336 

negative delimte quadratic form 312 
Newton-Cotes formulas of higher or

ders 599 
Newton-Cotes quadrature formulas 

593 
Newlon-Leibniz formula 590 
Newlon's first interpolation formula 

526, 522 
Newton's interpolation polynomial 521 
Newton's method 127, 171, 459ff 

for c:omplex roots. 157 
modified 135, 481ff 
for a system of two equations 156 

Newlon's process, convergence of 465, 
469 
rapidity of 474 
stability of 478 

Newlon's quadrature formula 599 
Newlon's second interpolation formula 

526, 527 
Newlon's theorem 171 
Nikolsky," S. M. 592, 648, 677 
nomographic methods 121 
nonlinear equations (see systems of 

nonlinear equations) 459 
nonsingular matrix 236 
nonsingular transformation 374 
nonterminating conlinut>d fractions 66 

convergent 67 • 
divergent 67 

norm of a matrix 242, 243 
canonical 243 
k-norm, !-norm, m-norm 243 

normal linear system 312 
normal system 311 
normalized orthogonal basis 346 
notation 

powers-of-ten 18, 24 
scientific 18, 24 

nullity of a matrix 248 
number(s) 

approximate 19ff 
Bt>rnoulli 99, 208, 625ff 
characteristic 375, 377 
exact 19 
pseudorandom 653 
random (see random numbers) 650 

numerical differentiation, formulas for 
equally spaced points 583 

numerical series 83 
approximation of sums of 83 
convergent 83 

operator 
differentiation 629 
finile-diff~;rc:ncc 628 
linear- transformation 369 

orthogonal basis 346 
orthogonal matrices 350 

method of 363 
properties of 350 

orthogonal systems of vectors 345 
orthogonal vectors 345 
orthogonality 345 
orlhogonalizalion 

of columns 358 
of matrices 351 
d rows 361 

68S 

orthogonalization methods, application 
of to solution of sy>lems of li
near equations 358 

orthonormal ba~b 346 
Ostrowski, A. 465, 506, 677 
Ostrow~ki's theorem 159, 465 

Paluver, N. V. 20 I 
method of 20 I 

parabolic interpolation 522 
parabolic rule 603 
partial derivatives. approximate cal

culation of 588 
partial quotients 56 
partitioned matrix (matrices) 256 

addition of 257 
conformal 257 
multiplication of 258 
subtraction of 257 

partitioning, matrix inversion by 260 
path 668 
periodicity class 214 
perpendicularity 345 
Perron, 0. 76, 677 
Pt>rron 's theorem 390 
poinl(s) 

interpolation (see interpolation points) 
518 

mesh 518 
of rz-dimensional space 336 

poly nom ial(s) 
characteristic 376, 382 
Chebyshev 554 
computing values of 77 
lrft 241 
Legt>ndre 611 
real roots of (number of) 173 
right 241 
Taylor 89 

posltive definite quadratic form 312 
posiliv3

8
gefinrte ~ymmdric real matrix 

positive definiteness, p.foperty of 343 
po~tmultiplication 236 
postmultiplier 269 
power 

generalized 517 
relative error of 41 

power series 
accelerating convergence' of (by Eu

ler-Abel method) 209 
method of 504 

power~-of- ten no11ll ion 18, 24 
premultiplication 236 
premultiplier 2G9 
principal elemt>nt(!>) 287 

method of 287 
principal row 287 
principle 

of the argument 166 
of equal effects 45 

Pringsheim theorem 71 
probabilities, transition 667 
probability error esiJmalt> 52 
probability integral 561 
problem of interpolation (statement of) 

518 
procedure, direct and reverse 280 
process 

Hero's 107 
Newton (see Newton proces~) 465 
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root-squaring 182 
Seidel (see Seidel process) 155 

product 
error of 37 
of matrices 231 
number of correct digits in a 39 
scalar (of vectors) 343 

properties of 343 
project ion transformation 369 
propagation law of the e-error 515 
proper integral 633 
proportional parts, method of 122 
pseudorandom numbers 653 
pseudorandom sequence 654 
Purcell, method of 320 

quadratic form 311 
matrix of 311 
negative definite 312 
positive definite 312 

quadrature, mechanical 590 
quadrature formulas 590 

accuracy of 618 
Chebyshev's 607ff 
of closed type 591 
Gauss' 611,614 
Newton-Cotes 593 
Newton's 599 
of open type 591 

quantity, random 651 
quasidiagonal matrices 256 
quotient(s) 

error of 41 
number of correct digits in a 41 
partial 56 

random numbers 650 
generating 653 
tables of 653 

rllndom quantity 651 
random sequence 651 

Gaussilln 652 
randomizing devices 653 
rank of a matrix 248 
rational fractions, computing values of 

82 
real matrices 389 
reciprocals 

computing 104 
of square roots, computing 111 

rectangular matrix 229 
relaticns, biorthogonality 390, 393 
relative error 19, 21 

of approximate number and number 
of correct· digits 27ff 

of a power 41 
of a root 41 

relaxation, method of 31311. 
rem'ainder term 89 

of Bessel's interpolatiQn formula 552 
Simpson's formula and its 596 
of Stirling's interpolation formula 552 
trapezoidal formula and its 595 

ReJT!ez, E. Ya. 573, 677 
residual 285 
residual error 23 
reverse procedure '(see back substitu· 

tion) 280 
Richardson, method of 320 
Richardson extrapolation 622ff 
Rabinowitz,, P. 674, 675 
Robinson, G. 161, 272, 573, 678 

Rolle's theorem 133 
root(~) 

characteristic 375 

Index 

complex (see complex roots) 190 
of an equation 115 
existence of (of a system) 469 
finding (by inverse interpolation) 564 
-fold (s-fold) I 78 
improving 284 
isolation of 115 
latent 375 
multiplicity of 162 
real (bounds of) 167 
real (of a polynomial) 173 
relative error of 41 
separated 180 
of a system of equations 274 

root squaring 182 
root-squaring process 182 
rotation transformation 370 
rounding of numbers 26ff 
rounding errors 29 
rounding-off rule 26 
row vector 229 
rule 

Cramer's 273 
even-digit 26 
parabolic 603 
rounding-off 26 
of signs, Descartes' 178 
Simpson's 597 
three eighths 599 
trapewi dal 60 I 

Runge, C. 589, 677 

Salekhov, G. 228, 677 
Salvadori, M. G. 321, 648, 677 
sampling error 666 
scalar 229 
sea I ar product(s) 

method of 436 
of vectors 343 

properties of 343 
Scarborough, J. B. 54, 161, 321, 506, 

573, 589' 648, 677 
scheme 

Horner's 77, 78 
generalized 80-81 

of K.hale_tsky 295, 297 
of unique division 280 

Schreier, 0. 272, 677 
scientific notaHon 18, 24 
secular determinant(s) 376, 565 

expansion of 410ff 
comparison of different methods of 

429 
secular equation 376 
Seidel method 309ff 
Seidel process 155 

convergence of 327, 330, 333 
estimating the error of approxima

tions in 330 
by /-norm 332 
by m-norm 330 

separated roots 180 
sequence 

convergent (of matrices) 249 
Gaussian random 652 
pseudorandom 654 
random 651 
Sturm 174 

series 
conVf'rgence of, acceleration of 89 
Fourier trigonometric 213 
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Maclaurin's 89 
matrix, sum of 251 
numerical 83 

ronvergent 83 
power (see method of power series) 504 
sum of 83 
Taylor's 89 

sign 86 
Shabat, B. V. 202, 675 
Shapiro, G. M. 202 677 
Shestakov, V. I. 114, 676 
Shilov, G. E. A. 393, 677 
Shreider, Yu. A. 393, 674, 677 
Shura-Bura, M. R. 114, 676 
sign(s) 

Descartes' rule of 178 
variations of (see variation of sign) 174 

sign changes 174 
significant digit 24 
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